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Preface 


This volume presents answers to some natural questions of a general analytic 
character that arise in the theory of Banach spaces. I believe that altogether too 
many of the results presented herein are unknown to the active abstract analysts, 
and this is not as it should be. Banach space theory has much to offer the prac- 
titioners of analysis; unfortunately, some of the general principles that motivate 
the theory and make accessible many of its stunning achievements are couched 
in the technical jargon of the area, thereby making it unapproachable to one 
unwilling to spend considerable time and effort in deciphering the jargon. With 
this in mind, I have concentrated on presenting what I believe are basic phenomena 
in Banach spaces that any analyst can appreciate, enjoy, and perhaps even use. 
The topics covered have at least one serious omission: the beautiful and powerful 
theory of type and cotype. To be quite frank, I could not say what I wanted to 
say about this subject without increasing the length of the text by at least 75 
percent. Even then, the words would not have done as much good as the advice 
to seek out the rich Seminaire Maurey-Schwartz lecture notes, wherein the theory’s 
development can be traced from its conception. Again, the treasured volumes of 
Lindenstrauss and Tzafriri also present much of the theory of type and cotype 
and are must reading for those really interested in Banach space theory. 
Notation is standard; the style is informal. Naturally, the editors have cleaned 
up my act considerably, and I wish to express my thanks for their efforts in my 
behalf. I wish to express particular gratitude to the staff of Springer-Verlag, whose 
encouragement and aid were so instrumental in bringing this volume to fruition. 
Of course, there are many mathematicians who have played a role in shaping 
my ideas and prejudices about this subject matter. All that appears here has been 
the subject of seminars at many universities; at each I have received considerable 
feedback, all of which is reflected in this volume, be it in the obvious fashion of 
an improved proof or the intangible softening of a viewpoint. Particular gratitude 
goes to my colleagues at Kent State University and at University College, Dublin, 
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who have listened so patiently to sermons on the topics of this volume. Special 
among these are Richard Aron, Tom Barton, Phil Boland, Jeff Connor, Joe Creek- 
more, Sean Dineen, Paddy Dowlong, Maurice Kennedy, Mark Leeney, Bob 
Lohman, Donal O’ Donovan, and A. “KSU” Rajappa. I must also be sure to thank 
Julie Froble for her expert typing of the original manuscript. 


Kent, Ohio JOE DIESTEL 
April, 1983 
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~ Some Standard Notations and Conventions 


Throughout we try to let W, X, Y, Z be Banach spaces and denote by w, x, y, z 
elements of such. For a fixed Banach space X, with norm || _ || , we denote by 
B, the closed unit ball of X, 

By = {xeX: || x || <1}, 
and by S, the closed unit sphere of X, 

Sy = {ceX: || x | = 1}. 

Again, for a fixed X, the continuous dual is denoted by X* and a typical member 
of X* might be called x*. 

The Banach spaces cp, /, (1 p= ©), C(Q) and L,(w) 1S p <= © follow standard 
notations set forth, for example, in Royden’s “Real Analysis” or Rudin’s “Func- 
tional Analysis”; we call on only the most elementary properties of the spaces 
such as might be encountered in a first course in functional analysis. In general, 
we assume the reader knows the basics of functional analysis as might be found 
in either of the aforementioned texts. | 

Finally, we note that most of the main results carry over trivially from the case 
of real Banach spaces to that of complex Banach spaces. Therefore, we have 
concentrated on the former, adding the necessary comments on the latter when 
it seemed judicious to do so. 


CHAPTER I 
Riesz’s Lemma and Compactness 


in Banach Spaces 


In this chapter we deal with compactness in general normed linear spaces. 
The aim is to convey the notion that in normed linear spaces, norm-compact 
sets are small—both algebraically and topologically. 

We start by considering the isomorphic structure of n-dimensional normed 
linear spaces. It is easy to see that all n-dimensional normed linear spaces 
are isomorphic (this is Theorem 1). After this, a basic lemma of F. Riesz is 
noted, and (in Theorem 4) we conclude from this that in order for each 
bounded sequence in the normed linear space X to have a norm convergent 
subsequence, it is necessary and sufficient that X be finite dimensional. 
Finally, we shown (in Theorem 5) that any norm-compact subset K of a 
normed linear space is contained in the closed convex hull of some null 
sequence. 


Theorem 1. If X and Y are finite-dimensional normed linear spaces of the 
same dimension, then they are isomorphic. 


PROOF. We show that if X has dimension 7, the X is isomorphic to //. 


Recall that the norm of an n-tuple (@,, a5, ...,@,) in /y 1s given by 
(ay, 22, + 54,)l] = layl+ laa|+ +++ + lanl. 
Let x,, X>,...,X, be a Hamel basis for X. Define the linear map J: 1 — X 
by 
I((a,, @3,.-.,€,)) =@,X,+ a,x, +--+ +a,x,. 


I is a linear space isomorphism of // onto X. Moreover, for each 
(a,,a5,...,a,) nly, 


I], x, + ax. + +--+ +4,%,|| S$ ( ax xl) (layl+ ja,|+ --- +]a,]), 
si n 


thanks to the triangle inequality. Therefore, J is a bounded linear operator. 
(Now if we knew that X is a Banach space, then the open mapping theorem 
would come immediately to our rescue, letting us conclude that J is an open 
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map and, therefore, an isomorphism—we don’t know this though; so we 
continue). To prove J~! is continuous, we need only show that J is bounded 
below by some m > 0 on the closed unit sphere S,, of /7; an easy normaliza- 
tion argument then shows that J~' is bounded on the closed unit ball of X 
by 1/m. 
To the above end, we define the function /: S,, > R by 
f((@,, 42, ---54,)) = I]ayx, + agx2 + +++ +.4,x,L- 


The axioms of a norm quickly show that f is continuous on the compact 
subset Sin of R”. Therefore, f attains a minimum value m2>0O at some 


(a?,a3,...,@,) in Sj. Let us assume that m = 0. Then 

jax, taox, +--+ +a°x || =0 
so that a?x, t+a$x,+ --- +a°x, =0; since x,,...,x, constitute a Hamel 
basis for X, the only way this can happen is for a? = a3 =--- =a°=0,a 
hard task for any (a), a3, ...,47) © Sp. Oo 


Some quick conclusions follow. 
Corollary 2. Finite-dimensional normed linear spaces are complete. 


In fact, a normed linear space isomorphism is Lipschitz continuous in 
each direction and so must preserve completeness; by Theorem 1 all 
n-dimensional spaces are isomorphic to the Banach space //. 


Corollary 3. If Y is a finite-dimensional linear subspace of the normed linear 
space X, then Y is a closed subspace of X. 


Our next lemma is widely used in functional analysis and will, in fact, be a 
point of demarcation for a later section of these notes. It 1s classical but still 
pretty. It is often called Riesz’s lemma. 


Lemma. Let Y be a proper closed linear subspace of the normed linear space X 
and 0<6<1. Then there is an xg©Sy for which ||xg — y|| >@ for every 
yey. 


ProoF. Pick any x € X\Y. Since Y is closed, the distance from x to Y is 
positive, i.e., 


0<d=inf{|[x— 2: 2€Y} <4: 


therefore, there is a z © Y such that 


d 
x—-z\il<-. 
IIx - 21 <5 
Let 
x-zZz 
X4 


lle 24 
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Clearly x, © Sy. Furthermore, if y € Y, then 


X~a- = — 
xo yil= | == - > 
“lta pen | 
lx—z]|  |lx-2]]  llx—all 
= |X - (2 + Ix 2 
oa [ez tlle ally) 
a member of Y 
9 
> 7d=9. 0 


An easy consequence of Riesz’s lemma is the following theorem. 


Theorem 4. Jn order for each closed bounded subset of the normed linear space 
X to be compact, it is necessary and sufficient that X be finite dimensional. 


Proor. Should the dimension of X be n, then X is isomorphic to /} 
(Theorem 1); therefore, the compactness of closed bounded subsets of X 
follows from the classical Heine-Borel theorem. 

Should X be infinite dimensional, then S, is not compact, though it is 
closed and bounded. In fact, we show that there is a sequence (x,,) in Sy 
such that for any distinct m and n, ||x,,—x,||24. To start, pick x, € Sy. 
Then the linear span of x, 1s a proper closed linear subspace of X (proper 
because it is 1 dimensional and closed because of Corollary 3). So by Riesz’s 
lemma there is an x, in Sy such that ||x, — ax,|| = 7 for all ae R. The linear 
span of x, and x, is a proper closed linear subspace of X (proper because 
it’s 2-dimensional and closed because of Corollary 3). So by Riesz’s lemma 
there is an x, in Sy, such that ||x,—ax,—x,||>2 for all a, BER. 
Continue; the sequence so generated does all that is expected of it. O 


A parting comment on the smallness of compact subsets in normed linear 
spaces follows. 


Theorem 5. If K is a compact subset of the normed linear space X, then there 
is a sequence (x,,) in X such that lim,,||x,,|| = 0 and K is contained in the closed 
convex hull of {x,,}. | 


PRooF. K is compact; thus 2K is compact. Pick a finite 4 net for 2K, i.e., 
pick x,,..-,X,q) in 2K such that each point of 2K is within 4, of an x,, 
i<i<n(1). Denote by B(x, €) the set { y: ||x — yl] < €}. 

Look at the compact chunks of 2K:[2K QM B(x,, })],... [2K 9 
B(x,q).4)]. Move them to the origin: [2K 0 B(x,,4)]- x,,... [2K 0 


B(Xnqy)4)]— X,;q)- Translation is continuous; so the chunks move to com- 
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pact sets. Let K, be the union of the resultant chunks, i.e., 

K, is compact, thus 2K, is compact. Pick a finite j¢ net for 2K, i.e., pick 
Xnqty+1 +++ »XnQy in 2K, such that each point of 2K, is within ig of an x,, 
n(i)+1l<isn(2). 

Look at the compact chunks of 2K,:(2K.O B(X,qy)+116)) --- 12K. 
B(X,,(2)) 16)]. Move them to the origin: 

(2K, ‘a B(x,ayev )| 7 Xngy+w coe [2K, M B(Xn¢2)> )] —_ Xn(2)° 


Translation is still continuous; so the chunks, once moved, are still compact. 
Let K, be the union of the replaced chunks: 


K,= {[2K, MO B(Xaayen x) ~ Xnqay+l \ Us U {[2K, Mm B(x,)>%)| 


_— Xn(2)} ° 
K, is compact, and we continue in a similar manner. 


Observe that if 
xEK, 


2xE2K, 
2x-—XqyE@K, for some 1 < i(1) <n(1); so, 


4x —2xi4)€ 2K, 
4x —2xiq) — Xia © K3, for some n(1)+1< i(2) <n(2); so, 
8x — 4Xiay —2Xi(2) e 2K;3, 
8x — 4x4) — 2X12) — X43) © Ky, for some n(2)+1 < i(3) < n(3); so, 
etc. Alternatively, 
x- Me 4K 
2 2” 


2M _ 7 e1x,, 


2 4 
_ ia) _ *i2) _ ™i@ cig 
9) 4 8 SAX G4 oee- > 


It follows that 


and x €co(0, Xia» Xiays** * ) G€O(0, xy, Xa, °° +). O 
Exercises 


1. A theorem of Mazur. The closed convex hull of a norm-compact subset of a 
Banach space is norm compact. 


2. Distinguishing between finite-dimensional Banach spaces of the same dimension. 
Let n be a positive integer. Denote by /7, /3, and /3, the n-dimensional real 
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Banach spaces determined by the norms || ||,, || ||,, and || ||,,. respectively, 
a1, @25--- sn lh = laut laalt -** + lanl, 
Nay, 25... 4 )Ih = (lau? + eal? + + hag?) 
I\(a1,42,.--.@,){|,, = max{|a,|, [a2], ... a,l}- 


(i) No pair of the spaces /7, /3, and /%, are mutually isometric. 


(ii) If T is a linear isomorphism between /] and /3 or between /3, and /3, then the 
product of the operator norm of T and the operator norm of T~' always 
exceeds yn. | 

If 7 is a linear isomorphism between /” and /",, then ||7|{||7~ ‘|| = 7. 


3. Limitations in Riesz’s lemma. 


(i) Let X be the closed linear subspace of C[0,1] consisting of those x € C[0, 1] 
that vanish at 0. Let Y Cc X be the closed linear subspace of x in X for which 
fax(t) dt = 0. Prove that there is no x € Sy such that distance (x, Y) 21. 


(ii) If X is a Hilbert space and Y is a proper closed linear subspace of X, then 
there is an x € Sy so that distance (x, Sy) =y2. 


(iii) If Y is a proper closed linear subspace of /, (1< p<oo), then there is an 
x © S, so that distance (x, Y) >1. 


4. Compact operators between Banach spaces. A linear operator T: X — Y between 
the Banach spaces X and Y is called compact if TB, is relatively compact. 


(i) Compact linear operators are bounded. Compact isomorphic embeddings 
and compact quotients (between Banach spaces) have finite-dimensional 
range. 


(ii) The sum of two compact operators is compact, and any product of a 
compact operator and a bounded operator is compact. 
(iii) A subset K of a Banach space X is relatively compact if and only if for every 
e> O there is a relatively“compact set K, in X such that 
KC eB, + K,. 
Consequently, the compact operators from X to Y form a closed (linear) 
_ subspace of the space of all bounded linear operators. 


(iv) Let T: X — Y be a bounded linear operator, and suppose that for each e> 0 
there is a Banach space X, and a compact linear operator T,: X — X, for 
which 

7x < (IZxIl+ e- 
for all x € B,. Show that T 1s itself compact. 


(v) Let 7: XY be a compact linear operator and suppose $: Z— Y is a 
bounded linear operator with SZ ¢ TX. Show that S is a compact operator. 


5. Compact subsets of C(K) spaces for compact metric K. Let (K,d) be any compact 
metric space, denote by C(K) the Banach space of continuous scalar-valued 
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functions on K. 


(i) A totally bounded subset #of C( K) is equicontinuous, i.e., given e> 0 there 
is a8 >0; so d(k, k’) < § implies that | f(4)— f(k’)| < « for al fe £. 


(ii) If His a bounded subset of C(K) and D is any countable (dense) subset of 
K, then each sequence of members of “has a subsequence converging 
pointwise on D. 


(iii) Any equicontinuous sequence that converges pointwise on the set SC K 
converges uniformly on S. 

Recalling that a compact metric space is separable, we ccnclude to the Ascoli- 

Arzela theorem. 


Ascoli-Arzela theorem. A bounded subset XH of C(K ) is relatively compact if 
and only if His equicontinuous. 


6. Relative compactness in |, (1 < p<oo). For any p, 1 < p < oo, a bounded subset 
K of J, is relatively compact if and only if 


co 
lim )U kl? =0 


uniformly for k € K. 


Notes and Remarks 


Theorem 1 was certainly known to Polish analysts in the twenties, though a 
precise reference seems to be elusive. In any case, A. Tychonoff (of product 
theorem fame) proved that all finite-dimensional Hausdorff linear topologi- 
cal spaces of the same dimension are linearly homeomorphic. 

As we indicate all too briefly in the exercises, the isometric structures of 
finite-dimensional Banach spaces can be quite different. This is as it should 
be! In fact, much of the most important current research concerns precise 
estimates regarding the relative isometric structures of finite-dimensional 
Banach spaces. 

Riesz’s lemma was established by F. Riesz (1918); it was he who first 
noted Theorem 4 as well. As the exercises may well indicate, strengthening 
Riesz’s lemma is a delicate matter. R. C. James (1964) proved that a Banach 
space X is reflexive if and only if each x* in X* achieves its norm on By. 
Using this, one can establish the following: For a Banach space X to have the 
property that given a proper closed linear subspace Y of X there exists an x of 
norm-one such that d(x,Y)2>1 it is necessary and sufficient that X be 
reflexive. 

There is another proof of Theorem 4 that deserves mention. It is due to 
G. Choquet and goes like this: Suppose the Heine-Borel theorem holds in 
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X; so closed bounded subsets of the Banach space X are compact. Then the 
closed unit ball B, is compact. Therefore, there are points x,,...,x, € By 
such that B, CU?_,(x,+4B,). Let Y be the linear span of { x,, x,,...,x,,}3 
Y is closed. Look at the Banach space X/Y; let gy: X > X/Y be the 
canonical map. Notice that p(B,) € p( By)/2! Therefore, p( By) = {0} and 
X/Y is zero dimensional. Y = X. 

Theorem 5 is due to A. Grothendieck who used it to prove that every 
compact linear operator between two Banach spaces factors through a 
subspace of cy; look at the exercises following Chapter II. Grothendieck 
used this factorization result in his investigations into the approximation 


property for Banach spaces. 


An Afterthought to Riesz’s Theorem 


(This could have been done by Banach!) 

Thanks to Cliff Kottman a substantial improvement of the Riesz lemma 
can be stated and proved. In fact, if X is an infinite-dimensional normed 
linear space, then there exists a sequence (x,,) of norm-one elements of X for 
which ||x,, — X,|| > 1 whenever m # n. 

Kottman’s original argument depends on combinatorial features that live 
today in any improvements of the cited result. In Chapter XIV we shall see 
how this is so; for now, we- give a noncombinatorial proof of Kottman’s 
result. We were shown this proof by Bob Huff who blames Tom Starbird for 
its simplicity. Only the Hahn-Banach theorem is needed. 

We proceed by induction. Choose x, © X with ||x,|| =1 and take xf © X* 
such that ||xf|| =1 = xfx;. 


Suppose xf, ...,xf (linearly independent, norm-one elements of X*) and 
X,,++.,X, (norm-one elements) have been chosen. Choose y © X so that 
xfty,...,xfty <0 and take any nonzero vector x common to O *_,kerx*. 


Choose K so that 
ly ll < lly + Ax||. 


Then for any nontrivial linear combination D*_,a,x* of the x* we know 
that 


k 
= » a,xi*(y) 


i=l 


k 
» a,x*(y + Kx) 


i=l 


k 
» a,x} 


i=] 


k 
» a,x} 


i=1 


s Ilyll< ly + Kx]. 


Let x,,,; =(y + Kx)||y + Kx||~' and choose x#,, to be a norm-one func- 
tionai satisfying x?,,,x,,,=1. Since C4 ,a,x*(y + Kx)| < CX ,a,x¥ II ly + 
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kx||, xf, is not a linear combination of xf, ...,xf. Also, if l<i<k, then 


Wea, — Xl) = x* (2441 - %,)| 
= (xFX,4, 7 XPx,|>1 


since x*x, =1 and x*x,,, <0. 
This proof is complete. 
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CHAPTER II 
The Weak and Weak* Topologies: 


An Introduction 


As we saw in our brief study of compactness in normed linear spaces, the 
norm topology 1s too strong to allow any widely applicable subsequential 
extraction principles. Indeed, in order that each bounded sequence in X 
have a norm convergent subsequence, it is necessary and sufficient that X be 
finite dimensional. This fact leads us to consider other, weaker topologies on 
normed linear spaces which are related to the linear structure of the spaces 
and .o searcn for subsequential extraction principles therein. As so often 
happens in such ventures, the roles of these topologies are not restricted to 
the situations initially responsible for their introduction. Rather, they play 
center court in many aspects of Banach space theory. 

The two weaker-than-norm topologies of greatest importance in Banach 
space theory are the weak topology and the weak-star (or weak*) topology. 
The first (the weak topology) is present in every normed linear space, and in 
order to get any results regarding the existence of. convergent or even 
Cauchy subsequences of an arbitrary bounded sequence in this topology, 
one must assume additional structural properties of the Banach space. The 
second (ihe weak* topology) is present only in dual spaces; this is not a real 
defect since it is counterbalanced by the fact that the dual unit ball will 
always be weak* compact. Beware: This compactness need not of itself 
ensure good subsequential extraction principles, but it does get one’s foot in 
the door. 


The Weak Topology 


Let X be a normed linear space. We describe the weak topology of X by 
indicating how a net in X converges weakly to a member of X. Take the net 
(x4); we say that (x,) converges weakly to x, if for each x* © X*. 


x*xq = limx*x,. 
d 
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Whatever the weak topology may be, it is linear (addition and scalar 
multiplication are continuous) and Hausdorff (weak limits are unique). 

Alternatively, we can describe a basis for the weak topology. Since the 
weak topology is patently linear, we need only specify the neighborhoods of 
0; translation will carry these neighborhoods throughout X. A typical basic 
neighborhood of 0 is generated by an e>0O and finitely many members 
x, ...,x* of X*. Its form is 

W(0; x*,...,.x%,e) = {x EX: |x#x],...,,x%x] <e}. 


9 n? 


Weak neighborhoods of 0 can be quite large. In fact, each basic neighbor- 
hood W(0; x*,...,x*,«) of 0 contains the intersection ™/_,kerx* of the 
null spaces ker x* of the x*, a linear subspace of finite codimension. In case 
X is infinite dimensional, weak neighborhoods of 0 are big! 

Though the weak topology is smaller than the norm topology, it produces 
the same continuous linear functionals. In fact, if fis a weakly continuous 
linear functional on the normed linear space X, then U = { x: | f(x)| <1} is 
a weak neighborhood of 0. As such, U contains a W(Q; x}, ... ,x*, €). Since 
f is linear and W(0, xf, ...,x*, €) contains the linear space /_,kerx;, it 
follows that ker f contains 9 /_, kerx;* as well. But here’s the catch: if the 


kernel of f contains 17_,kerx*, then f must be a linear combination 


i=] 


xf,...,x*, and so f © X*. This follows from the following fact from linear 
algebra. 
Lemma. Let E be a linear space and f, g,,...,%, be linear functionals on E 


such that ker f > N7_,kerg;. Then f is a linear combination of the g,’s. 
PROOF. Proceed by induction on n. For n=1 the lemma clearly holds. 
Let us assume it has been established for k<n. Then, for given 
ker f > 0 "7 kerg,, the inductive hypothesis applies to 


i=] 


F\verg, 1 Silkers,..° eee Snikers,.1° 


It follows that, on kerg, ,,, fis a linear combination L7_,a,g; of 2), ..-,2,3 
f —L}_,a;g, vanishes on ker g, ,,. Now apply what we know about the case 
n =1 to conclude that f — L7_,a;,g, is a scalar multiple of g,,, ;. oO 


It is important to realize that the weak topology is really of quite a 
different character than is the norm topology (at least in the case of 
infinite-dimensional normed spaces). For example, if the weak topology of a 
normed linear space X is metrizable, then X is finite dimensional. Why is this 
so? Well, metrizable topologies satisfy the first axiom of countability. So if 
the weak topology of X is metrizable, there exists a sequence (x*) in X* 
such that given any weak neighborhood U of 0, we can find a rational e> 0 
and an n(U) such that U contains W(0; xf, ...,x%y),€). Each x* © X* 
generates the weak neighborhood W(0; x*,1) of 0 which in turn contains 
one of the sets W(0; xf, ... .x* wo: x*,1)> £)- However, we have seen that this 
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entails x* being a linear combination of xf, ...,x}w). If we let F,, be the 
linear span of x*,...,x*, then each F,, is a finite-dimensional linear 
subspace of X* which is a fortiori closed; moreover, we have just seen that 
X*=U_,F_. The Baire category theorem now alerts us to the fact that one 
of the F,, has nonempty interior, a fact which tells us that the F,, has to be 
all of X*. X* (and hence X) must be finite dimensional. 

It can also be shown that in case X is an infinite-dimensional normed linear 
space, then the weak topology of X is not complete. Despite its contrary 
nature, the weak topology provides a useful vehicle for carrying on analysis 
in infinite-dimensional spaces. 


Theorem 1. Jf K is a convex subset of the normed linear space X, then the 
closure of K in the norm topology coincides with the weak closure of K. 


PROOF. There are no more open sets in the weak topology than there are in 
the norm topology; consequently, the norm closure is harder to get into 
than the weak closure. In other words A!"!c Aweak, 

If K is a convex set and if there were a point x, © K *°*\ Kl", then there 
would be an x7 © X* such that 


supxgK"!<a<B<x$(xo) 
for some a, B. This follows from the separation theorem and the convexity 
of K"''!, However, x. € K “** implies there is a net (x,) in K such that 


Xo = weak limx,. 
d 


It follows that 
xfxq = limxgx,, 
d 


an obvious contradiction to the fact that x§x, is separated from all the xx, 
by the gulf between a and £. D 


A few consequences follow. 


Corollary 2. If (x,,) is a sequence in the normed linear space for which weak 
lim x, = 0, then there is a sequence (0,,) of convex combinations of the x,, such 
that lim, ||x,,|| = 0. 


A natural hope in light of Corollary 2 would be that given a weakly null 
sequence (x,) in the normed linear space X, one might be able (through 
very judicious pruning) to extract a subsequence (y,) of (x,,) whose arith- 
metic means n~'D7_,y, tend to zero in norm. Sometimes this is possible 
and sometimes it is not; discussions of this phenomenon will appear 
throughout this text. 


Corollary 3. /f 4 is a linear subspace of the normed linear space X, then 
yweak ile 
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Corullary 4. {7 X is a convex set in the normed linear space X, then K is norm 
closed if und only if K is weakly closed. 


The weak topology is defined in a projective manner: it is the weakest 
topology on X that makes each member of X* continuous. As a conse- 
quence of this and the usual generalities about projective topologies, if Q is a 
topological space and f:2 — X is a function, then f is weakly continuous if and 
only if x*f is continuous for each x* © X*. 

Let T: X — Y be a linear map between the normed linear spaces X and Y. 
Then T is weak-to-weak continuous if and only if for each y* © Y*, y*T isa 
weakly continuous linear functional on X; this, in turn, occurs if and only if 
y*T is a norm continuous linear functional on X for each y* € Y*. 

Now if 7: X — Y is a norm-to-norm continuous linear map, it obviously 
satisfies the last condition enunciated in the preceding paragraph. On the 
other hand, if 7 is not norm-to-norm continuous, then TB, is not a 
bounded subset of Y. Therefore, the Banach-Steinhaus theorem directs us to 
a y* &Y™* such that y*7B, is not bounded; y*7 is not a bounded linear 
functional. Summarizing we get the following theorem. 


Theorem 5. A linear map T: X — Y between the normed linear spaces X and 
Y is norm-to-norm continuous if and only if T is weak-io-weak continuous. 


The Weak* Topology 


Let X be a normed linear space. We describe the weak* topology of X* by 
indicating how a net (x4) in X* converges weak* to a member xj of X*. 
We say that (x7) converges weak* to xj © X* if for each x © X, 


x,y — 1; * 
xj§x = lim xgx. 


As with the weak topology, we can give a description of a typical basic 
weak* neighborhood of 0 in X*; this time such a neighborhood is generated 
by an e> 0 and a finite collection of elements in X, say x,,...,x,- The form 
1S 


W*(0; x1,.-.,%,58) = (x* © X*: |x*x]],...,]x%x, |< e}. 


The weak* topology is a linear topology; so it is enough to describe the 
neighborhoods of 0, and neighborhoods of other points in X* can be 
obtained by translation. Notice that weak* basic neighborhoods of 0 are 
also weak neighborhoods of 0; in fact, they are just the basic neighborhoods 
generated by those members of X** that are actually in X. Of course, any 
x** that are left over in X** after taking away X give weak neighborhoods 
of 0 in X* that are not weak* neighborhoods. A conclusion to be drawn is 
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this: the weak* topology is no bigger than the weak topology. Like the weak 
topology, excepting finite-dimensional spaces, duals are never weak* metriz- 
able or weak* complete; also, proceeding as we did with the weak topology, 
it’s easy to show that the weak* dual of X* is X. An important consequence 
of this is the following theorem. 


Goldstine’s Theorem. For any normed linear space X, By is weak* dense in 
By-«s, and so X is weak* dense in X**. 


ProoF. The second assertion follows easily from the first; so we concentrate 
our attentions on proving B, is always weak* dense in By«.. Let x** © X** 
be any point not in BY¥°*". Since BY***" is a weak* closed convex set and 
x** ¢& Beak” there is an x* © X**’s weak* dual X* such that 


sup { x*y**: y** © Bweak® \ <x**x*, 


Of course we can assume ||x*||=1; but now the quantity on the left is at 
least ||x*|| =1, and so ||x**|| >1. It follows that every member of B,.. falls 
inside BY<*", 0 


As important and useful a fact as Goldstine’s theorem is, the most 
important feature of the weak* topology is contained in the following 
compactness result. 


Alaoglu’s Theorem. For any normed linear space X, By.» is weak* compact. 
Consequently, weak* closed bounded subsets of X* are weak* compact. 


ProoF. If x* © B,., then for each x © By, |x*x| <1. Consequently, each 
x*eB,. maps B, into the set D of scalars of modulus <1. We can 
therefore identify each member of B,. with a point in the product space 
D*®«, Tychonoff’s theorem tells us this latter space is compact. On the other 
hand, the weak* topology is defined to be that of pointwise convergence on 
B,, and so this identification of By. with a subset of D?* leaves the weak* 
topology unscathed; it need only be established that B,. is closed in D** to 
complete the proof. 

Let (x¥) be a net in B,. converging pointwise on B, to f © D®*. Then it 
is easy to see that fis “linear” on By: in fact, if x,,x, © By, and a,, a, are 
scalars such that a,x, + a,x, © B,, then 


f (a,x, + a,x.) = lim x9 (a,x, + a,X2) 
= lim a, x9 (x, )+ 42x92) 
= lim a xg (x) + lima,x9(x2) 


= a, f(x,)+ 4, f (x2). 
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It follows that fis indeed the restriction to B x Of a linear functional x’ on X; 
moreover, since f(x) has modulus <1 for x € By, this x’ is even in Bys. 
This completes the proof. oO 


A few further remarks on the weak* topology are in order. 

First, it is a locally convex Hausdorff linear topology, and so the 
separation theorem applies. In this case it allows us to separate points (even 
weak* compact convex sets) from weak* closed convex sets by means of the 
weak* continuous linear functionals on X*, 1.e., members of X. 

Second, though it is easy to see that the weak* and weak topologies are 
not the same (unless X = X**), it is conceivable that weak* convergent 
sequences are weakly convergent. Sometimes this does occur, and we will, in 
fact, run across cases of this in the future. Because the phenomenon of 
weak* convergent sequences being weakly convergent automatically brings 
one in contact with checking pointwise convergence on By.«., it is not too 
surprising that this phenomenon is still something of a mystery. 


Exercises 
1. The weak topology need not be sequential. Let A C/, be the set {e,, + me,:1<m 
<n<oo}. Then 0 € A”, yet no sequence in A is weakly null. 


2. Helly’s theorem. 


(i) Given xf,...,x* © X*, scalars a,,...,a,, and e> 0, there exists an x, © X 
for which ||x|| < y + e and such that xj'x = a,,...,x*x =a, if and only if for 
any scalars 8), ...,B, 


n 
» a; x7}. 


i=l 


3 B,o, 


i=l 


<y 


(ii) Let x** © X**, e>0 and xj,...,x* & X™*. Then there exists x € X such 
that || x|| < ||x**||+ e and xf(x) = x**(xf), ... x(x) = x**(x7). 


3. An infinite - dimensional normed linear space is never weakly complete. 


(i) A normed linear space X.is finite dimensional if and only if every linear 
functional on X is continuous. 


(ii) An infinite-dimensional normed linear space is never weakly complete. Hint: 
Apply (i) to get a discontinuous linear functional p on X*; then using (i), 
the Hahn-Banach theorem, and Helly’s theorem, build a weakly Cauchy net 
in X indexed by the finite-dimensional subspaces of X* with » the only 
possible weak limit point. 


4. Schauder’s theorem. 
(i) If 7: X— Y is a bounded linear operator between the Banach spaces X and 
Y, then for any y* € Y*, y*T € X*, the operator T*: Y* — X* that takes a 


y* €Y* to y*T € X* is a bounded linear operator, called T*, for which 
7) = 7 * IL 
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(ii) A bounded linear operator T: X — Y between Banach spaces is compact if 
and only if its adjoint T*: Y* > X* is. 


(1) An operator T: X — Y whose adjoint is weak*-norm continuous is compact. 
However, not every compact operator has a weak*-norm continuous adjoint. 


(iv) An operator T: X — Y is compact if and only if its adjoint 1s weak*-norm 
continuous on weak* compact subsets of Y*. 


5. Dual spaces. Let X be a Banach space and EC X*. Suppose E separates the 
points of X and By, is compact in the topology of pointwise convergence on E. 
Then X is a dual space whose predual is the closed linear span of E in X*. 


6. Factoring compact operators through subspaces of co. 


(i) A subset Hof co is relatively compact if and only if there is an x € cg such 
that 


Ik,|)<|x,l 
holds for all k € Hand all n >1. 
(il 


ww’ 


A bounded linear operator T: X — Y between two Banach spaces is compact 
if and only if there is a norm-null sequence (x*) in X* for which 


|| 7x] < sup|x7x| 
nt 


for all x. Consequently, T is compact if and only if there is aA € cg and a 
bounded sequence (y,*) in X* such that 


|7x|| < sup|A,,|*1y,*x| 
n 


for all x. 


(iii) Every compact linear operator between Banach spaces factors compactly 
through some subspace of cy); that is, if T: XY is a compact linear 
operator between the Banach spaces X and Y, then there if a closed linear 
subspace Z of cg and compact linear operators A: X > Z and B: Z — Y such 
that T = BA. 


Notes and Remarks 


The notion of a weakly convergent sequence in L,[0,1] was used by Hilbert 
and, in L,[0,1], by F. Riesz, but the first one to recognize that the weak 
topology was just that, a topology, was von Neumann. Exercise 1 is due to 
von Neumann and clearly indicates the highly nonmetrizable character of 
the weak topology in an infinite-dimensional Banach space. The nonmetriz- 
ability of the weak topology of an infinite-dimensional normed space was 
discussed by Wehausen. 

Theorem 1 and the consequences drawn from it here (Corollaries 2 to 4) 
are due to Mazur (1933). Earlier, Zalcwasser (1930) and, independently, 
Gillespie and Hurwitz (1930) had proved that any weakly null sequence in 
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C[0,1] admits of a sequence of convex combinations that converge uni- 
formly to zero. The fact that weakly closed linear subspaces of a normed 
linear space are norm closed appears already in Banach’s “Operationes 
Lineaires.” 

The weak continuity of a bounded linear operator was first noticed by 
Banach in his -masterpiece; the converse of Theorem 5 was proved by 
Dunford. Generalizations to locally convex spaces were uncovered 
by Dieudonné and can be found in most texts on topological vector spaces. 

As one ought to suspect, Goldstine’s theorem and Alaoglu’s theorem are 
named after their discoverers. Our proof of Goldstine’s theorem is far from 
the original, being closer in spirit to proofs due to Dieudonné and Kakutani; 
for a discussion of Goldstine’s original proof, as well as an application of its 
main theme, the reader is advised to look to the Notes and Remarks section 
of Chapter IX. Helly’s theorem (Exercise 2) is closely related to Goldstine’s 
and often can be used in its place. In the form presented here, Helly’s 
theorem is due to Banach; of course, like the Hahn-Banach theorem, Helly’s 
theorem is a descendant of Helly’s selection principle. 

The fact that infinite-dimensional Banach spaces are never weakly com- 
plete seems to be due to Kaplan; our exercise was suggested to us by W. J. 
Davis. . 

Alaoglu’s theorem was discovered by Banach in the case of a separable 
Banach space; many refer to the result as the Banach-Alaoglu theorem. 
Alaoglu (1940) proved the version contained here for the expressed purpose 
of differentiating certain vector-valued measures. 
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CHAPTER III ; 
The Eberlein-Smulian Theorem 


We saw in the previous chapter that regardless of the normed linear space 
X, weak* closed, bounded sets in X* are weak* compact. How does a 
subset K of a Banach space X get to be weakly compact? The two are 
related. Before investigating their relationship, we look at a couple of 
necessary ingredients for weak compactness and take a close look at two 
illustrative nonweakly compact sets. 

Let K be a weakly compact set in the normed linear space X. If x* € X*, 
then x* is weakly continuous; therefore, x*K is a compact set of scalars. It 
follows that x*K is bounded for each x* € X*, and so K is bounded. 
Further, K is weakly compact, hence weakly closed, and so norm closed. 
Conclusion: Weakly compact sets are norm closed and norm bounded. 

Fortunately, closed bounded sets need not be weakly compact. 

Consider B... Were B,, weakly compact, each sequence in B,, would have 
a weak cluster point in B,.. Consider the sequence o, defined by a, =e, 
+ --- +e,, where e, is the kth unit vector in cy. The sup norm of Cp is 
rigged so that ||o,|| =1 for all n. What are the possible weak cluster points of 
the sequence (0, )? Take aX © B. that is a weak cluster point of (o,). For 
each x* € cf, (x*o,,) has x*A for a cluster point; 1.e., the values of x*o, get 
as close as you please to x*A infinitely often. Now evaluation of a sequence 
iN Cy at its kth coordinate is a continuous linear functional; call it e*. Note 
that ef(o,)=1 for all n=>k. Therefore, efA =1. This holds true for all k. 
Hence, A = (1,1,...,1,...) € €p. B.., is not weakly compact. 

Another example: B, is not weakly compact. Since |, = cf (isometrically), 
were B,, weakly compact, the weak and weak* topologies on B,, would have 
to coincide (comparable compact Hausdorff topologies coincide). However, 
consider the sequence (e,,) of unit vectors in /,. If AX co, then e,A =A,, 7 0 
as noo. So (e,) is weak* null. If we suppose B, weakly compact, then 
(e,,) is weakly null, but then there ought to be a sequence (y,,) of convex 
combinations of the e,, such that |ly,,||, ~ 0. Here’s the catch: Take a convex 
combination of e,’s—the resulting vector’s /; norm is 1. The supposition 
that B, is weakly compact is erroneous. 
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There is, of course, a common thread running through both of the above 
examples. In the first, the natural weak cluster point fails to be in cy; not all 
is lost though, because it is in B, . Were B, = B,., this would have been 
enough to ensure B,.'s weak compactness. In the second case, the weak 
compactness of B, was denied because of the fact that the weak* and weak 
topologies on B, were not the same; in other words, there were more x**’s 
than there were x’s to check against for convergence. Briefly, B,, is smaller 
than B, . 

Suppose B, = B,... Naturally, this occurs when and only when X = X**; 
such X are called reflexive. Then the natural embedding of X into X** is a 
weak-to-weak* homeomorphism of X onto X** that carries B, exactly onto 
By... It follows that By is weakly compact. 

On the other hand, should B, be weakly compact, then any x** © X** 
not in B, can be separated from the weak* compact convex set By by an 
element of the weak* dual of X**; 1.., there is an x* € By. such that 


sup x*x( = ||x*|| =1) <x**x*. 
xis 


It follows that ||x**||>1 and so By = Byes. 

Summarizing: B, is weakly compact if and only if X is reflexive. 

Let’s carry the above approach one step further. Take a bounded set A in 
the Banach space X. Suppose we want to show that A is relatively weakly 
compact. If we take A”** and the resulting set is weakly compact, then we 
are done. How do we find A“ though? Well, we have a helping hand in 
Alaoglu’s theorem: start with A, look at A****" up in X**, and see what 
elements of X** find themselves in A*°**". We know that A*®** is weak* 
compact. Should each element in A*°**" actually be in X, then A¥<" is just 
Awek, what’s more, the weak* and weak topologies are the same, and so 
Awe is weakly compact. 

- So, to show a bounded set A is relatively weakly compact, the strategy is 
to look at A**“" and see that each of its members is a point of X. We 
employ this strategy in the proof of the main result of this chapter. 


Theorem (Eberlein-Smulian). A subset of a Banach space is relatively weakly 
compact if and only if it is relatively weakly sequentially compact. 

In particular, a subset of a Banach space is weakly compact if and only if it 
is weakly sequentially compact. 


PRrooF. To start, we will show that a relatively weakly compact subset of a 
Banach space is relatively weakly sequentially compact. This will be accom- 
plished in two easy steps. 

Step 1. If K is a (relatively) weakly compact set in a Banach space X and 
X* contains a countable total set, then K **** is metrizable. Recall that a set 
F Cc X* is called total if f(x) =0 for each f € F implies x = 0. 
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Suppose that K is weakly compact and { x* } is a countable total subset of 
nonzero members of X*. The function d: X x X — R defined by 


d(x, x’) = Yo |x¥(x — x’)|]xty127" 


iS a metric on X. The formal identity map is weakly-to-d continuous on the 
bounded set K. Since a continuous one-to-one map from a compact space to 
a Hausdorff space is a homeomorphism, we conclude that d restricted to 
K X K is a metric that generates the weak topology of K. 

Step 2. Suppose A is a relatively weakly compact subset of the Banach 
space X and let (a,,) be a sequence of members of A. Look at the closed 
linear span [a,,] of the a,; [a,] is weakly closed in X. Therefore, A N[a,] is 
relatively weakly compact in the separable Banach space [a,,]. Now the dual 
of a separable Banach space contains a countable total set: if {d,} is a 
countable dense set in the unit sphere of the separable space and {d*} is 
chosen in the dual to satisfy d*d, =1, it is easy to verify that {d,*} is total. 
From our first step we know that A N[a,]** is metrizable in the weak 
topology of [a,,]. Since compactness and sequential compactness are equiva- 
lent in metric spaces, A N[a, ]**™ is a weakly sequentially compact subset 
of [a,,]. In particular, if a is any weak limit point of (a,), then there is a 
subsequence (a/,) of (a,,) that converges weakly to a in [a,]. It is plain that 
(a;) also converges weakly to a in X. 

We now turn to the converse. We start with an observation: if E is a 
finite-dimensional subspace of X**, then there is a finite set E’ of S,« such 
that for any x** in E 

mt 
xe" < max{|x**x*|:x*e E’}. 
In fact, S$; is norm compact. Therefore, there is a finite | net F= 
(xf*,...,x*"} for S,. Pick x¥,...,x* © S,. so that 
xf*x* > 3. 
Then whenever x** € S,, we have 
X*AXE = HE + (he — xe ee) 
24-453 
for a suitable choice of k. 

This observation is the basis of our proof. 

Let A be a relatively weakly sequentially compact subset of X; each 
infinite subset of A has a weak cluster point in X since A is also relatively 
weakly countably compact. Consider A", 4***" is weak* compact since 
A, and therefore A”***", is bounded due to the relative weak sequential 
compactness of A. We use the strategy espoused at the start of this section 


to show A is relatively weakly compact; that is, we show A***«* actually lies 
in X. 


20 III. The Eberlein-Smulian Theorem 


Take x** © A") and let x* © Sys. Since x** © A¥°k" each weak* 
neighborhood of x** contains a member of A. In particular, the weak* 
neighborhood generated by e=1 and xf, { y** © X**: |((y** — x**)\(x¥)| 
<1}, contains a member a, of A. From this we get 


\(x** — a,)( xP) <1. 
Consider the linear span [x**, x** — a,] of x** and x**—a,; this is a 


finite-dimensional subspace of X**. Our observation deals us x}, ... , xh) 
© Sy« such that for any y** in [x**, x** — ay], 


ty" 
2 
x** is not going anywhere, ie., it is still in A”°*"; so each weak* 
neighborhood of x** intersects A. In particular, the weak* neighborhood 
about x** generated by 4 and xf, x}, ...,x%.) intersects A to give us an a, 
in A such that 


|(x** —ay)( xf), |(x** — ay)(x3)|,....|(x** ~ a,)( x*))| <}. 


Now look at the linear span [x**, x** — a,, x** — a,] of x**, x** — a, 
and x**—a,. As a finite-dimensional subspace, [x**, x** — a,, x** — a,] 
provides us with x%041,--->X*3) in Sy« such that 


< max { |y**(x#)|:1<k < n(2)}. 


yet < max{|y**(xg)|:1<k <n(3)} 


for any y** €[x**, x** —a,,x**— a). 

Once more, quickly. Choose a, in A such that x** — a, charges against 
x¥,...,XM3) for no more than } value. Observe that the finite-dimensional 
linear space [x**, x** — a,,x** —a,,x** —a,] provides us with a finite 


subset x703)4.1,--- »Xny4) IN Sy« such that 


ml < max{|y**(xf)|:1<& <(4)} 


for any y** €[x**, x** —a,,x** —a,,x** —a,|. 

Where does all this lead us? Our hypothesis on A (being relatively weakly 
sequentially compact) allows us to find an x © X that is a weak cluster point 
of the constructed sequence (a,) C A. Since the closed linear span [a,] of 
the a, is weakly closed, x €[a,]. It follows that x** — x is in the weak* 
closed linear span of {x**, x** —a,,x** —a,,...}. Our construction of 
the x* and the a, assures us that 


eK 
Lynn < suply**xt (1) 
2 m 
holds for any y** in the linear span of x**, x** —a,,x**-—a,,.... An 


easy continuity argument shows that (1) applies as well to any y** in the 
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weak* closed linear span of x**, x** — a,, x** ~ a,,.... In particular, we 
can apply (1) to x** — x. However, _ 
|(x** — x)(x%)| <|(x** — a,)(x4)| + [x8 (ax)— x4 (2) 


1 ; 
< > + as little as you please 


if m<n(p), p<k and you take advantage of the fact that x is a weak | 
cluster point of (a,). So x** — x = 0, and this ensures that x** = x is in X. 
O 


Exercises 


1. The failure of the Eberlein-Smulian theorem in the weak* topology. Let T be any 
set and denote by /,(T) the set of all functions x: I — scalars for which 


Ixlh= D0 [x(y)| <0. 


yer 


/,(T) is a Banach space whose dual space in /,(T), the space of bounded 
scalar-valued functions on I normed by the sup norm; the action of p € /,,(T) = 
1 (T)* on x €1,(T) is given by 


(x)= L v(y)x(y) 


yer 


(i) If is an uncountable set, then B, (-) is weak* compact but not weak* 
sequentially compact. 


(ii) If I is infinite, then B, (p)» contains a weak* compact set that has no 
nontrivial weak* convergent sequences. 


2. Weakly compact subsets of |,, are norm separable. 


(i) Weak* compact subsets of X* are metrizable in their weak* topology 
whenever X is separable. 


(i) Weakly compact subsets of /,, are norm separable. 


3. Gantmacher's theorem. A bounded linear operator T: X — Y between the Banach © 
spaces X and Y is weakly compact if TB, is weakly compact in Y. 


(i) A bounded linear operator T: X > Y is weakly compact if and only if 
T **( X**) cy. 


(ii) A bounded linear operator T: X — Y is weakly compact if and only if 7'* is 
weak *-weak continuous from Y* to X*. 


(iii) A bounded linear operator T: X — Y is weakly compact if and only if T* is. 


(iv) A Banach space X is reflexive if and only if its dual X* is 
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Notes and Remarks 


Smulian (1940) showed that weakly compact subsets of Banach spaces are 
weak'y sequentially compact. He also made several interesting passes at the 
converse as did Phillips (1943). The proof of the converse was to wait for 
Eberlein (1947). Soon after Eberlein’s proof, Grothendieck (1952) provided 
a considerable generalization by showing that relatively weakly sequentially 
compact sets are relatively weakly compact in any locally convex space that 
is quasi-complete in its Mackey topology; in so doing, Grothendieck noted 
that Eberlein’s proof (on which Grothendieck closely modeled his) required 
no tools that were not available to Banach himself, making Eberlein’s 
achievement all the more impressive. 

As one might expect of a theorem of the quality of the Eberlein-Smulian 
theorem, there are many generalizations and refinements. 

The most common proof of the Eberleisi-Smulian theorem, found, for 
instance, in Dunford and Schwartz, is due to Brace (1955). Those who have 
used Brace’s proof will naturally see much that is used in the proof 
presented here. We do not follow Brace, however, since Whitley (1967) has 
given a proof (the one we do follow) that offers little room for conceptual 
improvement. Incidentally, Pelczynski (1964) followed a slightly different 
path to offer a proof of his own that uses basic sequences; we discuss 
Pelczynski’s proof in Chapter V. 

Weakly compact sets in Banach spaces are plainly different from general 
compact Hausdorff spaces. Weakly compact sets have a distinctive char- 
acter: they are sequentially compact, and each subset of a weakly compact 
set has a closure that is sequentially determined. There is more to weakly 
compact sets than just these consequences of the Eberlein-Smulian theorem, 
and a good place to start learning much of what there is is Lindenstrauss’s 
survey paper on the subject (1972). Floret’s monograph also provides a 
readable, informative introduction to the subject. 
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CHAPTER IV 
The Orlicz-Pettis Theorem 


In this chapter we prove the following theorem. 


The Orlicz-Pettis Theorem. Let 2,,x,, be a series whose terms belong to the 
Banach space X. Suppose that for each increasing sequence (k,,) of positive 
integers 


weak lim )> x k, 


n j=l 


exists. Then for each increasing sequence (k,,) of positive integers 


n 


norm lim )> x, 
J 


n j=l 


exists. 


Put succinctly, the Orlicz-Pettis theorem says that weak subseries conver- 
gence implies subseries convergence in Banach spaces. 

Our proof relies on the theory of the Bochner integral, and its success 
derives from the marvelous measurability theorem of Pettis. It is the 
exposition of the theory of the Bochner integral that occupies most of our 
time in this chapter; however, with the payoff including the Orlicz-Pettis 
theorem, our work will be highly rewarded. 

Start by letting (Q, 2, 4) be a probability space and X be a Banach space. 
We first establish the ground rules for measurability. 

f:Q— X is called simple if there are disjoint members £,, ...,£,, of = and 
vectors x,,...,x, © X for which f(w) = L7_1x~(w)x,; holds for all w €Q, 
where x, denotes the indicator function of the set E ¢ 2. Obviously such 
functions should be deemed measurable. Next, any function f: 2 — X which 
is the p-almost everywhere limit of a sequence of simple functions is 
p-measurable. The usual facts regarding the stability of measurable func- 
tions under sums, scalar multiples, and pointwise almost everywhere conver- 
gence are quickly seen to apply. Egoroffs theorem on almost uniform 
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convergence generalizes directly to the vector-valued case—one need only 
replace absolute values with norms at the appropriate places in the standard 
proof. | 

A function f: 2 — X is scalarly p-measurable if x*f is u-measurable for 
each x* © X*. A crucial step in this proof of the Orlicz-Pettis theorem will 
have been taken once we demonstrate the following theorem. 


Pettis Measurability Theorem. A function f: {2 — X is u-measurable if and 
only if f is scalarly -measurable and there exists an E € 2 with u(E) = 0 such 
that f(&2\ E) is a norm-separable subset of X. 


PROOF. It is plain to see that a p-measurable function f: 22 — X is scalarly 
p-measurable and p-essentially separably valued. We concentrate on the 
converse. Suppose f:{2— X is scalarly -measurable and E © can be 
found for which p(E)=0 and f(Q2\ E) is a separable subset of X. Let 
{x,,:nm21} be a countable dense subset of f(Q\ E). Choose {x*:n 21} C 
Sy» in such a way that x*x,=||x,||. Given wEQ\E it is plain that 
| f(w)|| = sup, |x*(f(w))|. It follows that || f(-)]] is u-measurable. Similarly 
for each n, || f/(-)— x,|| is w-measurable. | 

Let e>0 be given. Look at [|| f(w)— x, || < «] = E, (we prefer to use the 
probabilists’ notation here; so [|| f(w)— x,|| < «] is {w EQ: || f(w)— x, || < 
€}). Each E,, is almost in = (and, if # is complete, actually does belong to 2), 
and so for each n there is a B,©2 such that p(E,4B,)=0. Define 
g:Q— X by 


x, ifweB\(B,U---UB,_,), 
8()=19 ifwéUB.. 


It is clear that ||g(w)— f(w)||<e for any w outside of both E and 
U_(E,, AB, ). 

We have shown that given e>0 there is a countably valued function g 
and a p-null set N,@2 such that g assumes distinct values on disjoint 
members of = and such that f and g are uniformly within e of each other on 
Q\ N,. Giving a little (of @) to get a little (and make g simple) quickly 
produces a sequence of simple functions converging p-almost everywhere to 
f, which completes the proof. oO 


Now for the Bochner integral. 
If f:&— X is simple, say f(w) = L7_41x.~_(w)x,, then for any E € 2 


[fan » B( ENE; )x;. 


i=] 


A p-measurable function f: 2 > X is called Bochner integrable if there exists 
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a sequence of simple functions (/,,) such that 
lim f If,(@)- f(«)||dn(o) = 0. 
In this case {, fdp is defined for each E € 2 by 
[fa = lim f fe. 


Our first result regarding the Bochner integral is due to Bochner himself and 
is in a sense the root of all that is “trivial” about the Bochner integral. 


Bochner’s Characterization of Integrable Functions. A p-measurable function 
f: 2 — X is Bochner integrable if and only if fgl|f\| du < oo. 


Proor. If fis Bochner integrable, then there’s a simple function g such that 
Soll f — g|| du <7; it follows that 


filfiidus filf—slidu+ filgiidp <co. 


Conversely, suppose f(and so |t/||) is u-measurable with [|| /|| dp < oo. 
Choose a sequence of countably valued measurable functions (/,,) such that 
lif — f, || 1/7, p-almost everywhere. Here a peek at the proof of the Pettis 
measurability theorem is acceptable. Since || f,(-)|| < ||/C-)||+ 1/7 almost all 
the time, we see that /|| /,|| du < oo. For each n write f, in its native form 


oo 
f,() = » XE, (0) Xn, m 
m=) 
where E, , E, ,; =O whenever i # j, all E,, ,, belong to 2, and all the x,, ,, 
belong to X. For each n pick p, so large that 


1 
Ss _ Willan <5 


m=p,+1 


What is left of f, is LP" Xe, Xn, m= Sn a simple function for which 


2 
filf - gall du s =. 
fis Bochner integrable, and this proof is complete. 0 


In a very real sense Bochner’s characterization of Bochner-integrable 
functions trivializes the Bochner integral, reducing as it does much of the 
development to the Lebesgue integral. This reduction has as a by-product 
the resultant elegance and power of the Bochner integral. We'll say a bit 
more about this elsewhere and restrict our attentions herein to a few 
more-or-less obvious consequences of the work done to this point. 
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Corollary 


1. (Dominated Convergence Theorem). If (f,,) are Bochner-integrable X-val- 
ued functions on Q, f:Q— X is the almost everywhere limit of (f,,) and 
I 4,(-)Il < g(-) almost all the time and for all n, where g € L,(), then f is 
Bochner integrable and f.|\f — f,\|\du 70 and f-f,dp— f-fdp for each 
Ee. 

2. If f is Bochner integrable, then || {-fdp|| < fell f\|dp holds for all E & %. 
Consequently, [fd is a countably additive j-continuous X-valued set 
function on  . 


PROOF. Part 1 follows from Bochner’s characterization and the scalar 
dominated convergence theorem: ||/,(-)— f(-) || < 2g(-) almost all the time. 
Part 2 is obvious if fis simple and simple for other /. Oo 


One noteworthy conclusion to be drawn from 2 above is the fact that if f 
is Bochner integrable, then { [,fdu: E € 2} is a relatively compact subset of 
X. In case f is a simple function, this follows from the estimate || /,fdp|| < 
Joll f\|du < oo and the resulting boundedness of { {;-fdu: E ©} in the 
finite-dimensional linear span of the range of f. For arbitrary Bochner-inte- 
grable f: 2 — X one need only pick a simple g: 2 — X for which fol| f — g|| du 
is very small to see that { f,-fdu: EE} is closely approximable by 
{ {-gdu: E&}, a totally bounded subset of X. Of course this says that 
given e> 0 each vector in { {,fdu: E © 2} can be approximated within e/2 
by a vector in the totally bounded set { {-gdu: E EZ}, so { fefdp: EEX} 
is itself totally bounded. 

Now for the proof of the Orlicz-Pettis theorem. 

Let’s imagine what could go wrong with the theorem. If 2,x, is weakly 
subseries convergent (i.e., satisfies the hypotheses of the Orlicz-Pettis theo- 
rem) yet fails to be norm subseries convergent, it’s because there’s an 
increasing sequence (k,,) of positive integers for which (Lj—1%x,) is not a 
Cauchy sequence in X. This can only happen if there is an e>0O and an 
intertwining pair of increasing sequences (/,) and (/,,) of positive integers 
for which j, < J, < j, </,<--- satisfying |[X/~,; x,,|| > € for all n. The series 
=, In formed by letting y, = Li, x,, is a subseries of Z,,x, and so is weakly 
summable in X; in particular, (y,) is weakly null. On the other hand, 
lly,|| > for all m. In short, if the Orlicz-Pettis theorem fails at all, it is: 
possible to find a weakly subseries convergent series 2, y, for which4| y,,|| > € 
holds for all n. Preparations are now complete; it’s time fortke main course. 

Let & be the compact metric space { —1,1}" of all sequences (s,,) of signs 
€, = +1. Let = denote the o-field of Borel subsets of Q. Let p be the product 
measure on {—1,1}% resulting from the identical coordinate measures on 
{ — 1,1} that assign to each elementary even { -- 1} and {1} the probability 4. 
The reader might recognize (Q, 2, u) as the Cantor group with its resident 
Haar measure. No matter—we have a probability measure space and a 
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natural function f: & — X, namely, if (e,,) is a sequence of signs, e, == +1, 
then 


f((e,)) = weak lim De Vk: 
" k=1 


Of course the weak subseries convergence of 2, y, is Just what is needed to 
make sense of f’s definition for any (e,)€ {—1,1}%. Each coordinate 
function is continuous on A so that f is scalarly u-measurable on A to .”. 
Moreover, the range of f is contained in the (weakly) closed linear span of 
tthe vectors y,; so f({2) is separable. Pettis’s measurability theorem applies to 
f; fis p-measurable. Finally, the range of f is contained in the weak closure 
of (L, 6 n& ¥,: Ais a finite set of positive integers, e, = +1 fork © A}, a set 
easily seen to be weakly bounded; f/f is itself weakly bounded, hence 
bounded. Bochner’s characterization theorem applies to show f is Bochner 
integrable with respect to p. 

Let’s compute. Let E,, be the set of all sequences e¢ of +1’s, whose nth 
coordinate e, is 1; E,€2 and f, fdu= y, /2. The sequence (y,) is weakly 
null and sits inside the relatively norm compact set {2/,-fdp: E€ 2}. It 
follows that each subsequence of (y,) has a norm convergent subsequence 
whose only possible limit is 0 since (y,,) is weakly null. In other words, (y,) 
is norm null! This is a very difficult thing for ( y, ) to endure: || y, || > ¢ > 0 for 
all n and lim, || y,|| = 0, a contradiction. | 


Exercises 


1. Weakly countably additive vector measures are countably additive. Let = be a 
o-field of subsets of the set Q and X be a Banach space. Show that any weakly 
countably additive measure F: 2 — X is countably additive in the norm topology 
of X. 

By means of a counterexample, show that the aforementioned result fails if = 
is but a field of sets. 


2. The Pettis integral. Let (Q,2,p) be a probability measure space and X be a 
Banach space. A function f: 2 — X is called scalarly measurable if x*f is measura- 
ble for each x* € X*; f is called scalarly integrable if x*f © L,(n) for each 
x* © X*. , 


(i) If f: & — X is scalarly integrable, then for each E € = there is an x=* © X** 
such that 
xptxt = [ x*f(w) du(w) 
E 


holds for each x* € X*. 


(ii) If f: & — X is bounded and scalarly measurable, then / is scalarly integrable 
and each of the x#* from (i) is weak* sequentially continuous on X*. 
We say that f is Pettis integrable if each x£* is actually in X, in which case we 
denote x, by Pettis [-f dp. 
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(iii) If f is Pettis integrable, then the map taking FE € 2 into Pettis /-fdp is 
countably additive. Bochner-integrable functions are Pettis integrable. 


A Banach space X is said to have Mazur’s property if weak* sequentially 
continuous functionals on X* are actually weak* continuous, i.e., belong to X. 


(iv) If X has Mazur’s property, then bounded scalarly measurable X-valued 
functions are Pettis integrable. 


(v) Separable Banach spaces enjoy Mazur’s property, as do reflexive spaces. 
Let I be a set and denote by c,)(I) the Banach space of all scalar-valued 
functions x on [ for which given e> 0 the set 


{vyeT:|x(y)|>e} 
is finite; x € co(T) has norm sup, < r|x(y)|; so co(T)* = 4, (TP). 
(vi) co(T ) has Mazur’s property. 
(vii) /,, does not have Mazur’s property. 
3. A theorem of Krein and Smulian. The object of this exercise is to prove the 


following: 


Theorem (Krein-Smulian). The closed convex hull of a weakly compact subset 
of a Banach space is weakly compact. 
Let K be a weakly compact set sitting inside the Banach space X. 
(i) X may be assumed to be separable. Do so! 
(ii) The function p: K — X defined by 
p(k) =k 


is Bochner integrable with respect to every regular Borel measure defined on 
(K, weak). 


(iii) The operator J, : C( K, weak)* — X defined by 


I(u) = Bochner f p(k) du(k) 
is weak *-weak continuous. 
(iv) The closed convex hull of K lies inside of I, ( Bo, x, weak)*): 


4. The bounded multiplier test. A series 2,,x,, in a Banach space X is unconditionally 
convergent if and only if for any (¢,,) € /,, the series 2,,t,, x,, converges. 


Notes and Remarks 


The story of the Orlicz-Pettis theorem is a curious one. Proved by Orlicz in 
the late twenties, it was lost to much of its mathematical public for most of 
a decade because of a fluke. In the (original) 1929 Polish edition of Banach’s 
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“‘Operationes Lineaires,”’ note was made of Orlicz’s theorem; on translation 
into French the note on Orlicz’s theorem was not amended either to indicate 
that with the passage of time the proof had already appeared ur to include 
exact bibliographic data. As a result, when Pettis was writing his thesis, he 
found himself in need of a proof of the Orlicz-Pettis theorem; in addition to 
providing said proof, Pettis gave several basic applications of the result. 
These applications are the bulk of Exercises 1 and 2. 

Our proof is due to Kwapien (1974). It was shown to us by Iwo Labuda 
and Jerry Uhl. Somehow it is appropriate that there be a proof of the 
Orlicz-Pettis theorem that depends ultimately on Pettis’s measurability 
theorem, since so much of Pettis’s mathematical work was concerned with 
the subtle interplay between the weak and norm topologies in separable 
Banach spaces. 

That the Krein-Smulian theorem (Exercise 3) can be derived from the 
theory of the Bochner integral seems to be due to Dunford and Schwartz. 
The reader will no doubt realize that Mazur’s theorem (to the effect that the 
closed convex hull of a norm-compact set is norm compact) can also be 
derived in this fashion. 

There are other proofs of the Orlicz-Pettis theorem, and we will present 
two of them in later chapters. 

- Jt is noteworthy that Grothendieck (1953) and McArthur (1967) have 
proved the Orlicz-Pettis theorem in locally convex spaces. 

We mention in passing that the failure of Pettis’s “weak measures are 
measures” theorem for algebras of sets (indicated in Exercise 1) has been 
investigated by Schachermayer, who has discovered a number of non-o- 
complete Boolean algebras where Pettis’s theorem holds. Schachermayer 
goes on to give several interesting characterizations of this phenomena and 
pose a number of problems related to it. 

Finally, we must mention that Kalton (1971, 1980) has underlined the 
separable character of the Orlicz-Pettis theorem by proving a version of the 
theorem in topological groups. Picking up on Kalton’s lead, Anderson and 
Christenson (1973) have established a permanent link between subseries 
convergence in a space and the measure-theoretic structure of the space. 

For an informative, lively discussion of the Orlicz-Pettis theorem we 
recommend both Kalton’s lecture and Uhl’s lecture as reported in the 
proceedings of the Pettis Memorial Conference. 
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CHAPTER V 
Basic Sequences 


In any earnest treatment of sequences and series in Banach spaces a 
featured role must be reserved for basic sequences. Our initial discussion of 
this important notion will occupy this whole chapter. A foundation will be 
laid on which we will build several of the more interesting constructs in the 
theory of sequences and series in Banach spaces. 

Let’s give a brief hint of what’s planned. After introductory remarks 
about bases and basic sequences, we show how Mazur proved the existence 
of basic sequences in any infinite-dimensional Banach space and take 
immediate advantage of thase ideas to present Pelczynski’s proof of the 
Eberlein-Smulian theorem. The Bessaga-Pelczynski selection principle will 
then be derived and, after a brief discussion of weakly unconditionally 
Cauchy series, this principle will be applied to characterize spaces contain- 
ing isomorphs of cy. Here we must mention that the Orlicz-Pettis theorem is 
rederived along with an improvement thereof in spaces without cy sub- 
spaces. Finally, we see that cy)’s appearance or absence in a dual coincides 
with /,.’s and use this to describe still another sharpening of the Orlicz- 
Pettis theorem, this time in duals without cy subspaces. It’s a full program; 
so it’s best that we get on with it. 

A sequence (x,,) in a Banach space X is called a Schauder basis (or basis) 
for X if for each x © X there exists a unique sequence (a,,) of scalars such 
that 


n 
x=lim )> a,x,. 
"7 k=1 


It is easy to see that a Schauder basis consists of independent vectors. Of 
great importance to our goals is the notion of basic sequence: a basic 
sequence in a Banach space X is a sequence (x,,) that is a basis for its closed 
linear span [x,]. 

Of some note is the fact that if (x,) is a Schauder basis for the Banach 
space X, then each of the coefficient functionals xf: ,a,,X, — ,, that go 
hand in hand with the x, is continuous on X. Indeed, let S denote (for the 
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moment) the linear space of all scalar sequences (s,,) for which lim, 27 _45,x, 
exists in X. We define |||(s,, ||| to be sup, |[L%_ ,5,,x,||. Using the uniqueness of 
expansions with respect to the system (x,), one sees that the operator 


B:(S, |ll- ||) > CX, |I- |) given by B(s,) = lim, 23_15,x, is a norm-decreasing, 
one-to-one, linear operator from S onto X. B is in fact an isomorphism. To 
see why this is so, we need only show that (5S, |||-||]) is a Banach space and 
appeal to the open mapping theorem. Now (5S, |||- |||) is quickly seen to be a 
normed linear space; so completeness is the issue at hand. Let (y,) = ((s,;)) 
be a |||-|||-Cauchy sequence in S. Since 
ISpi — Sgil lil] S 2 sup » (5); _ Sqi) Xi 
n |li=1 


= 2\I|¥_ — Yall: 


(s,;), converges for each i. Let (s,) be the sequence of scalars obtained by 
letting p > 00:5, = lim,s,,. Let r be an index so chosen that for p =r, ||ly, 
— y,||] < e, € a preassigned positive number. In light of the definition of S’s 
norm, we see that whenever p =r, |[U7_,(5,; — 5,,)x;ll Se for all n. Since 
y, =(s,;) € S, there is a cutoff n, such that whenever m,n >n, with m>n 
say, |JL7L,5,,X;||<e. It is now easy to see (after letting p— oo) that for 
m,n>n, we get, forma>n2Nn,, 


m 
» 5X; 


i=n 


< 3e, 


and so s=(s,)€S, too, and is in fact the limit of the sequence ()y,) = 
((5,:)p>1) from S. Now that B’s isomorphic nature has been established, it 
is clear that, for any k >1, the coefficient functional xf is continuous as 
Lan Xn 
n 


-1 
la, (lx, ls 2B | 


A space with a basis is always separable, and it is indeed the case that 
most of the natural separable Banach spaces have bases. It ought to be, in 
fact, it must be pointed out that finding a basis for a well-known space is not 
always an easy task. A few examples will be cited; proofs will not be 
presented. 

In the case of the classical separable sequence spaces cy and /, (for 
1< p<oo), the sequence (e,) of unit coordinate vectors 


e,=(0,0,...,.0, 1, 0,0,... 

nth place 
is a basis. ‘shis is easy to show. In the case of c, the space of convergent 
sequences, we must supplement the sequence (e,) with the constant se- 
quence 1=(1,1,...,1,...); the sequence (1, e,, e,, ...) is a basis for c. 
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What about function spaces? Here life becomes more complicated. In the 
case of C[0,1], J. Schauder showed that the Schauder basis is a basis, where 
the terms of the basis are given as follows: 


1 
f,(t)=1 for all ¢ © (0, 1]. 
° 1 


f,(t) =t for each t € [0,1]. 


© ray 


21 for each r € [0, $], 
2-21 foreachre [4,1]. 


nn={ 


°o a) 
+> 


4 for each t € [0,4], 
fit) =(2-4t for each re [4,4], 
0 fort >}. 


0 fort <3, 
f(t)=( 4-2 for eachre [4,3], 
4—41 foreachre [3,1]. 


Generally, ifm >1 and 1<i< 2”, then we can define /,., ;,, as follows: 


fons ia (t) = fg(2"t+1—i) whenever 2"7+1-i¢€ [0,1]. 
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In the case of L,[0,1], where 1 < p < oo, the Haar basis is given by 


l 


f,(t)=1 for all ¢ © [0,1]. 


0 ACO) = C9.) — € 12). 


Ne 


a | —_— 


f(t) = C91 (0) — ca 12). 


ae 
Ne 


-1l ——_ 


f(t) = C2 3(t)— C214). 


Sa 
Phy 
—" 


—] — 
Generally, if mn >1 and 1 <i < 2”, then /,.,;, is given by 
fo, (t)= C12i—2)/2"* 2-2) — CQi-ys2"*),21 2874). 


It is now well known that there are separable Banach spaces without 
bases. Per Enflo (1973), the first to find such a space, looked inside cy and 
was duly rewarded. 

Therefore, the fact that a separable Banach space has a basis does provide 
some structural information about the space. Unfortunately, unless the 
space and/or the basis packs extra punch, little can be derived from this 
minimal, yet hard-to-achieve, bit of information. 

C[0, 1] has a basis. This is of interest— not because it registers C[0,1] as a 
member of the “basis club,” but because C[0,1] plays a central role in the 
theory of Banach spaces, and so the fact that it has a basis can on occasion 
be exploited. One special property of C[0,1] that indicates the kind of 
exploitation possible is its universality among separable Banach spaces: 
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every separable Banach space is isometrically isomorphic to a closed linear 
subspace of C[(0,1]. C[0,1]’s universality, in tandem with the fact that C[0,1] 
has a basis, pays off. 

The ‘Haar system is a basis for all the L,, 1 < p<oo. For1< p<oo, it is 
more: it is an unconditional basis; 1.e., not only does each member of the 
space have a unique series expansion in terms of the basis, but the series is 
unconditionally convergent. The spaces spanned by unconditional bases 
enjoy finer structural properties than spaces without unconditional bases; 
the exercises hint at a few of the added pleasures. Incidentally, the Haar 
system is not an unconditional basis for L,[0,1]; in fact, L,[0,1] does not 
have an unconditional basis of any kind. 

It is worth remarking that showing the Schauder and Haar systems are 
bases for the spaces indicated above is not difficult; to establish the 
unconditionality of the Haar system (in case 1 < p < 00) is highly nontrivial. 

Oftentimes, whether a space has a basis is in itself difficult to answer, and 
even on responding to this question, the possibility of the existence of an 
unconditional basis looms large. For instance, it was not until 1974 that 
Botschkariev showed that the disk algebra has a basis: the Franklin system 
(i.e., the Gram-Schmidt orthogonalization of the Schauder system in the 
Hilbert space L,[0,1]); soon thereafter, Pelczynski showed that the disk 
algebra does not have an unconditional basis. Each proof has real claims to 
depth. Again, the Franklin system was shown by Wojtaszczyk to be an 
unconditional basis for the classical Hardy space H'(D) of functions 
analytic inside the disk and with integrable boundary vaiues; it is an 
absolute must to point out that earlier, Maurey in a real tour de force of 
analytical know-how had shown that H'(D) has an unconditional basis 
without explicitly citing one. After Carleson had had some clarifying effect 
on the question, Wojtaszczyk got into the act. None of these developments 
has the faintest resemblance to “easy” mathematics, not the work of 
Wojtaszczyk, or Carleson, or Maurey, especially not Maurey! 

Bases are important; bases with added features, even more so. Basic 
sequences are likewise important, especially for general structure-theoretic 
studies. Since our purpose is, to some extent, the study of convergence of 
sequences and series and the effect thereof on the structure of a Banach 
space, it-is not too unbelievable that basic sequences will occupy some of 
our attention. How does one recognize a basic sequence? 

The basic test is provided by our first real result. 


Theorem 1. Let (x,,) be a sequence of nonzero vectors in the Banach space X. 
Then in order that (x,,) be a basic sequence, it is both necessary and sufficient 
that there be a finite constant K >0 so that for any choice of scalars (a,,) 
and any integers m <n we have 


m 
» a ;x; 


i=1 


n>l 


n 


» a,x; 


i=1 


<K 


V. Basic Sequences 37 


The proof is easy but well worth the time to be carefully studied. We present 
it in all its important (and perhaps in a few of its other) details. 


PROOF. Suppose (x,,) is a basis for its closed linear span [x,] and define 
P, ‘[x,,] > [x,] by 
k 
P,( Lay xe] = » a,Xpn- 
n n=l 

Each P, is a bounded linear operator [since each of the coordinate function- 
als x* (ls j<k) is continuous], and for any x©[x,], we have x= 
lim, _. .”,- It follows from the Banach-Steinhaus theorem that sup,,||P,,|| < 
oo. Thus, should m <n and ¥,a,x, © X, then 


m 
» AX = Pd AX, 
k=] k 
Pd aX, 
k 
n 
=P, » AX, 
k=1 
n 
<||Prll} nx, 
k=1 


< sup||P,ll- 


Let K = sup,||P,|l- 
Now suppose (x,,) 18 a sequence of nonzero vectors for which there is a 
K > 0 such that whenever m <n, 


m 
» a;X; 


i=l 


n 


» a;X; 


i=l] 


<K 


holds. Plainly, if a vector x has a representation in the form a,x, = 
lim, u7_,@,x,;, that representation is unique; this follows, for instance, from 
the fact that for any j,k >1, 
jt+k 
[a jMlljll = llajx,ll< Kl] 2 a,x; |}, 
is 


so that 


lal<— 
iz 


isy 


Regarding representable elements, we notice that each vector in the linear 
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span of the x, is clearly representable, by a finite sum in fact. The condition 
that whenever m <n, 


<K 


"i 
» Q;X; 


i=l 


m 
» a;X; 


i=] 


ensures that the operators P,,, from the linear span of { x,, } to itself; given 
by P.(va,x;)=Lf-\a,X,, are bounded linear operators each of whose 
operator norms are < K; it follows that each P, has a bounded linear 
extension, still called P,, projecting [x,:n2=1] onto [x,:l<n<m]= 
lin{ x,,...,X,, }- A noteworthy effect of this is the continuity of the “coordi- 
nate functionals” x? defined on the span of {x,,} by xf(X,a;x;)=a,; the 
xf have unique extensions to all of [x,:n 21], too, given by xf(x)x, = 
P,(x)— P,_,(x). Now we're ready for some action. We claim that every 
element of [x,] has a representation (necessarily unique, as we have seen) in 
the form lim, 27_,a,x, =L,4,X,. Let x &[x,] and e>0 be given. Then 
there is a o € lin{ x,,...,X,,.)}, for some n(e), such that ||x — o||<e. But 
now if n2n,, then 


|x — P,x|] s |x — of]+ llo — P,ol|+ [|P,0 — Pll 
= |x — ol]+ |lo — o[]+ ||P, (0 — x) 
<se+||P,|le<s (14+ K Je. 
It follows that x = lim, P,x = lim, D7. XP (x)x,. Oo 


As an application of Theorem 1 we prove that every infinite-dimensional 
Banach space contains a subspace with a basis. We follow S. Mazur’s lead. 


Lemma 2. Let F be a finite-dimensional linear subspace of the infinite-dimen- 
sional Banach space X, and let e> 0. Then there is an x © X such that ||x||=1 
and 


lvls A+ e}Ily + Axl (1) 
for all y © F and all scalars i. 


PROOF. Assuming (as we may) that e <1, pick a finite e/2 net { y,,..., y, } 
for S,; and select yf, ..., yf in Sys so that y*y,=1 for i=1,2,...,k. Take 
any x in Sy, for which y*x = yXx =--- = y*x = 0. This x will do. In fact, if 
y © S,, then there is a y, within e/2 of y; find that y,. Take any scalar A and 
compute 


E 
Ny + Ax] > Uy, + Ax My — yl = My + AX 5 


€ E 1 
2 y*(y+Ax)—5=1-52755- 


This shows (1) in case || y|] =1; homogeneity takes care of the restof F. O 
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Corollary 3. Every infinite-dimensional Banach space contains an infinite- 
dimensional closed linear subspace with a basis. 


Proor. Let X be the ambient space and e> 0. Choose a sequence (é,,) of 
positive numbers such that [1° _,(1+¢,)<1l+e. Take x,@S, and pick 
x, ©S, such that 


Ix|] < (1+ e,) [|x + Ax) 


for every scalar multiple x of x,; a look at the preparatory lemma will tell 
you where to look for x,. Let F be the linear span of x, and x,. Pick x, © Sy 
such that 


[|x ]] < (1 + &2) |] + Axs]| 


for every x in F; again, a look at the preparatory lemma should help in the 
selection of x;. Continue. The sequence (x,,) so generated is basic with basis 
constant <1+e. What’s more, if P, is the mth projection operator, then 
| Pls 172,01 + ;). 0 

A short detour seems well advised at this juncture. This detour is 
suggested by A. Pelczynski’s proof of the Eberlein-Smulian theorem via 
basic sequences. This proof, of which Whitley’s is a sympathetic cousin, 
builds on a modification of Mazur’s construction of basic sequences. 


Lemma 4. Let B be a bounded subset of the Banach space X and xj* € X** 
be a point of B*®**” in X** such that |\|x%* — b\|>6> 0 for all b € B. Then 
there exist a sequence (x,,) in B and an xj © X* such that | 


1. lim, x§x,, = xo *x> = ||xg*||72. 

2. (x, — X9*) is a basic sequence in X**. 

3. Should xj* #0, then xg* €[x,—-xg*], the closed linear span of 
(x, — xX¢*). 


PROOF. Choose (c,,),, 5 9 SO that 0 <c, <1 for all n > 0 and so that whenever 
l<p<q<o, [If (1—-¢,)>1-¢p. 

Take any xj © X* such that xf*x> = ||x¢*||/2. By hypothesis, there is an 
x, € B such that 


[xgx, — xf *xg| <1. 
Let E, denote the 1-dimensional subspace of X** spanned by x, — xf*; Sr, 


is compact, and so we can pick a c,/3 net ¢,...,€yq) for S,. Let 
Xf, .++»XNq) be chosen from Sy. in such a way that 


C1 
|x*e,|>1— 3° 


By hypothesis, there is an x, € B so that 


dc, 
bx. —xS*xS1< 4, xfxy — 28"2fL,- behayxa — x8 "hal <—t 
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all hold. Notice that for any e © E, and any scalar ¢ we get 


lle + ¢(x, — x*) |= (1—c,)|fell. (2) 


Homogeneity of the norm allows us to prove (2) for e € S;, and conclude to 
its validity for all members of E,. Two possibilities come to mind: |t| < 2/6 
and |t| > 2/6. First, |t| < 2/6: pick e; so that ||e —e;||<¢,/3 and look at 
what happens. 


lle + t( x, — xx*) | > |(e + t( x, —xg* )(x*)| 


> |x#e,|—|t( x2 — xf*)(x¥)| — |Ix# Il lle — eill 


=1-—¢,=(1—¢,)llell- 
The second possibility, |¢| > 2/5, is easy, too: 


2 
le + (x2 — x8*) |] = Fixe — xS*ll- llell 


2 
> 59 — |lel]| >2-—1=1= (1—¢,)]lel]. 
Let’s check up on a linear combination of x, —xj§* and x,—x§*, say 
t. (x, — x§*)+ t,(Xo, xf*). Letting e in (2) be t,(x, — x9*), we get 


Jes(ay — x8") + #2 (2 — x$*) P= A- ey) fy 04 - 28*) f- 


Suppose we repeat the above procedure. | 

Let E, denote the 2-dimensional subspace of X** spanned by x, — xj* 
and x, — x9*. There are elements e,, ... ,@n2) © Se, (not necessarily related 
to the c, /3 net) which form a c, /3 net for S;. Pick xf, ... xh) € Sy« SO 
that 
C2 
3° 
By hypothesis, there is an x, € B such that 


|x7e,|>1—- 


dc 
1 2 
|xgx3 — x9 *xg| <3, [xx — x9 *xP|,.--s1XRa%X3 — XO "XN yl < 6 
all hold. Notice that for any e € E, and any scalar t we have 
lle + (x3 — x8*) || = G— ea) Ilell (3) 


We leave the verification to the reader; actually two possibilities ought to 
come to mind (on reducing the problem to ||e||=1), and each is handled 
precisely as before with only the names being changed. If a linear combina- 
tion ¢,(x, — x9 *)+t,(x, — xf*)+t,€x; — x§*) is under consideration, then 
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(3) tells us [on letting e = ¢,(x, — xf'*)+1,(x, — xf*), naturally] that 
3 


»u t;,(x, — xf*) 


i=1 


2 


» t;,(x; -— xg*) 


i=1 


> (1-c¢,) 


Proceeding thusly, we find a sequence (x,,) in B such that for all n >1, 


1 
Ixgx, — xf *x81< — 


and for which given SP Sas and scalars t),...,t,, 
q 
(x,-28*)| 3 1 (s45}] Bal 
i=l l—c¢, i=l 


It is now plain that we can find (x,,) and xf to satisfy 1 and 2. To see that 

should xf* #0, we could achieve 3 as well, we must notice that 

io @) 

() closed linear span { x, —x¢*,xX,4,—7XG*,... } = 0; 

k=1 
so eventually the subspaces [x,, — xf*],,. , expel xj* from their premises. If 
done at k = ko, just look at the sequence (Xn+k In21& B; it achieves 1, 2, 
and 3. O 


Now we are ready for the Eberlein-Smulian theorem. 


The Eberlein-Smulian Theorem (Pelczynski Style). Let B be a bounded 
subset of the Banach space X. Then the following statements about B are 
equivalent: 


1. The weak closure of B is not weakly compact. 

2. B contains a countable set C with no weak limit point in X. 

3. There’s a basic sequence (x,,) in B such that for some x§ © X*, lim, x§x,, 
> 0. 

4. Bis not weakly sequentially compact in X. 


PRooF. Statement 1 implies 3. By statement 1 there must exist an xjf* € 
X**\ X in the weak* closure of B up in X**. Notice that d(xf*, B)= 
d(xj*, X)>0. Applying Lemma 4, we find a sequence (x,,) in B and an 
xf € X* such that 


(i) lim, x$~, = x9 *XxXGg 2 [|x5 *||/2. 
(ii) (x, — X5*) 1S a basic sequence in X**. 
(111) xf * € cx, — x§*]= closed linear span of { x, — xf*},, 51. 


Let Z=[x$*,{x,}n>,1]. Since xf* is not in [x,], nor is it in [x, — xf*], 
each of these subspaces is of codimension 1 in Z. Therefore, there are 
bounded linear projections A, P: Z > Z such that PZ =[x,] and AZ =[x, 
—xg*], where Axj* =0 = Px%*. Obviously, if z** © Z, then there’s a 
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scalar ¢,+. =¢ such that z** — Pz** =1x§*; therefore, if z** €[x, — x**], 
z** = Az** = APz**. By symmetry, PAx =x for any x €[x,]. It follows 
that P maps [x,, — x§*] onto [x,] in an isomorphic manner. Since P(x, — 
xo *)=x,, for all m, (x,) is a basic sequence which satisfies lim,xfx,, > 
xf l|/2 > 0, thanks to (i). 

Statement 3 implies 2. Let C = {x,}, where (x,,) is the basic sequence 
alluded to in 3. The inequality lim, xfx,,>0 eliminates the origin as a 
potential weak limit point of C, yet the origin serves as the only possible 
weak limit point of any basic sequence. The verdict: C has no weak limit 
points. 

That 2 implies 1 and 4 is plain; therefore, we concentrate on showing that 
4 in the absence of 2 is contradictory. The assumption of statement 4 leads 
to a sequence (y,,) of points of B, none of whose subsequences are weakly 
convergent to a member of X. Since no subsequence of (y,) is norm 
convergent, we can pass to a subsequence and assume that { y,} is norm 
discrete; { y,} has a weak limit point x, in X —after all, we are denying 2. 
X 1S not a norm limit point of { y, }; so, with the exclusion of but a few y,, 
we can assume d(Xp,{ y, }) > 0. We can apply Lemma 4 again to extract a 
subsequence (x,,) from (y,) so that (x, — x9) is a basic sequence. Remem- 
ber we’re denying 2; so {x,,} has a weak limit point, but x, is the only 
candidate for the position since (x, — X,) 1S basic! (x,,) converges weakly to 
Xg, which is a contradiction to 4. O 


More mimicry of Mazur’s technique provides us with a utility-grade 
version of a principle for selecting basic sequences due to Bessaga and 
Pelczynski (1958). Though we will soon be presenting the complete unex- 
purgated story of the Bessaga-Pelczynski selection principle, the following 
milder form is worth pursuing at this imprecise moment. 


Bessaga-Pelczynski Selection Principle (Utility-Grade). Let (x,) be a weakly 
null, normalized sequence in the Banach space X. Then (x,,) admits of a basic 
sequence. 


PROOF. Let (€,,),,. 9 be a sequence of positive numbers each less than 1 for 
which [1° (1—«,) >1— €. 

Suppose that in our quest for a basic subsequence we have fought our 
way through to choosing x, , X,,,---».%,, With nm) <n, <--- <n,, of course. 
Let Y(k) be the linear span of x), ...,X,,,- 

Pick 2),...,Z,, im Sy,) so that each y© Sy,,, lies within e, /4 of a z. 
Correspondingly, there are zf, ...,z* in Sy. so that z*z,; >1—., /4 for each 
i=1,2,...,m. Eventually we run across an x, , where n,,,>n,, for 
which |z?x,, 4b 1Z7n,,,b---lZm*%n,,,| are all less than e, /4. We claim that 
for any y © Sy,,) and any scalar a, 


lly tax, > (— edi (4) 
Sound familiar? It should. A quick peek at what we did in Corollary 3 or in 
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Lemma 4 will tell the story: (x,,) is a basic subsequence of (x, ). Let’s heey 
(4) (again). Two possibilities come to mind: |a| <2 and |a| > 2. If |a| <2 
then on picking z, (1 <i < m) so that || y — z,|| < ¢, /4, we see that | 


ly tax, 2|z*(y + ax,,,,)| 


> |2%2|—|z*(y — z,)|—|z*(ax,,,,) 
> (1- £)-ly - 2ll-2lePe a0 


> (1 4 4 4 1 A (1 €, )Ilyll- 
If |a| > 2, then | 


ly +ax,,, lz lalllx,,, ll Ill = 2-12 (1— e, Dill O 
The natural bases for classical spaces play a central role in the study of 
Banach spaces, and the ability to recognize their presence (as a basic 
sequence) in different circumstances is worth developing. For this reason we 
introduce the notion of equivalent bases. 
Let (x,,) be a basis for X and (y,,) be a basis for Y. We say that (x,,) and 
(y,) are equivalent if the convergence of X,,4,x,, 18 equivalent to that of 


Ln In 


Theorem 5. The bases (x,,) and (y,) are equivalent if and only if there is an 
isomorphism between X and Y that carries each x,, to y,. 


ProoF. Recall that in our-earlierccomments abopt bases-we-renormed: X-by 
taking any x = L,s,x, and defining |||x/||| by 


| 
-) ad ° 
k=l 


Result: An isomorph of X in which (x,) is still a basis but is now a 
“monotone” basis, i.e., ||[D7_1.5, lll < [ILZ21'5,x;,|l| for any m, n => 1. Notice 
that if (x,,) and (y,,) are equivalent, then they are equivalent regardless of 
which equivalent norm is put on their spans. So we might as well assume 
each is monotone to begin with; we do so and now look at the operator 
7: X—Y that takes L,a,x, to L,a,y, (what other operator could there 
be?); T is one to one and onto. T also has a closed graph; this is easy to see 
from the monotonicity of each basis. T is an isomorphism and takes x, to 
y, Enough said about the necessity of the condition; sufficiency requires but 
a moment of reflection, and we recommend such to the reader. Oo 


Ill II sup 
n 


Equivalence of bases is a finer gradation than the isomorphic nature of 
their spans. Indeed, Pelczynski and Singer showed that anv infinite-dimen- 
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sional Banach space admitting a basis has uncountably many nonequivalent 
bases! What’s the situation with natural bases for special spaces? How can 
we recognize them? For some bases, satisfactory answers are known. One 
such case is the unit vector basis of cg. Corollary 7 below characterizes cy’s 
unit vector basis, and Theorem 8 gives an elegant application to the theory 
of series in Banach spaces. 

A series 1.,,x,, 1S Said to be weakly unconditionally Cauchy (wuC) if, given 
any permutation 7 of the natural numbers, (17 1X,,,,)) 18 a weakly Cauchy 
sequence; alternatively, L,x, is wuC if and only if for each x* © X*, 
E,|x*x,| < 00. 


Theorem 6. The following statements regarding a formal series x, in a 
Banach space are equivalent: 


1. Lx, is wuc. 
2. There is a C >0 such that for any (t,,) €l,, 


vt 

Do ty X, 
k=1 
3. For any (t,)€& Co, U,t,X, converges. 


4. There is a C > 0 such that for any finite subset A of N and any signs + we 
have \L, cat XM SC. 


sup < Csup|t,|. 
n n 


PROOF. Suppose 1 holds and define 7: X¥* — 1, by 
Tx* = (x*x,,). 


T is a well-defined linear map with a closed graph; therefore, T is bounded. 
From this we see that for any (¢,) € B, and any x* © Byzs, 


x [Xx =|(t,,.. 79 t,,0 ... )(Tx*)| 


< \|T HI. 


Part 2 follows from this. 
If we suppose 2 holds and let (t,) € co, then keeping m <n and letting 
both go off to oo, we have 


n 
» Ey X, 


k=m 


<C sup |{t,|—-0 


m<k<n 


from which 3 follows easily. 
If 3 holds, then the operator T: c, > X defined by 


T( t,) = Vt Xn 


cannot be far behind; part 3 assures us that T is well-defined. T is plainly 
linear and has a closed graph. T is bounded. The values of T on B,, are 
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bounded. In particular, vectors of the form ©, ., +x,, where A ranges over 
the finite subsets A of N and we allow all the +’s available, are among the 
values of T on B.., and that is statement 4. 
Finally, if 4 is in effect, then for any x* € By.» we have 
x* » Xx, = » + x*x, 


ned neaA 


» +x, 


ned 


<C 


< 


for any finite subset A of N and any choice of signs +. That L,|x*x,| <0o 
follows directly from this, and along with it we get part 1. 0 


Corollary 7. A basic sequence for which inf,||x,||>0 and Lx, is wuC is 
equivalent to the unit vector basis of Co. 


PROOF. If (x,,) is a basic sequence and 1, ¢,,x,, is convergent, then (7_42,.x,) 
is a Cauchy sequence. Therefore, letting tend to infinity, the sequence 


n-1l1 


ni 
XE DX, 
k=1 k=l 


7M all = 


tends to 0; from this and the restraint inf, ||x,,|| > 0, it follows that (t,) € co. 
On the other hand, if (x,,) is a basic sequence and Lx, is wuC, then 

vn tnX, converges for each (t,) € cy, thanks to Theorem 6, part 3. 
Consequently, a basic sequence (x,) with inf,||x,||>0O and for which 

~,X, 1S wuC is equivalent to the unit vector basis of co. 0 


Theorem 8. Let X be a Banach space. Then, in order that each series X,,x,, in 
X with L,|x*x,|<0o for each x* © X* be unconditionally convergent, it is 
both necessary and sufficient that X contains no copy of Co. 


PROOF. If X contains a copy of cy, then the series corresponding to L,e,, 
where e,, is the nth unit coordinate vector, is wuC but not unconditionally 
convergent. 

On the other hand, if X admits a series Lx, which is not unconditionally 
convergent yet satisfies L,,|x*x,|<0oo for each x* © X*, then for some 
sequences (p,,),(q,,) of positive integers with p, <q, < p)»<q,<---, we 
have inf, |X", x,|| > 0. Letting y, = D7, x,, we see that (y,) is weakly null 
and inf, || y,|| > 0. Normalizing (y,), we keep the weakly null feature and can 
utilize the Bessaga-Pelczynski selection principle and Corollary 7 to find a 
basic subsequence of (y,) equivalent to c,’s unit vector basis. Theorem 5 
takes over: a copy of cy is contained in X. 0 


The above results of Bessaga and Pelczynski can be used to give another 
proof of the Orlicz-Pettis theorem. Indeed, a weakly subseries convergent 
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series ),x, in a Banach space is wuC in that space. Should Lx, not be 
subseries convergent, three increasing sequences (p,), (q,,), and (7,) of 
positive integers could be found with p, < q, < p, <q, <---, such that the 
sequence (y,) given by 


qn 
= 2) x, 
i= Pp 

satisfies || y, || 2 «> 0 for some judiciously chosen e. Now 1, y, is a subseries 
of x, and so is weakly subseries convergent too. In particular, (y,) is 
weakly null and inf,||y,|| > 0; there is a subsequence (z,) of (y,) that is 
basic. A look at Corollary 7 will tell you that (z,) is equivalent to the unit 
vector basis (e,,) Of cg, yet a further look will convince you that Le, 1s not 
weakly convergent. This flaw proves the theorem. 

The study of a sequential problem ofttimes reduces to analysis inside 
some space with a basis, and approximation in terms of expansions with 
respect to this basis plays an important role in the study under way. 
Frequently useful in such ventures is the notion of a block basic sequence: 
Let (x,) be a basis for a Banach space, (p,) and (q,) be intertwining 
sequences of positive integers (i.e., Pp) <q, <p,<q,<:°::°:), and y,= 
X72 ,,a;x,; be nontrivial linear combinations of the x,; we call the sequence 
(y,) a ‘block basic sequence taken with respect to (x, ), or simply a block 
basic sequence. It is easy (and safe) to believe that (y,) is basic (just look at 
Theorem 1). The following results of Bessaga and Pelczynski establishes the 
fundamental criterion for locating block basic sequences. 


Bessaga-Pelczynski Selection Principle. Let (x,) be a basis for X and 
suppose (x*) is the sequence of coefficient functionals. If (y,,) is a sequence in 
X for which 


lim|| ¥nll > 0 


m 


and 


limx;*y,,=0 foreach n, 
m 


then (y,,) has a subsequence that is equivalent to a block basic sequence taken 
with respect to (x,). 


PROOF. First, we find a way of ensuring that a constructed basic sequence is 
equivalent to an existent one. We prove a stability result of enough interest 
by itself that we call it Theorem 9. 


Theorem 9. Let (z,,) be a basic sequence in the Banach space X, and suppose 
(zy) is the sequence of coefficient functionals (extended to all of X in a 
Hahn-Banach fashion). Suppose ( y,) is a sequence in X for which ¥,||z*|| l IZ, 
— Y,|| <1. Then (y,) is @-besic sequence equivalent to (z,,). 
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In fact, if we define 7: X — X by 
Tx = we 2*(x)(z, ~ Yn) 


then ||7|| <=, ||z*Il|lz, — y,l| <1. It follows that (J +7+77+ --- +7”) 
converges in operator norm to (J — T)~!; 7—T is a bounded linear opera- 
tor from X onto X with a bounded inverse. Of course, (J — T)(z,,) = y,.- 

Back to the Bessaga-Pelczynski selection principle, let K > 0 be chosen so 
that for any m,n>1 


m m+n 
>> a,x, |< K > a,x, |). 
k=l k=1 


By passing to a subsequence, we might as well assume that || y,,|| => «> 0 for 
all n. With but a slight loss of generality (none of any essential value), we 
can assume that || y,,|| =1 for all m. Now we get on with the proof. 

Since (x,) 1s a basis for X, y, admits an expansion, 


yi = DV x*( 1) x, 
n 


Hence there is a q, such that 


fo) 


» xf (1) x, 


k=q+1 4K2 


Since lim,,x*(y,,) = 0 for each n, there is a p, > 1= p, such that 


n 
1 


| 1 
* < ——_—., 
Py XE Yp,) | 4K2‘ 


Again, (x,,) is a basis for X; so y,, admits a representation, 


Vy = LXA(¥,,) Xn 


Hence there is a q, > q, such that 


oO 


» xf (y,,) %% 


k=qz,+I1 4K2 


Once more, appeal to the assumption that lim,,x* Ym = O for each n to pick a 
P3 > Pz such that 


q2 


» xf (yp, ) Xx 


k=1 


1 
<-——. 
4K2° 


Got your p’s and q’s straight? Let 
Gn+1 


Zn= DL XE (Mp) Xe 
k=g9,+1 


48 V. Basic Sequences 


Note that 
dn Qn4t co 
1=||y, l= 5 + Y+ 2b Jaton.) 
k=1 k=q,t+1  k=@n4,+1 


oo 


| 3 + Jat. 


k=] K=q,4,+1 


= + |IZ,ll 


1 
< ———- + ——_—. 
4K 2"+2 4K "+2 


It follows that ||z,|| 24 for all n. (z,) is a block basic sequence taken with 
respect to (x,,) and has the same expansion constant K as does (x,); i.e., 
whenever k < /j, we have. 


k 
» a2; 


i=l 
From this and the fact that ||z,|| = 4 we see that the coefficient functionals of 
(z,,) Satisfy ||z*|| < 4K. Now we look to Theorem 9: 


Lier lz, — y,. Ws 4K Vz, — Yl 
"1 n 


+ [[Z,ll- 


<K 


j 
» a2; 


i=l 


| 3 + > |atOpad 


k=l kK™ n+, +1 


< 4KY| i _,_t 


4K2"*!  4K2"*? 


1 1 1 
-Z( s+ saa |a 5: O 
n 


2” 


For a quick application of the selection principle we present the following 
theorem of Bessaga and Pelczynski. 


Theorem 10. The following are equivalent: 


1. X* contains a copy of Co. 
2. X contains a complemented copy of 1,. 
3. X* contains a copy Z of l,, for which 
a. Z is isomorphic to l,, when Z is given the relative weak* topology of X* 
and | ,, has its usual weak* topology as 1,*s dual. 
b. There is a projection P: X* — X* which is weak*-weak* continuous 
and for which PX* = Z. 


PROOF. Only the derivation of 2 from 1 needs proof. 
Our derivation of 2 will turn on the following property of /,: if 1, is a 
quotient of the Banach space X, then I, is isomorphic to a complemented 
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subspace of X. The easy proof of this can be found in Chapter VII, but 
insofar as it is key to the present situation, a word or two 1s appropriate. Let 
Q: X— 1, be a bounded linear operator of X onto /,; by the open mapping 
theorem there is a bounded sequence (b,) in X for which Qb, =e,. The 
sequence (b,) is equivalent to the unit vector basis of /,; furthermore, if 
R:1,7 X is defined by Re, = 5,, then QR is the identity operator. From 
this it follows that RO: X — X is a bounded linear projection from X onto 
[b,], a space isomorphic to /). 

Let T: co ~ X* be an isomorphism and denote, as usual, by (e,,) the unit 
vector basis of cy. Look at T*: X** —>/, and let S=7*]|,; for any x € X, 
Sx = (Te,(x), Te,(x),...). Since T is an isomorphism, T* is a quotient 
map. B, is weak* dense in B,.. thanks to Goldstine’s theorem; therefore, 
S(B,) is weak* dense in 7*B,., a neighborhood of the origin in /,. It 
follows that for some sequence (A,,) of scalars bounded away from 0 and 
some sequence (x,,) in By, the Sx, are weak* close to the A,e*, where e* is 
the mth unit vector in /,. How close? Well, close enough to ensure that 
lim,,(Sx,, (e,) =0 for each k and that the (Sx, )(e,) are bounded away 
from zero. The norm of Sx, is kept away from zero by its value on e,; also 
the values of e, on the Sx, tend to zero as n goes off toward infinity. By the 
Bessaga-Pelczynski selection principle, (Sx,) must have a subsequence 
(Sx,_) that is equivalent to a block basic sequence taken with respect to the 
unit vector basis of /,. But it is easy to see that block bases built out of /,’s 
unit vectors are equivalent to the original unit vector basis of /, and, in fact, 
span a subspace of /, complemented in /, and, of course, isomorphic to /,. 

Therefore, S followed by a suitable isomorphism produces an operator 
from X onto a space isomorphic to /,. X admits /, as a quotient. /, is 
isomorphic to a complemented subspace of X. im) 


Now to return to series in Banach spaces we note the following: 


Corollary 11. In order that each series U,,x* in the dual X* of a Banach space 
X for which U,,|x*x|<0o for each x © X be unconditionally convergent, it is 
both necessary and sufficient that X* contain no isomorphic copy of l,,. 


PROOF. If X* contains an isomorphic copy of /,,, then it contains a weak* 
isomorphic copy Z of /,, as described in part 3 of Theorem 10. Looking at 
the unit vectors of c, as they appear in Z, they look just as they do in 
l,i Ln@, iS weak* unconditionally convergent in /, to 1 but certainly not 
norm convergent to anything; the same can be done in Z. 

On the other hand, if ¥,|x*x|<0oo for each x © X, then (L3_,x}f) is a 
weak* Cauchy sequence in X*, and so 


n 
weak* lim )) x¥ 
a k=l 
exists by Alaoglu’s theorem. Furthermore, if (¢,,) € co, then L, |t, x*(x)| < 00 
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for each x € X and 


n 
weak* lim )° t,x¥ 
1 k=l 


exists as well. An operator is “born”; define T: cg ~ X* by 
n 
T((t,,)) = weak* lim )° t,x*¥. 
" k=l 


T is linear and has closed graph; hence, T is a bounded linear operator. 
Regardless of the finite set A of positive integers considered or of the choices 
of signs + made, 


» +x* |= 


ned 


< ||7 II. 


{5,4 


ned 


L,x* is wuC. If X* does not contain /,,, it cannot contain cy by Theorem 
10; in such a case, /,,x* is unconditionally convergent by Theorem 8. D 


Just as Theorem 9 ensures that sequences close to basic sequences are 
themselves basic, our next result tells us that if a basic sequence spans a 
complemented subspace and if you nudge the sequence with delicate enough 
stroke, then the resulting sequence is basic and spans a complemented 
subspace. 


Theorem 12. Let (z,) be a basic sequence in the Banach space X with 
coefficient functionals (z*). Suppose that there is a bounded linear projection 
P: X— X onto the closed linear span [z,,] of the z,,. If (y,,) iS any sequence in 
X for which 


DIP UZ U MZ. — Yall <1, 
n 


then (y,) is a basic sequence equivalent to (z,,) and the closed linear span [ y,,| 
of the y, is also complemented in X. 


PRroor. Since P is a linear projection with nontrivial range, ||P||=1. It 
follows then from Theorem 9 that (y,) is a basic sequence equivalent to 
(z,,). The condition set forth in the hypotheses is easily seen to be Just what 
is needed to prove that the operator A: X — X defined by 


Ax =x— Px+}iz*(Px)y, 


satisfies || A — I|| <1. Therefore, A is an isomorphism of X onto itself. It is 
easy to see that Az, = y,. Finally, if we look at Q = APA’, then we should 
see that Q? = APA~'APA~!= APPA~!= APA~'=Q; since the range of Q 
is [ y,], the proof is complete. O 
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We remark that Theorem 12 finds frequent use in the study of the 
structure of Banach spaces; in fact, we will have an opportunity to apply it 
in a somewhat typical situation in Chapter VII. 

There is a more-or-less natural sequence of events that precedes the 
application of Theorem 12 in special spaces. Suppose, for instance, you’re 
working in the space /, (some finite p >1). One way to produce a comple- 
mented subspace of /, is to build vectors in the following fashion: Take 
sequences (m,) and (n,) of positive integers with 


lsom,<sn,<m,<n,<::: <M, SN, SMe t's 


and build nonzero blocks 


Nk 
b,= > a ie;- 
j=my, 
Then the closed linear span of the b, is isomorphic to / , (this is not hard to 
see), the sequence (b, /||b,||) is a basic sequence equivalent to the unit 
vector basis (e,) of /,, and the closed linear span of the b, is complemented 
in]. 

Indeed, only the last of these statements needs any real demonstration. 
The basic sequence (b, /||6,||) has a companion sequence ( 8*) of coefficient 
functionals defined on all of /, (after suitably extending via the Hahn-Banach 
theorem). If xE/,, then Px=L,BR(L}* x,e,)b, /||b,|| defines a bounded 
linear projection P:/, + /, whose range is the closed linear span of the b,. 

It is one of the more pleasant facts of life that many of the situations in 
which one wants to find a complemented copy of /, somewhere, there is a 
sequence like b, near by, close enough in fact to apply Theorem 12. 


Exercises 
1. Renorming spaces to improve basis constants. Let (x,,) be a basis for the Banach 
space X. 


(i) Show that X can be given an equivalent norm |||: ||| such that for any scalars 
1,5, -.- Ams Am 41> +++ An, we have 


m 
» a,x; 


i=] 


n 
» a,x; 


i=] 


< 


(i) Suppose (x,,) is an unconditional basis for X. Show that there is a constant 
K>0 so that given any permutation 7 of the natural numbers and any 
x=) x*(x)x, € X, we have 


[2 szin (2500 


< K[Dxr(2)», 


(ii) Show that if (x,,) is an unconditional basis for X, then-X can be renormed 
so that, whenever 7 is a permutation of the natural numbers and x = 
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L,X<(x)x, € X, we have 


yx ny (X) Xacn) < 
n 


Le xa(x)x, 


(iv) If (x,,) is an unconditional basis for X, x © X, and ¢t=(t,) €/,,, then 
Ltn Xt(x)x, € X. Show that there exists a constant K >0 such that for 
any x =L,x"(x)x, © X and any (¢,,) © B, , we have 


Lenxe(x)ay |< K|Dxz(x)x, 


(v) If (x,) is an unconditional basis for X, then X can be renormed so that for 
any x € X and any (#,,) € B,_, we have 


n 


s 


Lixt(x) x, 


2. The unit vector bases of cy and 1;. 


(i) A normalized basic sequence (x,,) is equivalent to the unit vector basis of 
Cp if and only if there is a constant K > 0 such that 


n 
» C)X; 


i=1 


<K sup |c,| 


l<sisn 


holds for any n and any scalars c,,¢,... ,C,.- 


(ii) A normalized basic sequence (x,,) is equivalent to the unit vector basis of /, 
if and only if there is a constant K > 0 such that 


. n nm 
» es » CX; 
i=] 


i= 
holds for any n and any scalars c,, C2, ... ,C,- 


(iii) Any time there is an x* € Sy such that x*x, > 6 > 0 for some fixed @ and 
all terms x, of a normalized basic sequence (x,,), then (x,,) is equivalent to 
the unit vector basis of /,. 


3. Shrinking bases and boundedly complete bases. Let (x,,) be a basis for X and 
(x*) be the coefficient functionals. 


(i) (x*) is always a basis for its closed linear span in X*; further, (x*) is a 
“weak* basis” for X*, i.e., each x* € X* has a unique representation in 
the form x* = weak* lim, 27_,4,x}. 


(ii) Each of the following is necessary and sufficient for (x*) to be a basis for 
X*: 
(a) The closed linear span of {x*¥:n 21} 1s X*. 
(b) lim, ||x*||, = 0 for each x* € X*, where ||x*||,, is the norm of x* when 
x* is restricted to the linear span of { x,41,%,,42,...}- 
A basis having the properties enunciated in (ii) is called shrinking. A 
companion notion to that of a shrinking basis is that of a boundedly complete 
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basis; the basis (x,,) is called boundedly complete whenever given a sequence 
(a,,) of scalars for which {L7_,4,x,:n 21} is bounded, then lim, 27 _,a,x, 
exists. 


(iii) If (x,,) is a shrinking basis for X, then (x*) is a boundedly complete basis 
for X*. 


4. Boundedly complete bases span duals. Let (x,,) be a boundedly complete basis 
for X, let (x*) denote the sequence of coefficient functionals, and let [x*] 
denote the norm-closed linear span of the x* in X*. 


(i) Show that for each x** € X** the series 


Lxt* (xt) x, 
n 


converges to an element of X. [ Hint: A diagonal argument can be used to 
find a sequence (y,) in By such that im, xfy, = x**xf holds for k = 
1,2,.... This lets one realize vectors of the form L7_ ,x**(x*)x;, as limits 
of vectors that look like L71,x*(y,,)x;; these vectors—and hence their 


‘ 


limits— all lie inside a fixed ball of X.] 


(ii) The map P that takes an x** in X** to the vector L,,x**(x*)x, in X isa 
bounded linear projection on X** that has for a kernel {x** € 
X**: x**x* =0 for all x* E[x¥]}. 


(iii) X is isomorphic to [x*]*. 
(iv) (x*) is a shrinking basis for [x7]. 
NB One can conclude from this exercise and its predecessor that a basis (y,) for 


a space Y is shrinking if and only if the sequence (),*) of coefficient functionals 
is a boundedly complete basis for Y*. 


5. Bases spanning reflexive spaces. Let X be a Banach space with basis (x,,) whose 
coefficient functionals will be denoted by (x*). X is reflexive if and only if (x,,) 
is shrinking and boundedly complete. 


6. Unconditional bases. Let X be a Banach space with an unconditional basis (x,,). 
(i) If (x,,) is not boundedly complete, then X contains an isomorphic copy of 
Co- 
(ii) If (x,,) is not shrinking, then X contains an isomorphic copy of /,. 
[ Hints: The renorming of Exercise \v) helps matters in each case. Similarly, it 


helps to know what to look for if you are looking for c,’s unit vector basis or /,’s 
unit vector basis; a peek at Exercise 2 may be worth your while. ] 


(iii) A Banach space with ar unconditional basis is reflexive if and only if the 
space contains no copy of cy or /). 


1. Weak* basic sequences. Let X be a separable Banach space. A sequence ( y,*) in 
X* is called weak* basic provided that there is a sequence (y,) in X so that 
(n> ¥*) is a biorthogonal sequence (y*y, =6,,,) and for each y* in the 
weak *-closed linear span of the y,* we have y* = weak* lim, L7_, y*(),) y7*- 
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If (x*) is a weak*-null normalized sequence in X*, then (x7) admits a 
subsequence (y,*) that is weak* basic. 
[ Hint: Pick e, > 0, e, <1 so that L,e, and I1,(1—.,)~'<0oo. Using Helly’s 
theorem and X’s separability, extract a subsequence (y,") of (x*) ana locate an 
increasing sequence ( F,) of finite subsets of Sy so that the linear span of U,, F, is 
dense in X in such a way as to simultaneously achieve (a) given pe 
lin{ y*,...,y,."}, llpl|=1, there is x © F, so that x — » has functional norm < 
e, /3 on lin{ y#, ... ,y*} and (b) [yna1(x)1< €,/3, x © Fy] 


. Unconditionally converging operators. Let X and Y be Banach spaces. A bounded 


linear operator T: X > Y is said to be unconditionally converging if X,,Tx,, is 
unconditionally convergent whenever L,,x,, is weakly unconditionally Cauchy; T 
is called completely continuous if T maps weakly convergent sequences into norm 
convergent sequences; 7 is called weakly completely continuous if T maps weakly 
Cauchy sequences into weakly convergent sequences. 


(i) A bounded linear operator T: X — Y fails to be unconditionally converging 
if and only if there is a subspace S of X isomorphic to cy such that the 
restriction T|, of T to S is an isomorphism. 


(ii) Weakly compact operators and completely continuous operators are weakly 
completely continuous; in turn, weakly completely continuous operators 
are unconditionally converging. 


. Auerbach bases. If X is an n-dimensional Banach space, then there exist 


X1,--- 5X, €Sy and xf*,...,x* © Sys satisfying x*x,; = 6, ,;. [ Hint: On choosing 
X1,-..,X, € Sy So as to maximize the determinant D(x,, ... ,x,,), with respect to 
some designated coordinate system, think of Cramer’s rule.] 


A Banach space is reflexive if each subspace with a basis is. It is an easy 
consequence of the Eberlein-Smulian theorem that a Banach space is reflexive if 
and only if each of its separable closed linear subspaces is. In this exercise we 
outline a proof that leads to the claim of the exercise. 


(i) A set G in the dual Y* of a Banach space Y is called norming if for each 
y &Y, |lyll = sup{|g(y)|: g &G, |lg|| =1}. If G is a norming set in Y* and 
(y,,) is a normalized sequence in Y for which lim, g(y,,) = 0 for each g EG, 
then (y,) has a basic subsequence, with first term y, if you please. 


(ii) If X is a (separable) Banach space containing a weakly Cauchy sequence 
that isn’t weakly convergent, then X contains a subspace with a nonshrink- 
ing basis. 

{ Hint: Let xf** be the weak* lm, x,, where (x,,) is weakly Cauchy but not 
weakly convergent, and set x*¥* = x** — x,_, for n= 2. Applying () to (y,) = 
(x7*), Y= X**, and G= X*, obtain a basic subsequence (x7*) of (x7*) with 
xn = xP*. Let Z,=[x,,], 2. =[x7"], and Z;=[x7* J, all taken up in X**. 
Then Z, C X, Z;¢€ Z,, dim(Z,/Z,)=1, Z,€ Z,, and dim(Z,/Z,) =1. Show 
Z, and Z; are isomorphic. Now using the fact that (x,,) has no weak limit in X, 
show that (x7*) and (x7* ) are not shrinking bases.] 


(iii) If X is a (separable) Banach space containing a sequence (x,,) in By having 
no weak Cauchy subsequence, then X contains a subspace with a non- 
shrinking basis. 
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[ Hint: Pick a countable norming set G in Sy«, using the attainable assump- 
tion of X’s separability, diagonalize, and use (i) on an appropriate sequence of 
differences of the distinguished sequence (x,,).] 


11. Subspaces of |, (1< p<) or co. If X=/, (l< p<) or X=¢p, then every 
infinite-dimensional closed linear subspace Y of X contains a subspace Z 
isomorphic to X and complemented in X. 


Notes and Remarks 


Schauder bases were introduced by J. Schauder who, in addition to noting 
that the unit coordinate vectors form a basis for the spaces cy and /, (if 
1 < p <0), constructed the Schauder basis for the space C[0, 1]. Schauder is 
also responsible for the proof that the Haar system forms a basis for L,[0, 1] 
ifl<p<oo. 

The automatic continuity of coefficient functionals was first noted by 
Banach whose method of proof has been the model for all further improve- 
ments. It’s plain from the proof where the ideas behind Exercise 1 were 
born. Theorem 1 was known to Banach, as was Corollary 3. On the one 
hand, the proof of Theorem 1 appears in Banach’s “Operationes Lineairés,” 
whereas only the statement of Corollary 3 is to be found there. Indeed, it 
was not until 1958 before any claim to a proof of Corollary 3 was made, at 
which time three proofs appeared! M. M. Day (1962), B. Gelbaum (1958), 
and C. Bessaga and A. Pelczynski (1958) each gave correct proofs of 
Corollary 3. Interestingly enough it is probable that none of these proofs 
was the one known to Banach; it seems likely that Banach knew of Mazur’s 
technique for producing basic sequences, and it is that technique that we 
follow here. The first exposition of Mazur’s technique for the general 
mathematical public is found in a 1962 note of A. Pelczynski. In any case, 
this technique has found numerous applications since, with the exercise on 
weak* basic sequences being typical; the result expressed in Exercise 7 is 
due to W. B. Johnson and H. P. Rosenthal. | 

From Theorem 6 on, the results of this chapter are right out of the 
Bessaga-Pelczynski classic, “Bases and unconditional convergence in Banach 
spaces.” The influence that paper has on this chapter is, or ought to be, 
plain. . 

It is an arguable choice to include as exercises, rather than as part of the 
text, the results of R. C. James (1950, 1951, 1982). In any case, it is certain 
that this material is now accessible to the hard-working student, and so, 
with a few hints provided, we have chosen to reward :.at student with 
Exercises 3 to 6. It is a fact that the material of these exercises is 
fundamental Banach space theory and the stymied student would do well to 
take an o¢casional peek at the originator’s words on these topics, particu- 
larly his wonderful exposition in the American Mathematical Monthly, 
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(1982). Actually, regarding Exercise 4, the fact that boundedly complete 
bases span duals was first noted by L. Alaoglu (1940). 

Exercise 9 is due to Auerbach and, as yet, has no perfect infinite-dimen- 
sional analogue. On the one hand, not all separable Banach spaces even 
have a basis, whereas, on the other hand, those that do, need not have a 
basis where both the basis members and the coefficient functionals have 
norm one; each of these facts were first found to be so by Enflo (1973). 
However, there is another notion that offers a viable alternative for generali- 
zation, the notion of a Markushevich basis. A  biorthogonal system 
(x,,x*);e,18 called a Markushevich basis for the Banach space X if the span 
of the x, is dense in X and the span of the x* is weak* dense in X*. 
Separable Banach spaces have long been known to have (countable) 
Markushevich bases; whether one can choose the sequence (x,, x*),. 80 
that ||x,, || =1 = ||x*|| as well is still unknown. The best attempt has been by 
R. Ovsepian and A. Pelczynski (1975), modified by Pelczynski, to prove that 
if X is a separable. Banach space and «> 0, then there exists a (countable) 
Markushevich basis (x,,,X*), 5, for X for which ||x,||||x*|| <1+ € for all n. 

Exercise 10 outlines the proof of a theorem of Pelczynski, following his 
footsteps quite closely. The use of bases to characterize reflexivity has been 
one of the more fruitful pastimes of general basis theory. In addition to 
James’s results (outlined in these exercises) and Pelczynski’s, we cite the 
beautiful (and useful) result of M. Zippin (1968): If X is a separable Banach 
space with a basis, then X is reflexive if and only if each basis of X is shrinking 
if and only if each basis of X is boundedly complete. 
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CHAPTER VI 
The Dvoretsky-Rogers Theorem 


Recall that a normed linear space X is a Banach space if and only if given 
any absolutely summable series L,,x,, in X, lim, L7_,x, exists. Of course, in 
case X is a Banach space, this gives the following implication for a series 
~ Xn: £X,||x,|| < 00, then X, x, is unconditionally convergent; that is, Lx 
converges for each permutation 7 of the natural numbers. 

What of the converse? Our memories of calculus jar the mind to recall 
that for a series of scalars to be absolutely convergent, it is both necessary and 
sufficient that the series be unconditionally convergent. This fact, in tandem 
with the equivalence of coordinatewise convergence with norm convergence 
in any finite-dimensional Banach space, bootstraps to prove that in any 
finite-dimensional Banach space, unconditionally convergent series are abso- 
lutely-convergent. 

In infinite-dimensional Banach spaces the situation is readily seen to be 
quite different. For instance, in co, if we look at x, =e, /n, where e, is the 
nth unit vector, then Lx, converges unconditionally to the member (1/7) 
of cy; of course, ||x,||=1/n, and so L,.x, iS~not absolutely convergent. 
Similar examples can be constructed in any of fiie.classical Banach spaces. 
(An aside: The aforementioned examples are not always trivially discovered; 
a particularly trying case is /,.) The Polish founders of Banach space theory 
were led to conjecture that in every infinite-dimensional Banach space there 
is an unconditionally convergent series ,,x, for which &,||x,,|| = 00. 

In 1950, A. Dvoretsky and C. A. Rogers established this conjecture’s 
validity. Within a very short while, A. Grothendieck (1956) was able to give 
a substantially different proof of the Dvoretsky-Rogers theorem; in fact, 
Grothendieck went so far as to classify those Frechet spaces (i.e.,.complete 
metric locally convex spaces) for which unconditionally convergent series 
are absolutely convergent. The proof we give below is modeled on ideas of 
Grothendieck but follows a bit more direct path to the Dvoretsky-Rogers 
theorem. The ideas used will appear again later. Presently, we are concerned 
with the proof of the following. 


a(n) 


VI. The Dvoretsky-Rogers Theorem 59 


Dvoretsky-Rogers Theorem. If every unconditionally convergent series in the 
Banach space X is absolutely convergent, then X is finite dimensional. 


Let 1< p <oo and X, Y be Banach spaces. 

We say that the bounded linear operator T: X ~ Y 1s absolutely p-sum- 
ming [denoted by T €I1,(X; Y)] if given any sequence (x,) from X for 
which ©, |x*x,|? < 00, for each x* © X*, we have L,,||Tx,,||? < 00. 

A number of remarks about the notation of an abselutely p-summing 
operator are in order. 

Suppose (x,) is a sequence in X for which 1L,|x*x,|? < oo for each 

* € X*. Then the mapping from X* to /, that takes an x* to the sequence 
(x*x,) is well-defined, linear, and, having a closed graph, continuous. 
Consequently, there is a C > 0 such that 


1/p 
sup {Lix*x,l?} <C. (1) 
lix*Iisl oon 
Now, a Straightforward argument shows that if we consider the linear space 
of sequences (x,,) in X for which L,,|x*x,,|? <0o, for each x* € X*, then the 
resulting space, called here [weak ( X), 1s a Banach space with the norm 


(x,) llers#xy = inf C > 0: (1) holds}. 


Next, we have the space />"°P®(Y) of all sequences in Y for which 
Lally ll? <0. £5%°°8(Y) is a Banach space with the norm 


1/ 
Irn) Iigoscn = (Lia?) 


An operator T: X ~Y is absolutely p-summing if and only if (Tx,)€ 
[stron8(Y ) whenever (x,) © Iweek( X). This is trivial. Not much harder is the 
fact that if 7: X — Y is absolutely p-summing, then the linear operation that 
takes an (x,) in /**(X) to (Tx,,) in /5°°8(Y) has a closed graph and is, 
therefore, a bounded linear operator—call it 7. We define the absolutely 
p-summing norm 7,(7) of T to be the operator norm of T viewed as an 
operator from weak, X) to [or6(Y ). A bit of care reveals that the collection 
of T isa closed linear subspace of the Banach space of all bounded linear 
operators from /***( X) to /50"8(Y). From this it follows that I1,(X; Y) is 
a Banach space in the norm 7,. Further, it is easy to see that if T is 
absolutely p-summing, then 


1,(T ) = inf{ p > 0: inequality (2) holds for any x,,x2,...,x, © X}, 


| y irs") < psup | y ex) (2) 


i=] Bye \ji=l 


A fundamental result linking measure theory to the theory « of absolutely 
p-summing operators is the following. 
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Grothendieck-Pietsch Domination Theorem. Suppose T: X — Y is an abso- 
lutely p-summing operator. Then there exists a regular Borel probability 
measure p defined on By.» (in its weak* topology) for which 


Tx? <P(T) f |x*xl? du(x*) 
Bys 
holds for each x © X. 


PROOF. Suppose x,,...,x, © X. Define the function 
x By» oR 


by 


a x(x*) = af (T) x [x*x,|? — x | Tx, I. 

Each f....x, 18 weak* continuous on 5 x*, and the collection C= {fi 
& C(By., weak*): x,,...,x, © X } 1S a convex cone in C( B,.«,weak*), “each 
of whose members is somewhere nonnegative—this last fact being due to 
the absolutely p-summing nature of 7. Now C is disjoint from the convex 
cone = { f © C( By», weak*): f(x*) <0 for each x* © B,.}, and this 
latter cone has an interior. Therefore, there 1s a nonzero continuous linear 
functional w € C(By.«, weak*)* (i.e., regular Borel measures on B,. in its 
weak* topology) such that 


[fdu=u(f)<0<m(g)=fadp, 


for f EN, g =C. The measure p has the distinction of being nonpositive on 
strictly negative functions; therefore, it is nonnegative on strictly positive 
functions, and it follows that » 1s a nonnegative measure. Normalizing p 
gives a probability measure. Also, pw is nonnegative on C; so {f,du > 0 for 
each x € X. But this just says that 


Tx? <mP(T)f |x*xl? du(x*), 
By 
which is what was wanted. 0 


Let’s look at the above inequality a bit closer. 
Let 7: X — Y be absolutely p-summing. As a bounded linear operator, T 
satisfies the inequality 


ITI < IT UNC lhe 
for each x © X, where we may interpret each x € X as acting (continuously) 
on (B,., weak*). However, in light of the Grothendieck-Pietsch domination 


theorem there is a regular Borel probability measure p on (B,y., weak*) for 
which 


\7x\| < 7,(T )||x(-) |le,a0 (3) 
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holds for each x © X. Inequality (3) tells us that T acts in a continuous 
linear fashion from X to Y even when X is viewed as sitting in L,(u). If we 
let X, denote the closure of X in L,(p), then we can find a unique 
continuous linear extension P: X, > Y of T to all of X,. Let G: X > X,, be 
the natural inclusion mapping of X in its original norm into X,, the 
L,(u)-completion of X. G is a continuous linear operator too. One more 
thing: 7 = PG. Pictorially, the diagram 


T 
Xx Y 


commutes. 

There are two things about G that must be mentioned. 

First, G is a weakly compact operator; that is, G takes B, into a weakly 
compact set in X,. If p >1, then this follows from the reflexivity of X,. If 
p=1, then one need only notice that G is the restriction to X of the 
inclusion operator taking C(B,.,weak*) into Z,(u); on its way from 
C( By», weak*) into L,(), the inclusion operator passes through L,(j.)— 
making it, and G, weakly compact. 

Next, G is completely continuous; that is, G takes weakly convergent 
sequences to norm convergent sequences. In fact, if (x,) is a weakly 
convergent sequence in X and x, = weaklim,.x,, then there is an M>0O 
such that ||x,,|| < 4 for all n and x*x, = lim, x*x, for each x* © X* as well. 
Viewing X as acting on B,., we get lim, x, (x*) = x)(x*) for each x* © B,. 
and |x,(x*)|< MM holding for each x* & B,.. By Lebesgue’s bounded 
convergence theorem, this gives us 


lim||Gx, ~ GXoll ew = im |x, ‘)- xo(-)|[z,cu) = 0. 


Refiect for a moment on these developments. Since the operator P: X, > Y 
is weakly continuous as well as continuous, the above properties of G are 
passed along to 7. T is weakly compact and completely continuous. 

What if T: X — Y is absolutely p-summing and S: Y > Z is absolutely 
r-summing? Each is weakly compact and completely continuous. It follows 
that for any bounded sequence (x,) in X, (Tx,) admits of a weakly 
convergent subsequence; so (STx,,) admits of a norm convergent subse- 
quence. S7(B,) is relatively norm compact. Consequently, we have the 
following theorem. 


Theorem. /f 1< p<oo and X is infinite dimensional, then the identity 
operator on X is not absolutely p-summing. 

Alternatively, if 1< p <0 and &,||x,||? < 00 holds whenever X,|x*x,|? < 
00 for each x* © X*, then X is finite dimensional. 
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The Dvoretsky-Rogers theorem follows easily from this. How? Well 
consider any Banach space X in which the unconditional convergence of a 
series implies its absolute convergence. X cannot contain any isomorph of cy 
since we saw earlier that cy admits of non-absolutely convergent uncondi- 
tionally convergent series. It follows from the Bessaga-Pelczynski c, theorem 
that &, x, is unconditionally convergent whenever &,,|x*x,|<0o for each 
x* © X*; hence, if L|x*x,|<0oo for each x* © X*, then L||x,||< 00. But 
this is tantamount to the identity operator on X being absolutely 1-sum- 
ming. 


Exercises 


1. Hilbert-Schmidt operators and absolutely 2-summing operators. Let E and F be 
Hilbert spaces with complete orthonormal systems (e;);-, and (f-);<,, respec- 
tively. An operator T: E — F is called a Hilbert-Schmidt operator if 


¥ |(Te;,f)| <0, 
I,J 


where (, ) will be used to denote the inner product. 


(i) Show that ¥,||Te,||? =Z, KTe;,f,)\ = Ly lIT*F Il? and conclude that the 
quantity L, ,KTe,, fr is independent of the complete orthonormal systems 
(e)ien(f);e,. Naturally, we consider for a Hilbert-Schmidt operator T 
the functional (L, ,;Te,, f;)|’)'/? and call this functional the Hilbert-Schmidt 
norm of T, denoted by o(T). 


(ii) Every finite-rank bounded linear operator from E to F is a Hilbert-Schmidt 
operator, and every Hilbert-Schmidt operator is the limit in Hilbert-Schmidt 
norm of a sequence of finite-rank operators. Consequently, since ||7|| < o(T), 
every Hilbert-Schmidt operator is compact. Notice that not every compact 
operator S: E > F is a Hilbert-Schmidt. 


(iii) Every absolutely 2-summing operator T: E — F is a Hilbert-Schmidt opera- 
tor with 7,(T) = 0(T). [ Hint: You might notice that as a consequence of (i), 
T is a Hilbert-Schmidt operator precisely when 2,||Te,||?<0o for each 
complete orthonormal system (e;);—, in E.] 


(iv) If T: E— F is a Hilbert-Schmidt operator, then T can be realized in the 
form 7 


Tx =L,,A,(%,€, Sas 


where (A,,) &/,, (e,) is an orthonormal sequence in E and (f,) is an 
orthonormal sequence in F, and |KA,,)||, = 0(T). 


(Vv 


‘ew’ 


Every Hilbert-Schmidt operator T: E — F is absolutely 2-summing with 
o(T)=7,(T). 


2. 7,(X;Y)O7,(X; Y), 1 < p <q <oo. Show that if 1 < p < g < 0 and T is abso- 
lutely p-summing, then T is absolutely q-summing with m,(T) < 1,(T). 
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3. Composition of absolutely summing operators. Suppose r,s >1 and 1/r+1/s =1. 
If RE[I,(X; Y) and S €T1,(¥Y; Z), then SR €T1,(X; Z), and 


m(SR)<m(R)n(S). 


4. The composition of absolutely 2-summing operators. If G: X > Y and A: Y > Z are 
absolutely 2-summing, then AG: X —> Z is nuclear (i.e., can be written in the 
form AGx = L,,A,,xn(x)Z,, where (A,,) & 4, (|[xFI]) € co and (|[z, ||) € co). 


5. Absolutely p-summing operators on cy. A bounded linear operator T: E > F is 
called p-nuclear ( p = 1) whenever T can be written in the form Tx = L°_, x*(x) yn, 
where (x*) Cc E* and (y,) C F satisfy 


1/p’ 
Lillxt|l?<oo and — sup paena <0. 
n lly*ilsl oon 
Here 1/p +1/p’=1, and in case p =1, the condition on the sequence (y,) just 
requires that || y,,|| — 0. 
Show that any absolutely p-summing operator T: cy > X is p-nuclear. 
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In case p = 1 or 2, the absolutely p-summing operators were introduced and 
studied by A. Grothendieck (1956) in his infamous resumé. For general p, 
A. Pietsch (1967) is responsible for the initial study of the class of absolutely 
p-summing operators. It is to Pietsch that we owe the final form of the 
Grothendieck-Pietsch domination theorem, though Grothendieck’s contri- 
bution in this regard is not to be slighted. Who is to be given the lion’s share 
of credit is not at issue; rather, it is the result that counts, and the 
domination theorem is a basic one at that. Introducing measures where 
none were apparent is the theme of the theorem; the effects in Banach space 
theory (and abstract analysis in general) are only now beginning to be felt. 
We refer the reader to Pelczynski’s (1976) lectures on applications of 
summing operators in the study of spaces of analytic functions or to J. 
Diestel’s (1980) remarks regarding the absolutely 2-summing operators for a 
hint at the power provided by the machinery of the theory of absolutely 
p-summing operators. 

Incidentally, our proof of the domination theorem is probably due to B. 
Maurey; we “discovered” it after several sessions of reading papers by him 
in various volumes of the Maurey-Schwartz seminar notes. It is practically 
the same as the proof found in Lindenstrauss-Tzafriri I. 

As mentioned in the text, we have followed Grothendieck’s approach to 
the Dvoretsky-Rogers theorem. Their original proof proceeded from the 
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Dvoretsky-Rogers lemma: Let B be an n-dimensional normed linear space; 
then there exist points x,,...,X, of norm one in B such that for each i <n and 


all real t,,...,t 
y n 


Their proof is particularly recommended to the geometrically minded stu- 
dents. From.this lemma, Dvoretsky and Rogers were able to build, for any 
preassigned nonnegative sequence (7,,) in /,, an unconditionally convergent 
series )),x, in the infinite-dimensional Banach space for which ||x,]|| = ¢,. 

A decade after the Dvoretsky-Rogers lemma had been discovered, A. 
Dvoretsky returned to this topic and formulated his famous spherical 
sections theorem: For each infinite-dimensional normed linear space F and 
each n>1 and each «> 0 there is a one-to-one linear mapping T of |} into F 
such that \\T\\\|T~ 4\|<1+ e. This result has had a profound effect upon the 
directions taken by Banach space theory and, with developments related to 
the theory of absolutely p-summing operators, has played an important role 
in the disposition of numerous old problems 1n Banach space theory. 

The Dvoretsky e-spherical sections theorem was the object of an extensive 
study by T. Figiel, V. Milman, and J. Lindenstrauss (1977). By-products of 
their efforts include a new proof of the Dvoretsky-Rogers theorem and the 
easiest existing proof of the spherical sections theorem. 

Exercise 1 ts mentioned in passing by Grothendieck; a much finer thing 
can be said and will be said in the exercises following Chapter VII. Exercise 
5 is due to C. Stegall and J. R. Retherford (1972); their paper is filled with 
important connections between operator theory and the classification of 
Banach spaces. Exercise 3 is a very special case of a result of A. Pietsch 
(1967), and Exercise 4 was known to A. Grothendieck (1956). 

Related to issues raised in this chapter is the notion of an absolutely 
( Pp, q)-summing operator and particularly the work of B. Maurey and A. 
Pelczynski (1976), who give criteria for the composition of ( p;, q;)-summing 
operators to be compact. 


i 
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CHAPTER VII 
The Classical Banach Spaces 


To this juncture, we have dealt with general theorems concerning the nature 
of sequential convergence and convergence of series in Banach spaces. 
Many of the results treated thus far were first derived in special cases, then 
understood to hold more generally. Not too surprisingly, along the path to 
general results many important theorems, special in their domain of applica- 
bility, were encountered. In this chapter, we present more than a few such 
results. | 

There are three main objectives we hope to achieve in this chapter. First, 
we hope to reveal something of the character of Banach spaces that have 
likely already been encountered by the student and provide insight into just 
how the weak and norm topologies interact with familiar concepts in these 
more familiar acquaintances. Again, the classical Banach spaces play a 
central role in the development of general Banach space theory; coming to 
grips with their special properties is of paramount importance if one is to 
appreciate how and why this is so. Lastly, many of the more interesting 
phenomena to be discussed in these deliberations require some deeper 
understanding of the geometry of the classical spaces before these phenom- 
ena can be recognized as natural. 


Weak and Pointwise Convergence of Sequences in 
C(&) 


The heart and soul of this section are each devoted to proving the following 
two theorems. 


Theorem 1. Let {2 be any compact Hausdorff space, and let ( f,,) be a sequence 
of continuous scalar-valued functions defined on Q. 


1. In order that ( f,,) be weakly convergent in C(Q) to f € C(Q), it is necessary 
and sufficient that sup,||f,||,. < 00 and f(w) = lim, f,(w) for each w € Q. 
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2. In order that ( f,,) be a weak Cauchy sequence in C(t), it is necessary and 
sufficient that sup,]|| f,||,, <0 and lim, f,(w) exist for each w € Q. 


Theorem 2 (Baire’s Classification Theorem). 


1. Let Q be any topological space each closed subset of which is of the second 
category in itself. Then any bounded scalar-valued function on & which is 
the pointwise limit of a sequence of continuous scalar-valued functions on Q 
has a point of continuity in each nonvoid closed subset of 9 (relative, of 
course, to the closed subset). 

2. Let Q be a separable metric space and f be a bounded scalar-valued function 
defined on Q. If f has a point of continuity in each nonvoid closed subset of Q 
(relative to the closed subset), then there exists a uniformly bounded 
sequence of continuous scalar-valued functions on { converging pointwise 


to f. 


The proof of part 1 of Theorem 1 is easy. We need to recall that the 
members of C(Q)* act on C(Q) like integration via regular Borel measures 
on Q. This in mind, suppose f, f, € C(&) (m =1) satisfy f(w) = lim, f,() 
for each w € 2, where sup,||f,||,, < 00. Each regular Borel measure p is a 
linear combination of (at most) four probability regular Borel measures 
(thanks to the Hahn-Jordan decomposition theorem). Therefore, to check 
that f = lim, f, (weakly), it is enough to check that /fdu = lim, ff, du holds 
for regular Borel probability measures p, and this is clear from Lebesgue’s 
bounded convergence theorem. On the converse side, we notice that weak 
convergence of a sequence (f,) implies boundedness in any Banach space; 
so f = weaklim, f,, in C(Q) ensures sup,,||/,||,_. < 00. Further, for each. 7 en 
the point charge (or point evaluation or point mass or Dirac 6- functivnal) 
5, whose value at f © C({2) is 


6,(f) =f(o), 
is clearly in C(Q)*; that lim, f,(w) = f(w), for every w € &, clearly follows 
from this and with it part 1. 
The proof of part 2 is similar to that of part 1. In fact, if lim, f,() exists 
for each w € Q, where (f,,) is a uniformly bounded sequence of continuous 
functions defined on Q, then 


lim { f,du= flim, dp 


holds for each » © C(2)*, by Lebesgue’s bounded convergence theorem, 
and so (f,) is weakly Cauchy in C(&2). Conversely, weakly Cauchy se- 
quences are always bounded in norm, and a careful test again with the 6, 
shows that weakly Cauchy things in C(Q) are pointwise Cauchy (hence, 
convergent). 

Theorem 1 has an easy proof and many applications. The proof of 
Theorem 2 lies deeper, and its applications are correspondingly more subtle. 
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Baire’s category theorem is at the base of our considerations with the aim 
being the proof of the following result of which Theorem 2 (part 1) is an 
easy consequence. 

Let 2. be a topological space, each closed subset of which is of the second 
category in itself, and ( f,,) be a (uniformly bounded) sequence of continuous 
scalar-valued functions converging pointwise on {t. Then the set of points 
w € Q, where (f,,) is equicontinuous, is a dense Y,-subset of Q. 

Let’s see why this is so. 

TaKe any e>0 and let U(e) be the (open) subset of Q consisting of all 
those w for which there is an open set D(w) in 2 containing w such that if 
w’, wo” € D(w), then |f,(w’)— f,(w”)| <e holds for all n. Plainly, as ¢ de- 
creases, so too do the sets U(e). We claim that U(e) is dense in Q for each e. 
Of course, the points of M °_,U(1/m) are precisely the points of equicon- 
tinuity of the sequence ( f,); so once our claim has been established, we will 
be done with the present task. 

Let O be any open set in Q. Let 


Ex.m={2€O:|fnlw)—f,(w)| <=} 


and let 


F= ‘a En m: 


m,n2=p 


Since each f, is continuous, all the sets Z, ,, and F, are closed subsets of {. 
Moreover, the assumption that lim, f,(w) exists for each w € Q (and hence 
for each w € O) certainly lets us conclude that 


UF, =0. 
P 


Well! There must be a p so that F, has nonempty interior (in O). This 
(relative) interior necessarily intersects O in an open subset of Q—call it V; 
we may choose V small enough that any point of V belongs to F,, too. Let 
Wy & FV. Of course, for m,n >= p we have |/,,(@)— f,(@)| < €/6 for all 
w € V. Hence, for n > p we have 


fn (wo) — f,(@)| = fn (Wy) — f, (Wo) | + fo) — f,(#)|+|f,(e)- f,()| 


< 


so long as w € V. We can achieve strict inequality by shrinking V a bit; this 
shrinking can be done since f, is continuous. Notice that there are only 
finitely many 1 smaller than p; so (after possibly p shrinkings) we can find 
an open subset V about w, (contained in F, 1 QO) such that for any n 21 and 
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any wEV 
Ufa 2) fy(0)| <5 


Of course, such things force V to be a part of U(e); U(e)NO is not empty, 
and this (because of O’s arbitrariness) yields U(e)’s density. 

What of Theorem 2 (part 2)? Let f be a bounded real-valued function (we 
leave to the reader’s imagination what variations in theme must be sought 
after in the complex case) defined on the separable metric space 2 having a 
point of continuity in each nonvoid closed subset (relative to that closed 
subset) of Q. We will show that there is a sequence (f,) of continuous 
real-valued functions defined on {2 for which f(w)=lim, f,(w) holds for 
each w&. This we do in two steps: first, we show that for each real 
number y, the set [f> y]J={weE: f(w)>y} is an FA-set in Q; then 
(building on our first step and the faith inherent therein) we’ll show that any 
such f must be the uniform limit of a sequence of functions each of the first 
Baire class (i.e., pointwise limit of a sequence of continuous functions). 

Step 1. For each real number y, [/ > y] is an F-set in Q. ° 

Suppose that z > ». Take any wEQ. Either wE[f> y] or wE[f < z]. 
For any nonempty closed subset F of Q, there is a point w,; © F at which f|; 
is continuous. If w,E[f> y], then there is an open set U(w;) in Q 
containing w, such that FO U(w,-)C[f> y]. Should w, find itself in 
[ f < z], then there would be an open set U(w,) in Q containing w,; such that 
F OU(w,-)C[f < z}. Whatever the situation may be, each nonempty closed 
subset F of & contains a proper closed subset F,( = F \U(w,-)) such that 
F \ F, is contained entirely in either [f > y] or [f <e] 

Can F, be nonvoid? Well, yes! But if F, is nonempty, then there is a 
closed set F, properly contained in F, such that F,\ F, is contained in either 
[f>ylor[f <z]. 

Can F, be nonvoid? If so, there is a closed set F; properly contained in F, 
such that F,\ F; 1s contained in either [f > y] or [f < z]. 

Proceeding in this manner we generate a transfinite sequence (F;: € < the 
first uncountable ordinal) of closed subsets of Q (with Fj, =Q) for which 
whenever F, is nonempty, F;,, is a closed proper subset of F, for which 
F,\ F;,,; 18 a subset of either [f > y] or of [f <z]; in case 7 is a limit 
ordinal, we have F, = 9 t<nft: 

Here is where we use our hypotheses. {2 is assumed to be a separable 
metric space. Therefore, there is a first F, after which F, = F,,,=--- . By 
construction, F, is empty. Therefore, | 


= U (F\ Fei.) 
<7 


where each F,\ F, ,, is contained in either [ f < y] or [f > z]. Each of the sets 
F\ Fz, is an F;! 
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What have we done? We have represented Q as the union of two 
F,-subsets: one formed by taking the (countable) union of those F,\ F;,, 
contained in [ f > y]; the other formed by taking the (countable) union of 
those F,\ F,,, contained in [f < z]. 

Let z, \ y. For each n, set Q=A,UB,, where A, and B, are F-subsets 
of 2 such that A, C[f > y] and B,Cc[f<z,]. A=U,A,, B=O,B,, and 
C=N,I|f <z,] are sets worth watching. First, C=[f < y]; soC U[f> y] 
={2. Further, AU B is a decomposition of 2 into disjoint sets satisfying 
A=U,A,C[f>y] and B=N1,B,C0,[f <z,]=C. It follows that A= 
[f > y], and so[f > y] is an F-set. 

Step 1 has been taken. 

The argument above can be modified to show that for each real y, [ f < y] 
is an F,-subset of 2, too. 

Step 2. If fis a bounded real-valued function defined on metric space Q 
for which [f < y] and [f > y] are #-sets regardless of the choice of real 
number y, then f is of the first Baire class. We'll sneak up on this one bit by 
bit. 

To start, notice that the indicator function c, of a closed subset F of a 
metric space {2 is of the first Baire class (think about it). Moreover, if S is an 
¥F, in the metric space &, then there is a (bounded) function g of the first 
Baire class such that S =[g > 0]; indeed, if S = U, F, (F, closed, F, € F,,,), 
then g=2,2° "cr is the absolute sum of bounded functions of the first 
Baire class (and so of the same first Baire class) with [g > 0]=S. 

To work! Take a bounded real-valued function f on Q for which [f > y] 
and [f/f <z] are F-sets regardless of y, z. Suppose for this argument that 
0< f(w)<1 holds for any w&@. Take an n21. For m=0,1,...,n—1, 
look at the Y,-sets [f<m/n], [((m+1)/n<f]; for each we can find 
bounded real-valued functions g’, g’”’ of the first Baire class such that 


[fs ]=[s,so] and |[™** <s|-[ey <0]. 


n 
The functions 


y= sup( 2” ,0) 

™ — sup( g;,,0)+sup( g7,,0) 

are also bounded, of the first Baire class, and satisfy 
8o(w) =2,(w)=--- = &m—1(w) = 0, Sm+i(W) =: =g, ,(w) =1 
whenever m/n < f(w) <(m+1)/n with g,,(w) somewhere between 0 and 
1. Consequently, 
g(w) =n *(go(w)+ --- + 8,-1(w)) 

is a bounded function of the first Baire class defined on {2 within 1/n of f 


throughout . f is a uniform limit of such as g. f is itself of the first Baire 
class. 


All’s well that ends well. 
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The Classical Nonreflexive Sequence Spaces 


Some Special Features of co, /,, /,,- 


Presently we derive a few of the most basic structural properties of the 
nonrefiexive sequence spaces Co, /,, and /,,; we also discuss in some detail 
the dual of /,,. Again, our main purpose is to gain insight into the very 
special nature of the spaces co, /,, and /,,. The properties on which we 
concentrate are categorical (i.e., homological) in nature and as such find 
frequent application in matters sequential 

Our first result says that /,, is “injective.” 


Theorem 3 (R. S. Phillips). Let Y be a linear subspace of the Banach space X 
and suppose T: Y — 1,, is a bounded linear operator. Then T may be extended 
to a bounded linear operator S: X > 1,, having the same norm as T. 


PROOF. A bit of thought brings one to observe that the operator T must be 
of the form 


Ty = (y*y) 


for some bounded sequence (y*) in Y*. If we let x* be a Hahn-Banach 
extension of y,* to all of X, then the operator 


Sx = (x*x) 


does the trick. oO 


Supposing /,, to be a closed linear subspace of a Banach space X, we can 
extend the identity operator J:/,,-/,, to an operator S: X—>/, with 
||S|| =1. The operator S is naturally a norm-one projection of X onto /., 
thus providing us with an alternative description of Phillips’s theorem: /,, is 
complemented by a norm-one projection in any superspace. 

Cg enjoys a similar property to that displayed by /,,, at least among its 
separable superspaces. 


Theorem 4 (A. Sobczyk). Whenever co is a closed linear subspace of a 
separable Banach space X, there is a bounded linear projection P from X onto 
Co. 


PROOF (W. Veech). Let e* denote the mth coordinate functional in /, = c#;- 
for each n, let x* bea Hahn- Banach extension of e*toallofX. .  «, 

Look at F= {x € By»: x* vanishes on Cp }. Any weak* limit point of. 
{x7} belongs to F; indeed, if x* be such a limit point of {x*}, then the 
value of x* at any unit vector e,, must be arbitrarily closely approximated 
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by infinitely many of the numbers { x*(e,,): 1 © N }—only one of which is 
not zero. 
Define d: X* X X* — [0, 00) by 


d(x*, y*) = )027"|(x* — y*)(x,)], 


where (x,,) 1S a sequence dense in S,. Notice that d generates a topology on 
X* that agrees on By. with the weak* topology. 

As noted above, any weak* limit point of the sequence (x*) is in F. With 
the metrizability of F in our hands, we can restate this in the following (at 
first glance obscure) fashion: given any subsequence ( y,*) of (x*) there is a 
subsequence (z*) of (y,*) which is weak* convergent to a point of F. 
Alternatively, the sequence (d,,) of real numbers given by d,, = d-distance of 
x* to F has the property that each of its subsequences has a null subse- 
quence. The result: lim,,d-distance (x*, F) = 0. 

For each n pick a z* © F close enough to x* (in the d-metric) thai 
lim ,,d(z*,x*)= 0. This just says that 0 = weak* lim, (x* — z*). Now define 
P: X > cy by Px = (x*x — z*x); P is the sought-after projection. 0 


Similar to the case of /,, the “separable injectivity” of cy has another side 
to it: if Y is a linear subspace of a separable Banach space X and T: Y > Co is 
a bounded linear operator, then there is a bounded linear operator S: X > Co 
extending T to all of X. To see why this is so, we use the Phillips theorem to 
extend T: Y—/,, to a bounded linear operator R: X > 1,.. The separability 
of X implies that of the closed linear span Z of RX U cg. But now Sobczyk’s 
theorem ensures the existence of a bounded linear projection P: Z > cy of Z 
onto co. Let S= PR. 

We turn now to a brief look at /,. It too possesses some striking mapping 
properties. In the case of /,, the “‘projectivity” of /,; comes about because of 
the strength of its norm. Face it: the norm of a vector L,t,e, in /, is as big 
as it can be (|X, 7,e,,|| = £,,|¢,|) if respect for the triangle inequality and the 
“unit” vector is to be preserved. As a consequence of this, we note the 
following theorem. 


Theorem 5. If X is any Banach space and T: X > 1, is a bounded linear 
operator of X onto |, then X contains a complemented subspace that is 
isomorphic to 1,. Moreover, among the separable infinite-dimensional Banach 
spac2s, the above assertion characterizes 1, isomorphically. 


As is only fair, we start with the proof of the first assertion. Suppose 
T: X — I, is as advertised. By the open mapping theorem there is a bounded 
s€quence (x,) in X such that Tx, =e,. Consider the bounded linear 
operator S:/, — X that takes e, to x, —the existence of a unique such S is 
obvious. Clearly, TS:/,—/, is naught else but the identity on /, and 
“factors” through X. It follows that ST: X — X is a bounded linear opera- 
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tor whose square [STST = S(TS)T = ST] is itself and whose range is 
isomorphic to the closed linear span of the x,. But if (¢,,) is any scalar 
sequence with only finitely many nonzero terms, then 


Lieal =| Eten 
n n 


1 


Lit, TX, 


-|TX+,+, 


< ITH Dex, 
n 


= (IT 


>> 1, Se,, 


= ITS D4.e, 
n 


<|TI isi Dee, 
={THNSUD lel 


It follows that the closed linear span of the x, is isomorphic to /,, and the 
first assertion has been demonstrated. 

To prove the second, we need a couple of facts about /, that are of 
interest in themselves. The first is a real classic, due to Banach and Mazur: 
every separable Banach space X admits of a continuous linear operator 
Q:1,—7X of l, onto X. In fact, if we let (x,,) be a sequence in B, that is 
dense in By, then we can define the operator Q:/1, > X by Qe, =x, it is 
again a consequence of the strength of /,’s norm that Q is a well-defined 
bounded linear operator. If x € By is given, then we can find an x,, so that 

1 
lx Xl S a5 
and 


|2(x — x,,) |] <3. 
Next pick n, > n, such that 
1 
|2(x-x,)-¥0, 1s 45. 


so that 


1 
|4(x ~ x4,) 2X4, ILS 53. 
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Continue in this vein with the k th choice producing ann, >n,_,>°+:: >n, 
for which 


]2*-*(x — Xq )— 28 Px, Xn Xn, |< = 
The result is that 
| — 2 ky, — 2° Kx, mt — 3X Xe, | S 3h 
It follows from this that the vector 
e=e, +3e,,+4€,,+ °°° + Fe emt --- El, 


is carried by Q right onto x. 

Returning to our second assertion, we see now that if X is a separable 
infinite-dimensional Banach space with the property that X is isomorphic to 
a complemented subspace of any separable space of which X is a quotient, 
then X is isomorphic to a complemented subspace of /,. What are the 
complemented irfinite-dimensional subspaces of /,? Well, all of them are 
isomorphic to /,. Of course, this takes proof, and we set forth to prove this 
now. We follow the direction of Pelczynski in this matter. 

The first thing to show is the following. 


Theorem 6 (Pelczynski). Every infinite-dimensional closed linear subspace of 
1, contains a complemented subspace of |, that is isomorphic to 1,. 


Proor. Let Z be an infinite-dimensional closed linear subspace of /,. 

Choose any z, in Z having norm one. Let k, be chosen so that the 
contribution of the coordinates of z, past k, to the norm of z, amounts to 
no more than }. 

Since Z is infinite dimensional, there is a z, in Z of norm one the first k, 
coordinates of which are zero. Let k, be chosen so that the contribution of 
the coordinates of z, beyond k, to the norm of z, amounts to no more than 3. 

Again, since Z is infinite dimensional, there is a z, in Z of norm onc the 
first k, of whose coordinates are zero. Let k,; be chosen so that the 
contribution of the coordinates of z, past k, to the norm of z, amount to no 
more than x. 

The inductive step is clear. 

Agree that k, = 0. Let 


n 


b, = » =n, jE)? 
j@=k,-,+1 


where z, , denotes the jth coordinate of z, and e, denotes the jth unit 


vector. Notice that the closed linear span [8,] of { 5, } is isometric to /, and 
is the range of a norm-one projection P. Moreover we have ||z, — b,|| not 
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exceeding 2~"~' for any n. Let (b*) be the sequence in [b,]* biorthogonal 
to (b,); we have 


1 | 
Onl ~ Hz, U2, — Sql 1-2-7? 
Consider the operator T: /, > /, defined by 
Tx =x — Px +) b*( Px)z,. 


or ll = 


Since Px € [b,; and (b*) is biorthogonal to (b,) with [b,,] isometric to /,, we 
see that (b*Px) €/,; it follows that T is well-defined, bounded, and linear. 
Moreover, if x €/, and ||xj], <1, then 


Ix — Tx|| = eo - Lor(Px)2, 


<PUDNSTINS, — Zl 


shy —— pee ZO" 1) < 


Therefore, ||J —7'|| <1. It follows easily from this that 7~! exists as a 
bounded linear operator on /,; i.e., T is an isomorphism of i onto itself. To 
see what JT! looks like, just consider the equation 


[1-(U-T)]LU-T)*=1, 


and you can see that 77-'=L,(1-T)". Clearly, T takes [b,] onto [z,]; so 
[z,] is isomorphic to /,. Finally, Q = TPT~' is a bounded linear projection 
of /, onto [z,,] ¢ Z. O 


With Theorem 6 in hand we are ready to finish the proof of the second 
assertion of Theorem 5. Before proceeding with this task, we establish some 
notational conventions. Suppose ( X,,) is a sequence of Banach spaces. Then 
(X,,X,,); denctes the Banach space of all sequences (x,,), where x, © X,, for 
each ”, ||(x,,)|| = X,,||x,|| < 00. It is plain that if each X,, is isomorphic to /, 
with a common bound for the norms of the isomorphisms, then (1, X,,), is 
isomorphic to /,. Sometimes (2, X,,), 1s denoted by (X,® X,@ ---),. Also, if 
X and Y are Banach spaces, then X X Y is isomorphic to (X® Yy. Now we 
finish off Theorem 5. , 

Let X be an infinite-dimensional complemented subspace of /, (recall this 
is what we have been able to conclude about any Banach space X with the 
property that it is complemented in any space of which it is a quotient). We 
will assume that the symbol “~” will signal the existence of an isomor- 
phism between the left- and right-hand extremities. If Y is a complement of 
X, then /, ~ (X@Y),. By Theorem 6, there are closed linear subspaces Z, 
and Z of X that are complemented in /, such that X ~ (Z,®Z), and Z, ~ 4). 
The punch line comes from the “Pelczynski decomposition method”; all of 
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the following are easy to see: 
1~(X@®Y),~(Z,eZeY), 

~ ((4@Z),eY), 
~(1,eZeY), 
~ (1,01,@ --- @Z@Y), 
~((X@Y),@(X@Y),@--- @ZeY), 
~((X@eX@---), e(Y@Ye@ ---),®@Ze@Y), 
~ ((X@Xe@ ---),e(Y@eYe---),@Z), 
~ ((X@Y),@(X@Y),®--- @Z), 
~ (1,01,® ees ®Z),, 
~ (J 4 F 
~ (Z,9Z ) 
~ X. 

This completes the proof of Theorem 5. 

The fanciest of our footwork is done. We have seen that both cy and /,, 
share injective-type properties while /,’s strength of norm ensures that every 
separable Banach space occurs as a quotient of /, (with Theorem 5 telling us 
that /, is the smallest such space in some sense). We will in the next few 
sections follow up on more sequentially oriented properties of these spaces, 
but it seems that this is as likely a place as any to discuss one more space 
that naturally enters the study of the spaces c,, /,, and /,,: ba, the dual of 
[,- Curiously it will be through the study of ba that two of the most striking 
sequential properties of these spaces will be unearthed. 

Take an x* © /*. Then for each A C N, the characteristic function of A, c, 
belongs to /,,, and so we can evaluate x*(c,). It is easy to see that x*(c,) is 


an additive function of A; furthermore, given any pairwise disjoint subsets 
A,, A,,.--,4, of N we have 


n n 
» |x*cey |= » x*cy sgn x*cy, 
i=1 i=l 


n 
= x| >> sgn wea, 


i=l 
S ||x*\[, 


because |[27'_, sgn x*cq °c, ||. <1. So members of /} lead us naturally to 
finitely additive measures whose total variation is bounded. This natural 
intrusion of. finitely additive measures into the study of /,, (through duality) 
is worth spending some time on; it is even worth exploring in some 
generality. 
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Suppose Q is a set and & is a o-field of subsets of 2. Denote by B(2) the 
Banach space of bounded, 2-measurable scalar-valued functions defined on 
Q with the supremum norm ||-||,, and denote by ba(2) the Banach space of 
bounded additive scalar-valued measures defined on 2 with variational 
norm ||-||,. We plan to show that B(2)* = ba(2) with the action of a 
» & ba(=) given by means of integration. It is plain that a computation 
virtually identical to that of the previous paragraph gives a member of 
ba(=) for each member of B(2)*, namely, p(E)=x*(c;). Moreover, 
lel, < llx*||. Next, if p © ba(2), we can define an integral {du in such a way 
that every f © B() can be integrated. How? Start with a simple function 
f =X7.,4;¢4, where a,,a,...,a, are scalars and A,, A>,...,A,, are disjoint 
members of 2; then ff dp is defined in the only sensible way: 


fra=f¥ a;C4,4h = x a,p(A;). 


i=1 i=] 
Observe that if || /||,, <1, then 
Ion 
/ranl=| E ama.) 
i=l 
< DV laillu(,)| 
j~1 
n 
< sup jad |u(4,)| | 
lsign i=l 
S |lell- 


It is now clear that fdp acts in a linear continuous fashion on the simple 
functions modeled on = endowed with the supremum norm. As such it can 
be uniquely extended to the uniform closure of this class in a norm-preserv- 
ing fashion; the uniform closure of these simple functions is just B(2). 
Whatever the extension is, we call its value at an f © B(2) “ffdp.” 

To summarize, start with an x* € B(2)*, define p © ba(2) by p(A)= 
x*(c,), and note that |||, <||x*||. Observe that » generates {du, which 
precisely reproduces the values of x*. Moreover, {dp as a functional has 
functional norm no more than ||||,. We have proved the following theorem. 


Theorem 7. The dual of B(2) is identifiable with the space ba(2) under the 
correspondence 


x* © B(Z)* o p& ba(S) 
given by 
x*f= [fap 


Furthermore, ||x*|| = ||p\l,. 
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The alert reader will notice that the above rep1 2sentation theorem is really 
quite formal and cannot be expected to produce much of value unless we go 
quite a bit deeper into the study of finitely additive measures. Tr: calls for 
a few words about bounded additive measures; in other werds3, we. digress 
for a bit. We hope to make one overriding point: a scalar-valued measure 
being bounded and additive is very like a countably additive measure and is 
not (at least for the purposes we have in mind) at all pathological. 

For instance, suppose p € ba(2) and let (A,) be a sequence of disjoint 
members of =. For each n we have 


n 
» |H(A,)] < leh 
k=l 
so that 


L|#(4,)|S tlelh 


and &,,4(A,,) is an absolutely convergent series. The point is that 4 adds up 
disjoint sets—even countably many of them—it just may not be judicious 
enough to add up to the most pleasing sum. 

In reality the fact that 1 y(A,) and p(U,A,) might disagree is not p’s 
“lack of judgment” but a failure on the part of the underlying o-field 2. 
Suppose, for the sake of this discussion, that » has only nonnegative values. 
Then for any sequence (A,,) of pairwise disjoint members of 2 we have 


En(4,) s#(UAn), 


That strict. inequality above might occur 1s due to the “featherbedding” 
nature of unions in 2. If we look at the proper model for the algebra 2, then 
on that model p is countably additive. This statement bears scrutiny. 

Recall the Stone representation theorem. It says that for any Boolean 
algebra & there is a totally disconnected compact Hausdorff space {for which 
the Boolean algebra S(.¥) of simultaneously closed and open subsets of Qi, is 
isomorphic (as a Boolean algebra) to &%. 

Start with 2, pass to Qs, then to. “(2). uw has an identical twin fi working 
on (2), but ~@ has better working conditions than p. In fact, if (K,) is a 
sequence of disjoint members of “(2) whose union K belongs to Y(2), 
then (since K is compact and each K, is open) only a finite nuviber of the 
K,, are nonvoid! f is countably additive on (2) and so has a unique 
(regular) countably additive extension to the o-field of subsets of Qs 
generated by (2). . 

What happened? To begin with, if we have a sequence (A,,) of disjoint 
members of = and we look at U, A, = A, each A, and A correspond to a K, 
and K in. #(2). The isomorphism between 2 and (2) tells us that K is the 
supremum in the algebra /(2) of the K,. However, K is not (necessarily) 
the union of the K,. No; in fact, Stone showed that whenever you take a 


The Classical Nonreflexive Sequence Spaces 79 


family {K,},e,4 Of “clopen” sets in the Boolean algebra (2), then the 
supremum of the K,—should such exist in “(2)—must be the closure of 
the union. It follows that K = U,,K,, over in Q,. Returning to our A,, we see 
that w’s value at the union of the A, included not only ,,u(A,,) but in a 
phantom fashion f( K \ U,, K,,). This justifies the claim of featherbedding on 
part of union in 2. 

What about integrals with respect to members of ba(2)? They respect 
uniform convergence and even some types of pointwise convergence. Of 
course, one cannot expect them to be like Lebesgue integrals without 
countable additivity. On the. other hand, one is only after integrating 
members of B(2) wherein uniform convergence is the natural mode of 
convergence; so this is not too great a price to pay. 

Finally, it ought to be pointed out that members of ba(2) are like 
countably additive measures: if » © ba(2) and (A,) is a sequence of disjoint 
members of 2, then there is a subsequence (B,) of (A,,) such that p is 
countably additive on the o-field @ generated by the B,. Why is this? 
Suppose p has all its values between 0 and 1. Let K and N be infinite 
disjoint subsets of the set N of natural numbers. Then either L, . ,u(A,,) OF 
Le vH(A,) is less than or equal to 4. Whichever the case, call the infinite 
subset N, and let B, be A, where n, is the first member of N,. Now break 
N,\{n,} into two disjoint infinite subsets K and N; either LU, - ,u(A,) <4 
or L,, « yH(A,,) < 4. Whichever the case, call the indexing set N, and let B, 
be A,,,, where n, is the first index occurring in N,. Repeat this procedure, 
and. a bit of thought will show that the resulting sequence (B.,) satisfies our 
claim for it. | 


/*, Schur’s Theorem about /,, and the Orlicz-Pettis 
Theorem (Again). 


We saw in the preceding section that /* is not quite so unwieldy as might be 
guessed. In this section a few of the truly basic limiting theorems regarding 
1* are derived. They include the Nikodym-Grothendieck boundedness 
theorem, Rosenthal’s lemma and Phillips’s lemma. From this list we show 
that in /, the weak and the norm convergences of sequences coincide—an 
old fact discovered by Schur in 1910. Then we derive the Orlicz-Pettis 
theorem much as Orlicz and Pettis did in the 1930s. 

Throughout this discussion Q is a set, = is a o-field of subsets of 2, and 
ba(=) = B(2)* is the space of bounded, finitely additive scalar-valued 
measures defined on 2. For p © ba(=) the variation |z| 1s the member of 
ba(=) whose value at a member E of = is given by 


\#\(Z) = sup{ |u(£;)|}, 


where the supremum is taken over all finite collections {E,,...,E,} of 
pairwise disjoint members of 2 contained in E. Of course, |z\(Q) is just the 
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variational norm |||, of w. It is noteworthy that for any E © 2 we have 
sup |n(F)|<|u\(Z) <4 sup |u(F)]. 
Fez Fes 
FCE FCE 


The left side holds trivially, whereas the right follows from considering for a 
fixed E © and a given partition 7 of E into a finite number of disjoint 
members of = the real and imaginary parts of each value of 4 on members 
of + and checking the positive and negative possibilities of each. 

Let us start our more serious discussion with a fundamental bounding 
principle. 


Nikodym-Grothendieck Boundedness Theorem. Suppose F = {p,:t ET} is 
a family of members of ba(2) satisfying 
sup |u,(E)| <0 
t 


for each E € &. Then 
sup |u,(E)|<oo. 
t,.EEs 


PROOF. Should the conclusion fail, there would be a sequence (pu, ) of 
members of A for which 


sup |p,(£)|= 00 
=> 


n, 


Suppose such is the case. 

Observe: If p> 0, then there is an n and a partition {E, F} of 9 into 
disjoint members of X such that both |p, (E)|, |u,(F)| > p. In fact, choose n 
and £ so that E © 2 and 


lu .( E)|> sup |1,(@)| +p. 
Then 
[u,(Q\ E)| =|n,(E)— ow, (2)| 


= |u,(£)| —|u,(2)| > e. 
Now let n, be the first positive integer for which there is a partition 
(£, F} of Q into disjoint members of = for which 


Hy, E)|s [ttn (F)]> 2: 


One of the quantities 
sup |u,(EO B)|, sup |p,( FO B)| 
n,Bext n,BEex 


is infinite. If the first, set B, = E and G,= F; otherwise, set B, = F and 
G, = E. 
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Let n, >n, be the first such positive integer for which there is a partition 
{E, F} of B, into disjoint members of = such that 


Hn, (F)|>|p,,(G,)| +3. 
One of the quantities 
sup |u,(EO B)|, sup |,(F 9 B)| 
n, Bes n,BEZ . 


is infinite. Should it be the first of these, set B, = E and G, = F; - ...-rwise, 
set B, = F and G, = E. 

Continue. 

We obtain a sequence (G,) of pairwise disjoint members of 2 and a 
strictly increasing sequence (7,) of positive integers such that for each k >1 


u,,(G,)| > Xu 


j=l 


H,,(G,)|+k +1. 


Relabel (,,,) by (u,). 
Partition the set N of natural numbers into infinitely many disjoint 


infinite subsets N,, N,,.... The additivity of |u,| gives 


<0 | 
k=l néNn, n 
< |p |(2). 
It follows that there is a subsequence (G, ) of (G,), 5 such that 
oO 
wl U Gx, < 
i=l 
Repeat the above argument; this time work with |, | instead of |u,| and 


(G, )iz2 instead of (G,),, . You'll find a subsequence (Gy ) of (G, )is> 
such that 


ia C U G,, |=. 


j=l 


Repeat with [u,. | replacing |u,,| and (G,. Diz 2 in lieu of (G, ),; 59. 
Let G,, denote the first member of the ith subsequence so generated 
(m, =1, m,=k,,m;=k,, ..). Then for each /, 


oo 
on U Gy, ) <1. 
j—j+l 


If we let 
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then 
j-1 00 
lm, (D)|=|#m,| U Gn UG,Y U G,, 
i=] i—jtl 
j-1 00 
> [tn (Gy,)|—lHtm, U Ge, ~ on | U cn, 
i=l jm jt 
j71 a) 
= n(n) E bm (Gn)|= Uhm OG, 
i=1 im j+l 
2m,T oo, 
a contradiction. Oo 


Rosenthal’s lemma is our next stop. It provides the sharpest general 
disjointification principle there is. 


Rosenthal’s Lemma. Let (u,,) C ba(2) be uniformly bounded. Then given 
€>0 and a sequence (E,,) of disjoint members of 2 there is an increasing 
sequence (k,,) of positive integers for which 


IHel{ U Es,) <¢ 
jn 
for all n. 
PROOF. We may assume that sup,,|y,,( U, £,,) <1. 


Partition N into an infinite number of infinite (disjoint) subsets (N,). If 
for some p there is no k € N, with 


a U E,| 2 &, 
j#k 
JEN, 
then for each k € N, we have 
lexl| U E,| <e. 
jJ#k 
JEN, 


Enumerating N, will produce the sought-after subsequence. What if no such 
p arises? Well, then it must be that for each p there’s a k pe N, for which 


U £, 
j*k, 
JEN, 


Hy | = €. 
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Notice that 
Hs, (UE, )+ IH, ( VENUE: = 1H4,1(UE, | <1, 


which, since 


U E, c UEN\UE, ; 


j#k, 
JEN, 
gives us 
1H, UE, } <l-e 
for all p. 


Repeat the above argument starting this time with the sequences p’, = pw, 
and E,,= E, ; our starting point now will be the inequality 


(UE, | <1-e. 


Proceeding as above, either we arrive immediately at a suitable subsequence 
or extract a subsequence ( j, ) of (,,) for which another e can be shaved off 
the right side of the above inequality making 


4, (UE, } s1—2e | 
hold for all p. 0 


Whatever the first 1 is that makes 1— ne <0, the above procedure must 
end satisfactorily by n steps or face the possibility that 0 <1— ne <0. 

From Rosenthal’s lemma and the Nikodym-Grothendieck boundedness 
theorem we derive another classic convergence theorem pertaining to /*. 


Phillips's Lemma. Let , € ba(2™) satisfy lim,u,(A)=0 for each ACN. 
Then 


lim 2a ({ J })| = 0. 


Proor. The Nikodym-Grothendieck theorem tells us that sup,||u,,|| < 00, 
and so the possibility of applying Rosenthal’s lemma arises. 

Were the conclusion of Phillips’s lemma not to hold, it would be because 
for some 6 > 0 and some subsequence [which we will still refer to as (u,,)] of 
(u,,) we have 


Ln a({ J} ) = 68 


for all n. 
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Let F, be a finite subset of N * ¢ which 


Hi ( F,)| > 6. 
Using the fact that (u,,(A)) is null for each A, choose n, >, =1 so that 


DD |e. ({i)| <6. 


JE 


Next, let F, be a finite subset of N\ F, for which 
Hn (A d=$ LD [un ({7})| 
SEF, 


SH Cla (C- Lal) 


J JEFF, 
> $(66 —8)=5. 


Using the fact that (1,,(A)) is null for each A, choose n, > n, so that 


Dy ln ({7})| <6. 


JEhUr 


Let F, be a finite subset of N\(F, U £,) for which 
Wo(BY2$ Lo [ea (Cs) 


24[Clen(C- _L bn] 
>+(65—6)=6. 


Our procedure should now be clear. We extract a subsequence (»,,) of 
(»,,) and a sequence (F,) of pairwise disjoint finite subsets of N for which 
given n 


dv. ({ 7 })| = 66, 
» len ({ i} <6, 


JEFU---UF 


and 
|», (F,)| = 5. 


Rosenthal’s lemma allows us to further prune (»,) and (F,) so as to attain 
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On so refining, we see that 


ro(U Fa} 


1 (F,)+%( UF | 


mtn 


> In(Fe)I—Wal( UF] 


m#n 


a) | 
>d-z=-7. O 
2 2 
Schur’s Theorem. Jn 1,, weak and norm convergences of sequences coincide. 


Proor. Each x €/, defines a p, © ba(2”)=/* =/** by looking at x’s 
image p, under the natural imbedding of /, into /**, where for any A, p,(A) 
is given by 


B(A)= Li x(n), x=(x(n)) Eh. 
ned 
Should (x,) be a weakiy null sequence in /,, then the corresponding 
sequence (wu, =p, ) in ba(2”) satisfies 
limp,(4)=lim } x,(m) 


mea 


= limx,(x,,) = 0. 


Phillips’s lemma now tells us that 


O= lim 2a, ({7})|= lim Dx, (|= lim, lh. 0 
j ; n j n 


Okay, it is time for the Orlicz-Pettis theorem again—only this time we 
prove it in much the same way Orlicz and Pettis did it in the first place using 
Schur’s theorem except that we use Phillips’s lemma. 


PROOF OF THE ORLICZ-PETTIS THEOREM. As usual, there is some initial 
footwork making clear that if anything could go wrong with the Orlicz- 
Pettis theorem, it would happen where a weakly subseries convergent series 
X,x, could be found for which ||x,||2e>0 holds for all n. This proof 
shows that whenever ),,x,, is weakly subseries convergent, there is a subse- 
quence (x, ) of (x,,) that is norm null. 

Whatever goes on with the series ©,x,, all the action happens in the 
closed linear span [x,] of the x,; so we may as well assume that X is 
separable. For each n choose an x* € By. such that x*x, = ||x,||. Since X is 
separable, By. is weak* compact and metrizable (the proof of this will be 
given later in detail; however, a look at step 1 of the proof of the 
Eberlein-Smulian theorem ought to be convincing of this fact). Therefore, 
there is a subsequence ( y*) of (x*) which is weak* convergent, say, to y<; 


86 VII. The Classical Banach Spaces 


let (y,) be the corresponding subsequence of (x,,). L,, y, is weakly subseries 
convergent. Therefore, (y,,) 1s weakly null. It follows that for very large n, 
(y,* — ye"), ) is very close to || y,||. Since the series Ly, is weakly subseries 
convergent, for any AC N the series L,., y, converges weakly to some 
o, = X. Define pp, E/% at AC N by 


,(A) = ( y* ~ yet (on). 
Because y* = weak* lim y*, lim, u,(A) = 0 for each AC N. Phillips’s lemma 
concludes that lim, 2,|u,({k })| = 0. But (y* — y*)Cy,) = 2, ({n}) with the 
left side being a good approximation of || y,|| for n big and the right side 
being a good approximation of 0 for n big. Enough said. 0 


Weak Compactness in ca( 2) and L,( p) 


Let Q be a set and 2 be a o-field of subsets of &2 Denote by ca(2) the linear 
subspace of ba(2) consisting of the countably additive measures on ~. It is 
clearly the case that ca(2) is a closed linear subspace of ba(>) if the latter is 
normed by ||||,, = sup{|#(E£)|: EF € 2}; from this and the inequality ||,||., 
S |\ull, = variation of wp =|uK2) <A4llpll,,. we see that (ca(%), ||-||,) is a 
Banach space. Further, it is a standard exercise that |u| € ca(2) whenever 
pp & ca(2). 

It is our purpose in this section to derive criteria for weak compactness in 
ca(2). On doing so, we will derive the classical conditions for a subset of 
L,(#) to be weakly compact and recognize both ca(2) and L,() as Banach 
spaces in which weakly Cauchy sequences are weakly convergent. The 
Kadec-Pelczynski theorem, recognizing the role of /,’s unit vector basis in 
nonweakly convergent sequences in L,(), will be given its due attention, 
and the Dieudonné-Grothendieck criterion for weak compactness in rca(2) 
will be established. Here rca(2) denotes the space of regular members of 
ca(2), where 2 is the Borel o-field of subsets of a compact Hausdorff space 
{&2. A well-known consequence of this and Phillips’s lemma, i.e., weak* 
convergent sequences in /* are weakly convergent, will finish this section. 

We begin our discussion with an idea of Saks. Take a nonnegative 
A €ca(2). For A, B & = define the pseudo A-distance between A and B by 


d,(A, B)=\(AAB), 
where AAB = (A\ B)U(B\ A) is the symmetric difference of A and B. The 
seed of Saks’s idea is in the following easily proved result. 


}heorem 8. (2, d,) is a complete pseudometric space on which the operations 
(A, B) > AUB, (A, B) > (ANB), and A A‘ are all continuous (the first 
two as functions of two variables). 


Saks’s program is to study convergence of sequences of countably addi- 
tive measures on 2 by means of viewing the measures as continuous 
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functions on pseudometric spaces of the (2, d,) ilk; particularly useful in 
this connection is the completeness of (2, d,) since it brings to mind the 
Baire category technique, a technique mastered by none more thoroughly 
than Saks. 

Completeness being so crucial to the implementation of Saks’s scheme, we 
would be remiss if we didn’t say at least a few words toward the proof of the 
completeness aspect of Theorem 8 (other assertions can be safely left to the 
enjoyment of the careful reader). 

To see that (=, d,) is complete, notice that for A, BE 2, 


d,(A, B)=|Ie4— allt: 


Therefore, if (A,) is a d,-Cauchy sequence in 2, (c,) is norm Cauchy in 
L,(A), hence convergent in L,(A)-mean to some f € L,(A). Passing to an 
appropriate subsequence will convince you that f is itself of the form c, for 
some A € =. Of course, A is the d,-limit of (4,,). 

Naturally, if p € ba(=) is continuous on (%, d, ), we say p is A continuous. 
Notice that A-continuity of » automatically implies p is itself in ca(2). In 
this connection it is noteworthy that the A continuity of p € ba() is just 
saying that p satisfies the condition: for each e > 0 there is a 6 > 0 such that 
\u(E)—p(F)| <e whenever |A(E)—A(F)|=|A(EAF)| <6; in particular, 
whenever A(E) < 6, then |u(E)| < e, and so p is absolutely continuous with 
respect to A. The converse is also true; i.e., if 4 is absolutely continuous with 
respect to A, then p is a continuous function on ( 2, d,). 

Suppose Vis a family of finitely additive scalar-valued measures defined 
on >. We say (for the moment) that #is equi-A-continuous at E € & if for 
each e>O there is a 5>0O such that if FE and d,(E,F)<64, then 
ju(E)—-pw(F)| <e for all pe #; uniformly equi-A-continuous on 2 if for 
each e> 0 there is a 5 > O such that given E, F € = with d)(E, F) < 6, then 
\u(E)—p(F)| <e for all » © #; uniformly countably additive provided for 
each decreasing sequence (E,,) of members of = with 1, £, =@ and each 
e> 0 there is an N, such that |u(E,,)| < « for n beyond N, and all pe #. 

The momentary excess of verbiage is eliminated by the next theorem. 


Theorem 9. Let X be a family of finitely additive scalar-valued measures 
defined on =. Then the following are equivalent (TFAE ): 


1. His equi-A-continuous at some E € &. 
2. His equi-d-continuous at D. 
3. Mis uniformly equi-A-ccatinuous on %. 


Moreover 1 to 3 imply that #is uniformly countably additive. 


Proor. Suppose 1 holds. Let e > 0 be given and choose 6 > 0 so that should 
B &*X be within 6 of E, then |p(B)— p(E)| se for allwe &. 
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Notice that if Ae 2 and A(A) <4, then A((E U A)AE) < X(A) <6 and 
A((E\ A)AE) < A(A) S65. It follows that if A € = and A(A) < 4, then 
|u(A)| =|H# (AU E)-p(E\A)| 
<|p(AU E)—p(E)|+|u(£)-2(E\A)| 
sete=2e 


for all uw © &. This is 2. 
Next, if C, D€ 2 and 


A(C\ D)+A(D\C) =A(CAD) <8, 
then for all » € #we have 
[u(C)—w(D)|=|n(C\D)—2(D\C)| 


<|u(C\D)|+|z(D\C)| 
<2e€+2e= 4e, | 


and now 3 1s in hand. 
The last assertion follows from 3 and A’s countable additivity. 
From now on a # satisfying 1 to 3 will be called uniformly d-continuous; 
sometimes this is denoted by % «<A and sometimes by 
um 


lim p(E)=0 uniformly for pe #. oO 
h(E) — 0 


A bit more about uniformly countably additive families is in order. 


Theorem 10. Let # C ca(2). Then TFAE: 


1. If (E,,) is a sequence of disjoint members of Z, then for each e> 0 there is 
ann, such that form>n2Nn,, 


Y u(£) 


im=n 


SE 


for allpe X. 
2. If (E,,) is a sequence of disjoint members of 2, then for each e> 0 there is 
ann, such that forn2n,, 


¥ u(£,) 


imn 


se 


for all pe X. 
3. If (E,,) is a sequence of disjoint members of %, then for each e> 0 there is 
ann, such that forn>n,, 


H(E, | <e 
forall wpe XxX. 
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4. If (E,,) is a monotone nereasing sequence in x, then for each e> 0 there is 
ann, such that if m,n2n,, then 


 |p(E,)— HE) <e 
for all Le KH, 
5. If (E,) is a monotone decreasing sequence in &, then for each & > 0 there is 
ann, such that if m,n>n,, then 


lu(£,)-#(£, ise 
forall pe X. 
6. His uniformly countably additive on 2. 


PROOF. The proof is purely formal and proceeds as with one measure at a 
time with the phrase “for all p € #” carefully tacked on, for this reason we 
zo through the proof that 3 implies 1, leaving the details of the other parts 
of proof to the imagination of the reader. 

Suppose (E,,} is a sequence of disjoint members of 2 for whch | ] Jallec: 
then there would be an e > 0 such that for any N there would be m,, NaN 
with an accompanying hp, © 4 for which 


\|-| 5 
UE | Low  E) 
i=ny | i=nyn 

Take N =1 and choose m, =n, 21 in accordance with the above quag- 
mire. Let Fj = Uji, £;. Let v, = py. 

Next, take N=m,+1 and choose m,>n,2N, again according to the 
dictates above. Let F, be U 722, E,, and let v, = py. 

Our procedure is clear: we generate a sequence (F,) of pairwise disjoint 


members of = along with a corresponding sequence (v,) in #for which 


. [v,( Fi) 2 &, 
thereby denying 3. Oo 


> €. 


Formalities out of the way, we recall from the first section that we proved 
the following: let (X, d) be a complete ( pseudo) metric space, and let ( f,,) be 
a sequence of continuous scalar-valued functions defined on X. Suppose that for 
each x € X, lim, f,(x) exists. Then {x © X:(f,,) is equicontinuous at x} is a 
set of the second category in X. 

An almost immediate consequence of this is the following classical result. 


Vitali-Hahn-Saks Theorem. Let (u,,) be a sequence in ca(2) each term of 
which is \-continuous, where \ is a nonnegative member of ca(2). Assume that 
lim, u,(E) = w(E) exists for each E€X. Then {p,,} is uniformly \-continu- 
ous and p is both X-continuous and countably additive. 


PROOF. Viewing the pw, as functions on the complete pseudometric space 
(2, d,), we can apply the cited result from the first section. The equicon- 
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tinuity of the family {,,} on a set of second category implies its equicon- 
tinuity at some E € = and brings Theorem 9 into play. O 


Another “oldie-but-goodie”’: 
Nikodym’s Convergence Theorem. Suppose (,,) is a sequence from ca(2) for 
which 
limp, (E) = p(B) 


exists for each EG. Then {p,,} is uniformly countably additive and p€ 
ca(2). 


Proor. Consider the absolutely convergent series 


»» [1 -) 

7 (1+ [ell )2” 
in ca(~); its sum A €ca(Z) is nonnegative, and together {u,,} and A fit 
perfectly in the hypotheses of the Vitali-Hahn-Saks theorem. Its conclusion 
suits {p,,} and p well. O 


Weak convergence in ca(2)? No, we haven’t forgotten! 


Theorem 11. A sequence (p,,) in ca(Z) converges weakly to » © ca() if and 
only if for each E & 2, p(E)= lim, p,,(£). 


ProoF. Since the functional vy — »(E) belongs to ca(2)* for each E € 2%, 
the necessity of n( E) = lim, »,,(£) for each E € 2 1s clear. 

Suppose for the sake of argument that p( £) = lim, n,,(£) holds for each 
E © >. Now Nikodym’s boundedness theorem allows us to conclude that 
the », are uniformly bounded, and so sup,|y,,(&) < oo. It follows that the 
series | 


is absolutely convergent in the Banach space ca(2); let A be its sum. For 
each n there is an f, © L,(A) such that 


Bn(E)= J f,dd, 


this thanks to the Radon-Nikodym theorem. Similarly, there is an f € L,(A) 
such that 


m(E)= f fda 
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for each E©. Since sup,|u,(2)<oo and ||f,ll=l4,K(&2), Cf.) is an 
L,-bounded sequence. Since »(£) = lim, p,,(£) holds for each E € 2, 


[fear= lim [f,gdr 


holds for each simple function g. But the collection of all simple g is dense 
in L(A) so that an easy.e/2+ ¢/2 = & argument shows 


[thdn=lim [f,ndn 


holding for all h © L(A) = L,(A)*. It follows that (f,) converges weakly to 
fin L,(A), which in turn implies that (u,,) converges weakly to in ca(2). O 


Immediate from the above is the following corollary. 


Corollary. A sequence (f,,) in L(A) converges weakly to f in L,(A) if and 
only if {-fdd = lim, ff, dA for each E & 2. 


In tandem with the Vitali-Hahn-Saks-Nikodym convergence principles 
the above proofs suggest the following important theorem. _ 


Theorem 12. Weakly Cauchy sequences in ca(2) are weakly convergent. 
Consequently, for any \ €ca*(Z), weakly Cauchy sequences in L,(A) are 
weakly convergent. 


PRooF. Let (,,) be a weakly Cauchy sequence in ca(2). Since each E € 
determines the member » — »(E) of ca(Z)*, lim, p,(£) = u(£E) exists for 
each E € =. The Vitali-Hahn-Saks-Nikodym clique force pz, to be a member 
of ca(=). The just-established criteria for weak convergence in ca(2) make pu 
the weak limit of (y,,). 

The second assertion follows from the first on observing again that for 
h €ca*(), L,(A) is a closed subspace of ca(2). 0 


We are closing in on weak compactness criteria for both ca(2) and L,(A). 
The next lemma will bring these criteria well within our grasp. 


Lemma. Let » be an algebra of sets generating = and suppose {,,} is a 
uniformly countably additive family for which lim,p,(E) exists for each 
E € &. Then lim,p,(E) exists for each E © 2. : 


PRooF. Look at A={E€2Z:lim,u,(£) exists}. By hypothesis, oC A. 
We claim that A is a monotone class; from this it follows that A =2, 
proving the lemma. 

Let (E,,) be a monotone sequence of members of A with E,, > E. By the 
uniform countable additivity of the p,, 


,(E) = limp, (E,) 
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uniformiy in 7; one need only glance at and believe in Theorem 10 tc sec 
this. So given «> 6 there is an m such thai 


It, (En P (Ese 


for all n. But (2, (E£,,)), converges; so there is an NV, such that if p,q = N, 
then 


hip Eq) bel Ea) e. 
Plainly 


Hp (E)—# (2) < 3s 


should p, g exceed N.. It follows that (un (£)} is 2 convergent sequence. O 


Theorem 13. Let X#be a subset of ca(). Then TFAE: 


1. His relatively weakly compact. 

2. His bounded and uniformly countably additive. | 

3. Mis bounded and there is a \ € ca*(Z) such that His uniformly d-continu- 
ous. 


PrRoor. Suppose is relatively weakly compact. Then there is an Af > 0 
such that ||p|!, < M for all p © &. We claim that given e> 0 there is a finite 
set {py,...,B,} GS Mand a&>O0 such that |p, KE), |w.(£),...,|u (2) <6 
implies |u(E)| < e for all pw & #X. indeed if this were not the case, then there 
would be a bad e> 0 for which no such finite set or 6 > 0 exists. Take any 
p, © X. There must be E, € 2 and p, © Hfor waich 


Mil(Z,) <3, \#2(E,)|> e. 
Further there must be E, € = and p, € #such that 


leil( £2), M2I(E.)<4 and |p,(#,)|>e. 


Continuing in this fashion, we get a sequence (,,) in #and a sequence (E,) 
in 2 such that 


iC Z,,).--leal(Z,)<27" and [u,4,(4,)|>e. (1) 


Passing to a subsequence, we can arrange that (p,) converges weakly to 
some pp © ca(2); if (n,) denotes the indices of this extracted subsequence 
and we replace E,, by E, | _,, then for the weakly convergent sequence we 
can assume (1) as well. fet A= une "lea by the Vitali-Hahn-Saks theo- 
rem, {p,} is uniformly d-continuous. ‘But A(E,,) tends to 0. Therefore, 
lim ,,,(£,,) = 0 uniformly in n, a hard thing to do in light of |p, .,(E£,)| > 
for all n; that is, we reach a contradiction. 

Our claim is established; we now use the claim to show how 1 implies 3. 
From the claim we see that there is a sequence (»,) in % such that if 
|» K£)=90 for all n, then [u(£)(=0 for all pe #. If we look at A= 
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x27 "|v,| € cat(%), then it is plain that each p in is A-continuous. Were # 
not uniformly A-continuous, there would exist an e> 0, a sequence (E,,) of 
members of =, and a sequence (11,) from such that even though 0 = 
lim, A(E,,), |u,,(E,,)| 2 € for all n. Passing to a subsequence, we could as well 
assume the sequence (p,) is weakly convergent to a w©ca(2). But this 
would say something which, in view of Theorem 11 and the Vitali- Hahn-Saks 
theorem, is not possible. 

It follows that 1 implies 3. 

Since Theorem 9 tells us that 3 implies 2, we aim for 1 with 2 in hand. 
Suppose #is bounded and uniformly additive. Take a sequence (u,,) from 
H, and let A=L,27"|p,|Ecat(2). For each n, let f, be the Radon- 
Nikodym derivative of 4, with respect to A. Since each f, is the pointwise 
limit of a sequence of simple functions, there is a countable collection 
r., € = such that f, is measurable with respect to the o-field L,, generated by 
r,. Look at U,I,, =I, and let .#be the algebra generated by I’. Both I’ and 
x are countable. An easy diagonal argument produces a subsequence (p;, ) 
of (u,,) that converges on each member of 7. It follows from our lemma 
that (’,) converges on each member of the o-field o(.) generated by 7. 
Therefore, (/,’) converges weakly in L,(A,0(#)), a subspace of L,(A). 
Hence, (f,’) converges weakly in L,(A) and so (p’,) converges weakly in 
ca(=). The Eberlein-Smulian theorem comes to our rescue to conclude that 
XH must be relatively weakly compact. QO 


An immediate consequence of the above corollary and the Radon- 
Nikodym theorem is the following. 


Theorem (Dunford - Pettis). Let \ € ca*(2) and Xbe a subset of L(A). Then 
TFAE: 


1. His relatively weakly compact. 

2. X is bounded and the indefinite integrals of members of X are uniformly 
countably additive. 

3. SUP; ec wll f ||, < 00, and given e>0 there is a 5>0 such that if \(A) <6, 
then [,|f\dA Se forall f € X. 


Corollary (Kadec-Pelczynski). Suppose X is a nonweakly compact bounded 
subset of L,(A), where X is a nonnegative member of ca(z). Then X contains a 
sequence (f,,) which is equivalent to the unit vector basis of |,. 


ProoF. By the Dunford-Pettis theorem, we know that the measures 
{ fi.) fad: f € H} are not uniformly countably additive on 2. Therefore, 
there is a sequence (f,) in %, a disjoint sequence (£,,) in 2, and a > 0 
such that for all n, 


J \hldr> 6. 


94 VII. The Classical Banach Spaces 


By Rosenthal’s lemma we can (pass to an appropriate subsequence so as to) 
assume that 


p 
dX\>65 and nlaA<=. 
fi \fal Sy plilar<5 


jen 


If (y,) € 4, then 


00 ee) 
» YnSn Y YntnX UE, 
n=] 1 n=] 1 
00 
>) Jj. nflad—| YndnX Uma nEn 
n=l n=] 1 
> 8D lml- 5 Liat 
7) 
= 7 Lvl O 


As one can quickly gather from the above corollary, the Dunford-Pettis 
criterion is a powerful tool in the study of LZ, and its subspaces; when 
combined with some ideas from basis theory, this power is displayed ina 
stunning dichotomy for subspaces of L,[0,1], also discovered by Kadec and 
Pelczynski. An exposition of this dichotomy, following closely along the 
original path cleared by its discoverers, is our next task. 


Theorem (Kadec-Pelczynski). Let X be a nonreflexive subspace of L,{0,1]. 
Then X contains a subspace complemented in L, and isomorphic to 1,. 


To help us get started, we first provide a way of producing complemented 
copies of /, inside L,[0, 1]. 


Lemma. Let (f,,) be a sequence from L,[0,1], and suppose that for each e> 0 
there is an n, such that the set {t:|f,(t)|= elf, ll1} 2as measure <e. Then 
(f,) has a subsequence (g,) such that (zg, /||g,\l) is @ basic sequence equivalent 
to 1,’s unit vector basis and for which the closed linear span [g,] of the g,, is 
complemented in L,[(0, 1). 


PROOF OF LEMMA. We first take care to see just what the set {t:|f(t)|= 
ell f ||, } having measure < e entails. Call this set E. Then 


OI 1 | (t) do if f(t)| 
Juan tod, ir Jee nf 
- VOI, 
_ roi<ensi) Ul ah 


E. 
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Therefore, under the hypotheses of the lemma, we can find E, and n, so 
that 


1 
A(E,) < a 
and 
f,(t)| 1 
——— dt>1-—. 
f If, l 4? 


Next, applying thé hypo.neses again-and. keeping the absolute continuity 
of integrals in mind, we can find E, and n, >, so that 


1 
A(E,) < 2’ 


J Val tt 
E, “Whidl- 43 , 
and 
f Vfn(t)] MN 
E, “Whll 7 <3 


Continually applying such tactics, we generate a subsequence (g,,) of (/,) 
and sets E, so that 


f. Is(Ol 51-2 


Sal ant} 


and 


dt < . 
nk = Sxl qt 


im |g. (t)| 1 


Now we disjointify: let 


EN U E, 
k=n+l 
and set 
t 


~ WS, * 
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Some computations: 


Bn 
lg ll 


sf Ell IsnCe)I 


c gil“ 


n 


Ign(t)I lg, (7)| 
< Jeet “thy Tel @ 


1 a lg, (t)| 
yet > Jeg. -—2.— dt 


k=n-+i lle, ll 


Therefore, 


gn(t)I 


12 Wal = f 


=f. (Oly + f lgn(4)1 


ig. 7 k=n-+]1 


So, 


Sn 
lignll 


n 


h_- 
slien7 . " [All 


2 
<i +(1-llrgl) s- 


Some reflections: 

The hf, are disjointly supported nonzero members of L,[0,1]; therefore, 
(h,,/\|%,|) is a basic sequence in L,[0,1] equivalent to the unit vector basis 
of /,, [h,,] is complemented in L,[0,1] by means of a norm-one projection P, 
and the coefficient functionals y* of (h,,) extend to members of L,[0,1]* 
having norm one. All this was noticed in our earlier work. 

.OQur computations alert us to the proximity of the g,,, on normalization, to 
the h,,, on normalization. In particular, 


An 


2 
< —<]. 
ie i ~ Wall d 4” 


An appeal to Theorem 12 of Chapter V concludes the proof of the lemma. 0 


diPl od 
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Now for the proof of the main theorem we start with the nonweakly 
compact closed unit ball By of X. Let 0 <p <1 and set, for any f € L,[0, 1], 


a(f,n)=supf f If(2)ldt: A(E) =n} 


If ay(#) = supre 3, o(f, #), then the nonreflexivity of X is reflected by the 
conclusion that 


a*= lim a,(p)>0. 
n—0 


Therefore, we can choose f, € By, measurable sets E, ¢ [0,1], and p,, > 0 
such that 


lim pn, = 0, 


J f,(t)\dt=n,, 


— and 
lima(f,,¥,) = a*. 
Consider the functions f,’ given by | 
f(t) =f(t)xe,(¢). 


Notice that given e > 0 there is an 7, so that the set {t:|f/,(O|= ell fall} <6 

in other words, we have established the hypotheses of our lemma. Rewarded 
with the conclusions of that lemma, we can find an increasing sequence (k,,) 
of positive integers such that the sequence ( f/ ) satisfies the following: first, 

(fi, /\Fz,\) 1s a basic sequence equivalent to the unit vector basis of l,, and 
second, the closed linear span [f, ] of the // is complemented in L,[0,1] 
(and, of course, isomorphic to /,). 

Let Bn = Sk,» 8, = fis and Sn =~ 8, Sn: 

Of course, {g,:7 >1} is relatively weakly compact in L,[0,1]; so with 
perhaps another turn at extracting subsequences, we may assume (g,’) is 
weakly convergent. Now notice that we’ve located a sequence g, in By that 
can be expressed in the form 

Bn =8nt Bn» 
where (g’) spans a complemented /, in L,[0,1] and (g,’) is weakly conver- 
gent. It is important to keep in mind that neither the g/ nor the g’’ need find 
themselves in X. Regardless, we show that some suitable modification of the 
g,, when normalized, are close enough to X to ensure the applicability of 
Theorem 12 of Chapter V, thereby establishing the existence in X of an 
isomorphic copy of /, that is complemented in L,[(0, 1]. 

Since (g’’) is weakly convergent, (83,, — 84,+1) is weakly null; thanks to 
Mazur’s theorem, there is a sequence (h7) of convex combinations of 
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(25, — £341) tending to zero in norm. We may assume h’’ to be of the 
following form: for some k, <k,<-+: <k,<---, 
| Kmail 
hn = af (83; 8341); 


i=k,, 


where, naturally, ay” + vee +a” =1 and all the a are >0O. It is im- 
portant to keep tabs on the vectors 
Kim+l ~~ 1 


n= Lo af(83,- 83:41) 


i=k,, 
and 
Km+1 ~1 
hin » as” (85; - 82541): 


i=k, 


In particular, we should notice that 

h,,= hi, +h’, 
that due to the nature of the sums involved in the definition of h’,, the 
closed linear span of the h/, is a complemented copy of /, found inside the 


closed linear span of the g,, itself a complemented subspace of L,[0,1], and 
that each h, belongs to X. What is important here is the fact that 


0 = lim||h7,| = lif, — A’ 


It follows that passing to a subsequence of the h,,, we can force (||h,, — 4%, ||) 
to tend to zero as quickly as we need to. How quickly ought we shoot for? 
Well, quickly enough to apply Theorem 12 of Chapter V. A word of | 
warning in this connection. The h’, span a complemented copy of /, in 
L,[0,1], but only on normalization do we get the vector basis of this copy; 
not to worry, since ||h,,,|| is close to ||A*,|| for m large enough. This remark in 
hand, Theorem 12 of Chapter V ought to be applied easily. 

If &2 is a compact Hausdorff space, then C(Q)* can be identified with the 
space rca(2) of regular Borel measures defined on Q. Recall that a measure 
p. & rca() precisely when for any Borel set B in Q, |u\(B) = sup{ |w\(K): K 
iS a compact subset of B}. 


Theorem 14 (Dieudonné-Grothendieck). Let 2 be a compact Hausdorff 
space and = be the o-field of Borel subsets of Q. Suppose His a bounded subset 
of rca(~). 

In order for ¥ to be relatively weakly compact, it is both necessary and 
sufficient that given a sequence (O,) of disjoint open subsets of Q, then 


limp (O,) = 0 


uniformly for we X. 
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Proor. Necessity is clear from the uniform countable additivity of rela- 
tively weakly compact subsets of ca(2). 

To establish sufficiency we will mount a two pronged attack by proving 
that should the bounded set “satisfy lim,»(O,)=0 umiformly for any 
sequence (O,) of disjoint open sets in 2, then 


1. Given e> 0 and a compact set K CQ there is an open set U of 2 containing 
K for which 


M(U\K)<e 


forallwe X. 
2. Given e>0 and an open set U CQ there exists a compact set K CU for 


which 
Ju(U\ K) <e 

forallwe X. 

In tandem 1 and 2 will then be used to derive the relative weak 
compactness of %. Before proceeding, it is worthwhile to make a couple of 
points: first, conditions 1 and 2 obviously say that #is “uniformly regular” 
with 1 expressing uniform outer regularity and 2 expressing uniform inner 
regularity; second, although we do not pursue this here, each of 1 and 2 by 
itself is equivalent to the relative weak compactness of , and so their 
appearance in the present proof ought not to be viewed as at all accidental. 
On with the proof. 

Suppose 1 fails. Then there is a compact set Ky and an é, > 0 such that 
for any open set V containing K, we can find a wp, © #for which 


My KV \ Ko) > €- 
Starting with 2 we know that there is a ph, © #such that 
Ja, (2\ Ko) > €- 
Since p, is regular there is a compact set K, C 92\ Ky such that 


€ 
mn (Ki)>>- 


Notice that K, and K, are disjoint compact sets so there are disjoint open 
sets Y and Z that contain K, and K,, respectively. By regularity, Z can be 
chosen to satisfy 


E 
mM Z\ Ki) <q. 


Let U, = Z and V, = Y. Then 
U, QV, Ky CoV, CW =, K, CU, =2Z. 
It follows that 


lwiKU\ K,) < ~ 
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so that 
[u,(U,)| = [4 (K,)| —~ MiI(U.\K,) 


Back to the well once again. V, is an open set containing Ky. Hence there 
is ap, © HM such that 


Hal(Vi\ Ko) > Eo. 
Regularity of 1, gives a compact set K, CV,\ Kg such tha: 
€ 
|u.(K2)| > > ’ 


K, and K, are disjoint compact sets, and so they can be enveloped in 
disjoint open sets Y and Z; again the regularity of p. allows us also to 
assume that 


£0 
Iua(Z\K) < 2. 
Let U, = ZV, and Vv, =YOV,. Then * 
U,CV\K,, Kyoko, K,CU,CZ. 
So 
E 
IH2(U\ K2) S$ |H2(Z\ K2) s rr 


and 
|42(U,)| = |42( K2)| — lua K2) 


Our procedure is clearly producing a sequence (U,_) of disjoint open sets 
and a corresponding sequence (p,,) of members of “for which |p,,(U,)| = 
€, /4, a contradiction. 

Before establishing 2, we make a fuel stop: 


2’. Given e> 0 there exists a compact set K CQ such that 
M(Q\K)<e 
forall pe X. 


If not, then there exists e, > 0 such that for any compact set K C Q there 
is ap, © Hwith 


IM#x(2\ K ) > eo. 
Starting with the compact set 2, there is a p, © # for which 
[m,((2) > eg. 
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Since p, is regular, there is a compact set K, C Q for which 
Eo 
|u1(K,)| > 2° 
By 1 there is an open set V, containing K, for which 
E) 1 
MV Ki) s 4 2 
for all »p © &. Let U, be an open set satisfying 
K,¢CU,cCU,CV,. 
Then 
— E, 1 
\ul(U,\K,) < + 2 
for all » © #and 
[u(U,)| 2 [41 (K,)| ~ wil(O\ Ky) 


2 8 4 
Next, there is a p, © &such that 
[H2I(2\ K,) > eo. 


It follows that 
2l(Q\T,) = [ma @\ Ky) — lHal(G\ Ki) 
€ 
> e- 2. 
Since p, is regular, there is a compact set K,¢ Q\U, such that 
1, Eo 
ju2.(K2)[2 5 (£0 - =). 
Of course, K, and U, are disjoint; so there is an open set V, for which 
K, CV, CV, cQ\U, 
and for which (using 1) 
E& 1 
WV Ka) <4 53 
for all p © &. Now pick an open set U, for which 
K,CU,CU,CDV,. 
Notice that U, and U, are disjoint, 


_ E, 1 
|ul(U\.K,) < ri 72 


for all ph © XH, and 
|u2(U,)|=|u2(K2)|- \H2(O\ Kz) 
21(,,-%) 1%. 
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The inductive procedure should be clear. Again, we produce a sequence 
(U,) of disjoint open sets and a corresponding sequence (y,,) of members of 
XH for which |p, (U,)| = &o /4, again, a contradiction. 

Now to establish 2, we know by 2’ that given e> 0 there is a compact set 
F ¢Q such that 


[M((Q\ F)<e 


for all » © &. Given an open set U, (Q\U)AN F is compact, and so by 1 
there’s an open set V containing (2\U)N F for which 


i(V\[(Q\U)N F]) <e 
holds for all we #. Let K = F\V. Then K CU Nf F and 


MI(U\K) < |w\(Q\ F)+ [el(V\[(Q\U )n F}) <2e. 


1 and 2 have been established. Now we show that is relatively weakly 
compact. By the Eberlein-Smulian theorem we can restrict our attention tu 
the case where can be listed in a single sequence (p,,). each term of which 
can be assumed to be A-continuous with respect to a fixed A & rca” (2). Let 
f, denote the Radon-Nikodym derivative du, /dX of u, with respect to A; 
(f,) is a bounded sequence in L,(A). 

Were # not relatively weakly compact, then we could find an e>0, a 
subsequence (g,,) of (f,), and a sequence (B,) of Borel sets in 2 for which 


A(B,) < 


Q" +1 
yet 
J lgn(w)|ar(w) =e 
for all n. By regularity, we can enlarge the B, slightly to open U, and obtain 
1 
A — 
(U,) < Fr 

and 


J lana >e 


for all n. Looking at V,=U”_U,,, we get a decreasing sequence (V,) of 
open sets with 


limA(V,) =0 
and 


[ Is.ldA > 
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for each n. By 2 we have that for each n there is a compact set K,, C V,, such 
that 


for all k. Looking at F, = K,Q --: NK, CK, CV, we see that 
di = {| .|g,|dA — nlaA, 
fle fi \dn— fle 


which, since V,\ F, C (V;\ K,)U --- UV K,,), is less than or equal to 


E E 


dd — |dAze- > ——>>=. 
filguldr— Ef) lee Let? 


The sequence (F,) is a decreasing sequence of compact sets whose A 
measures tend to 0; consequently, O ,,F,, is a compact set of A-measure 0. By 
1 there is an open set W containing 1, F, such that for all k, 


Since A( ,, F,,) = 9, 


E 
J |gulad Z 


for all k. But W is an open set containing O , F,; so there is an m such that 
F., C W from which we have 


E E 
5 < J l8mldA < J \Bmlda <5 
another contradiction. At long last we’re home free! D 


One striking application of the Dieudonné-Grothendieck criterion in 
tandem with the Phillips lemma is to the study of /,,. To describe this next 
result of Grothendieck, we need to notice the following about /,: /,, is 
isometrically isomorphic to C(.K ), where K is the Stone space of the Boolean 
algebra 2™ of all subsets of the natural numbers. This is an easy consequence 
of the Stone representation theorem and the Stone-Weierstrass theorem. 
After all, in the notation of the second section, /,, is just B(2“). Now the 
map that takes a simple function Lj_,a,;c, in B(2™) to the function 
27 -14;C4 (where A > A is the Stone representation of 2™ as the algebra of 
clopen subsets of K )in C(K ) is a well-defined linear isometry on the simple 
functions. The domain of the map is dense, and its range is also (thanks to 
K’’s total disconnectedness and the Stone-Weierstrass theorem). Therefore, 
the isometry extends to a linear isometry of B(2™)=/,, onto C(K). 


Theorem 15 (Grothendieck). In 1*, weak* convergent sequences are weakly 
convergent. 
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PROOF. Let K be as described in the paragraph preceding the statement of 
the theorem and suppose that (p,,) is weak* null in C(K )*. We show that 
{#, } is relatively weakly compact. From this it follows that (,,) is weakly 
null. 

Suppose such is not the case. Then the Dieudonné-Grothendieck criterion 
provides us with an e> 0 and a sequence (O,,) of open disjoint subsets of K 
and a subsequence (»,) of (u,,) for which we always have 


|»,,(O,, )| 2 &. 


Using the regularity of the vy, and K total disconnectedness, we can (and do) 
assume that the QO, are clopen as well. Now we take note and make use of 
the fact that the Boolean algebra 2“ is o-complete in the sense that every 
countable collection of elements in 2™ has a least upper bound therein; this 
o-completeness is of course shared by the Stone algebra of clopen subsets of 
K and allows us to unravel the procedure described in the second section, 
The Classical Nonreflexive Sequence Spaces. More precisely we can define 
¥, € ba(2™) by 


¥,(A) = r( sup O, 


for any ACN. Since (»,) is weak* null and sup, ~< ,O;, is a clopen set in K 
for any ACN, 


0 = limy,(Cup,.,0,) = lim#, (A) 


for any A. It follows from the Phillips lemma that 


O= lim Dla ({&})| 
= lim DL I7n( On) 


a contradiction. 0 


Weakly Convergent Sequences and Unconditionally 
Convergent Series in L,[0,1] (1 < p <0) 


In this section we present a couple of the finer aspects of “Sequences and 
series in Banach spaces” in case the terms live in L,[0,1] for 1 < p<0oo. We 
give complete proofs of the pertinent facts only in case 1< p <2; what 
happens (and why) in case p > 2 is outlined in the exercises. To be frank, 
this latter case causes only minor difficulties once the case 1< p<2 is 
understood. In addition, the situation in which unconditionally convergent 
series in L,[0,1]}, for 1 < p <2, find themselves is one of the central themes 
of present-day “Sequences and series in Banach spaces”; so special atten- 
tion to this case seems appropriate. 
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We start this section with the beautiful Khinchine inequalities, proceed 
directly to Orlicz’s theorem about the square summability of uncondition- 
ally convergent series in L,[0,1] for l<p< 2, pass to a proof of Banach 
and Saks that weakly convergent sequences in L,[0,1] for 1< p= 2 admit 
subsequences whose arithmetic means are norm convergent and close with 
Szlenk’s complementary result to the same effect as that of Banach and Saks 
in case p = 1. 

Recall the definition of the Rademacher functions; each acts on [0,1] and 
has values in [— 1,1]. The first 7, is just 1 everywhere. The second, r,, is 1 on 
(0,4) and -1 on [4,1]; vr, is 1 on [0,+) and [4,2) but —1 on [4, 3) and [3,1]. 
Get the picture? Okay. 


Theerem (Khinchine’s Inequalities). Let (r,),., denote the sequence of 
Rademacher fuactions. Then for each 1< p< there is a constant k, >0 
such that 


1/2 1/2 
k(La?) <|Dan| <*,(La7] 
i i 'P i 


holds, for any finite sequence (a;) of reals. 


PROOF. The Rademacher functions are orthonormal over [0,1] and belong 
to L,,[0,1] with sup norm 1. Consequently, we need only show the existence 
of constants in the following situations: 


(Gi) if2< P then we need to show there is a K > 0 such that |[L,a;7;||, < 
K(2,a7)'”. 

(ii) If 1 < p < 2, then we need to show there is a k > 0 such that k(1,q; 2yi/2 
Ss \L;@ a; 


Let’s establish Khinchine’s inequalities for p => 2 then. Again the monotonic- 
ity of the L,-norms lets us concentrate on p an even integer, say p = 2/, 
where / >1 is a whole number. Look at 


n 
= » a, 


i=] 


illp- 


and take the integral over [0,1] of its pth power. We write down what 
results; the reader is advised to reflect on what’s written down in light of the 
binomial (and multinomial) formula! 


f’se(t) at = fOS2(0) a 
0 0 


~f( Lan) 


i=] 


= a) eee a; a) eee a; 
DA oi. -0, 4, | ati [r; Tii?s 


106 VII. The Classical Banach Spaces 


,,...,@,; are positive integers, 


Ya j= i, 
(a, +--+ +a,)! 
By 50 + sy (a,)! -++(a,)! 9 
and i), ...,é, are different integers between 1 and n. Thinking about the fact 
that the 7, _ (under the last integral sign above) are the Rademacher functions, 


we see that the form of /{S? is really considerably simpler than at first 
guessed, namely, 


A 


Js = [s; =D Agp,,..2p,42*---a?%, 


since fr" --- re is 0 or 1 depending on the existence of odd powers 
Q,-..,@, Or nonexistence thereof. Of course, in this form of {S?, we know 
that £,,...,8; are positive integers and LB; = /. Writing /S? again, we have 


. 28, 
P=)" J qzAi..-q 28; 
[si pe B; Ap, By qi ai’ 
Te 


We wish to apply Holder’s inequality; so we estimate the ratios 


A228, _ (21)! (B,)!---(B,)! 
Ag,.....8, ~ (28,)!- -(2B,)! (/)! 


___QNQN=1)--- FI)! (8)! 
(2B,)--- (B, +1)(B,)! + - - (28;)--- (8) +1)(8)!(2)! 


_ (21)(21—1)- +» (141) 
(2B,): - (B, +1)- -° (28;)- ** (8, +1) 


_ QUQ1=1)-+ (141) _ (21)(21-1)--- (141) 
9A... 28; 281+: +B; 


This gives 
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From this we see that 


1/2! 


(fse) “= (fs2' 
</3(Ee7) 


i=l 
and (i) has been established. 

To establish (ii), we have need of an old friend: Liapounov’s inequality. 
Recall what this says: If f 20 belongs to all the L,[0,1] for p> 0, then 
log {of? is a convex function of p > 0. 

Liapounov’s inequality is an interesting consequence of Holder’s inequal- 
ity that ought to be worked out by the reader. Let’s get on with (ii). We are 
only concerned with 1 < p < 2. Pick A, and A, so thatA,,A,>0,A,+A,=1 
and pA, + 4A, = 2. Then 


» a] = ||S, 113 
i=l] 


< ||S,|I PMS, la? (by Liapounov’s inequality) 


n 1/214A, 
< isyip>|2 [ & a2] | ; 


i= 
by (i). On dividing both sides by the appropriate quantity we get (with 
careful use of pA, + 4A, = 2) 

4-2/0? (Sa?) < IS 


and with it (ii). O 


Let 1< p<oo and suppose that L, f, is unconditionally convergent in 
L,(0,1). Let 7, denote the nth Rademacher function. By the bounded 
multiplier test if (a, is a sequence of numbers with |a,| <1 for all n, then 
there is a K > 0 such that 


n 


yf, || <K 
k=1 P 
for all n. It follows that if 0 <¢ <1, then 
1 n P n P 
| CnO)Als)| o=] CaOAl <K? 
O}lk=1 k=1 P 


holds for all n. Khinchine’s inequality alerts us to the fact that there is an 
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A> 0 such that for any scalar sequence (f,) we have 


n y 1/2 n 1 
| 

[> A | <A] S Byrn) 
k=] iH 


|< =] p 


Combining these observations, we conclude that 


i # p/2 : n P 
peo) ds< fA f(s) |} as 
Olk=1 0 k=] ip 
lesll 2 ° 
arf ZX fls)ra(} ats 


_ arf'f 


< AP (°K? dt = APK?. 
O 


n Pp 
» falsdra ds di 
k =1 


Summarizing we get the following fact. 


General fact. If L, f, is unconditionally convergent in L,(0,1), then there is 
a C > 0 such that 


[f(z] a <C. 


Our way is paved to prove the following. 


Theorem (Orlicz). Let 1< p<2 and suppose that u,,f, is unconditionally 
convergent in L,(0,1). Then 


Lil fellp < 00. 
k 
Proor. Let n be any positive integer. Then if }+1/q =1/p, we have 


n 1/p 
PPUaOKs = (4.0) dk?) |, 


<I f4(0) lala”. ---.d2/?,0,0, ..) 


for any d,,...,d, = 0. A bit of computation shows that g = 2 p/(2— p). On 
taking pth powers, we have for the same d that 


I, 


n 


n 5 p/2 n 
E noras( Emcor) (¥ arr 
: k= k=1 


\(2— p)/2 
k= | 
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Term-by-term integration gives 


i 2 p n (2— p)/2 if 2 5 p/2 
f DD lft) dedi <( Lu ayer | f | Dy l(t) dt 
0 k=1 k=1 0\k=1 
n (2- p)/2 
< | » yer | C, 
k=] 


where C was awarded us as an upper bound for the integral involved 
through the graces of our general fact. It now follows that if 7 is conjugate 
to 2/(2— p), then 


§ (wore) ec 


Computing what exactly it means for r to be such as it is, we see that 
r=2/p and so 


n n 2/?P 
»» Ifa = | »» fincor ay <C’ <0. 
k=l k=1°0 


The arbitrary nature of n and the fixed nature of C force 
Lilfillp <0. O 
n 
Theorem (Banach-Saks). Suppose 1< p <2. If (f,,) is a weakly null sequence 
in L,{0, 1}, then ( f,) admits a subsequence ( f,,) for which L724 f;,\l = O(n*/?). 


PRooF. Since (f,,) is weakly null, we may as well assume that each /, has 
norm <1. Because 1 < p <2, it is easy to convince yourself that there is a 
constant A > 0 for which 


la + bl? <ja|? + pja|?~ 'bsign(a)+ Ajb|? (2) 


holds regardless of the real numbers a, b considered. Now, let S, = f,, = fi. 
Choose k, > k, so that 


LMC Or sien(He,())fe,(0 a 
Let S, = f,, + f,,, Choose k, > k, so that 
JSP sign (83 (0)) (2) 
The path to the choice of (k,,) ought to be clear. Notice that 
Noll <1S,-al12 + Pf 1S,-r(#)!” sign (S,-1(t)) fe,(0) at 


+ All, IIB» 


1 
<-. 
P 


1 
<—. 
P 
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as follows from inequality (2) in the obvious fashion, 
<|[S,—i|]2 +1+ A. 
Running through this last inequality a few times gives 


P 
= ISP < Sullb + C(n —1) < Cn 


i=l] 


for some C >1. This, though is what we wanted, since it tells us that 


fa 


im] 


< CP p/P. 0 


Corollary. If 1< p<2, then any bounded sequence in L,{0,1] admits a 
subsequence whose arithmetic means converge in norm. 


ProoF. If (g,) is a bounded sequence in L,[0,1], then (g,) admits a 
subsequence (g,, ) weakly convergent to some gp € L,[0,1]—this thanks to 
the reflexivity of the L, in question. On replacing (g,,) by (8,,,— 8), we find 
ourselves with a sequence (f,) = (8,,— 80) that satisfies the hypotheses of 
the Banach-Saks theorem. The conclusion of that theorem speaks of a 
subsequence (/,, ) of (/,) for which 


Ls Se 
[=] 
for all n and some C>0 independent of n. What does this mean for 


(Sm, — So)? Well, 


1< | 
E © bn, fo] 


<Cn'/P 


| n 
n » (m,,— 80) 
p i=] 


P 


x fre 


What about p =1? Again, weakly null sequences admit of subsequences 
whose arithmetic means converge in norm to zero. Here, however, we have 
the opportunity to use the weak-compactness criteria developed in the third 
section, Weak compactness in ca(=) and L,(4)—an opportunity not to be 
denied. 

First, we provide a small improvement on the argument given in the 
Banach-Saks theorem in case of L,[0,1] to prove that if ( f,) is a weakly null 
sequence in L.[0,1], then there is a ne (f,.) for which 


1¥ fh, 


Nim) 


i 
n 


lim sup 
dist <Sn 


As before, we assume ||/,||, <1 for all n and that (f,) is weakly null. Let 
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k, =1 and choose k, > k, so that 
[f(D fe (0 at <4. 
Next, let k, > k, with 
[flO f62) tts [fe M fe (8) dt <3. 
Again, let k, > k, be chosen so that 
f Se LC) ats f’Fa( aC) ts ff, Sed(2) dt <2. 
The extraction procedure should be clear. Let j,<-:-: < j,- Then 


n 2 n 2 
E 4, -SMe +2 CD [hte 
j 2 i=l l<l<isn‘9 / 


i=l 


n 


i-1 nn. 
<n42d, Y (fj) 0 Hn42E iv} 


<n+2n =3n. 
The assertion we are after follows quickly from this. O 


Diagonal Lemma. Ler (f,,) be a weakly null sequence in L,{0,1). Then for 
each e> 0 there is a subsequence (g,,) of (f,,) such that 


1 k 
Gd Bn, 


i=l 


lim sup 


k nmy<-:'+ SM, 


Se. 
1 


Proor. We may assume that || f,||, <1 for all n. Let m,n be positive integers 
and set 


Emin = {tlfa(t)|2 m }; 


on so doing, notice that (if A denotes Lebesgue measure) 
1 
Ith =f ACS f Wi(e=mA(En ns 
0 Em.n 
or 
A(E,, ,) t 
min m ° 


The set { f,: 2 21} is relatively weakly compact in L,[0,1]; so the Dunford- 
Pettis criterion supplies us with an »>0O for which f,|f,(¢)|dt<&/3 
whenever A( E) < 7. In tandem with the simple calculation mede above, we 
find that there is an m, so that 


J Valelae s 3 
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for all n. Define f, by 
ao ifte Ens 


Ankt) = otherwise. 


It is plain that f,(t)—f,(t) is just £,Cy¢ (2) < mo} and $0 f, —f, = Mo Bz 10,1)- 
Thanks to the weak compactness of mB, 19,1;, we can find an increasing 
sequence (”,) of positive integers and an h € mB, 19,1; such that 


h = weak jim Sa Say 
— 00 


our earlier remarks let us assume even more, namely, 
i & 
> (nu, ~ Sa, )~ AY =O 
2 


Since (f,,— fn,) converges weakly to A in L,[0,1], the same holds true in 
L,[0,1]; but (f,,) is weakly null in L,[0,1]; so —h= weak lim, f,,,- It now 
follows from the fact that 


VA =f If,,(#)|dt < €/3 for all k, that ||A||, <e/3. 
E. 


mo. Ae 


lim sup 
k <i <i 


Putting all the parts together, we have that if k is big enough, then 


1 ¥ = = E 
sup [> L(4,-f,)-A] <s sep | LO (4,-f,)-4l) <=, 
nc. <i FX ; j j ~2... <7, WK: j 3 
1 os j=l 1 At <i, j=l , 
which tells us that for the same large k, 
1 & 
sup gS, 
ip<cee <i, j=l 1 
k ; i & 
s sup fe L(t fi) Alt > Dll + Wall 
i<cree <k j=l j 1 j=l 
S €. 
(8, = f,,) 18 our subsequence. D 


Theorem (Szlenk). Jn L,[0,1], every weakly convergent sequence has a subse- 
quence whose arithmetic means are norm convergent. 


PROOF. We suppose that (f,) is a weakly null sequence in B, j,1). If the 
many virtues claimed of the diagonal lemma are to be believed, then we can 
find a sequence (n,(/))72, of strictly increasing sequences of positive 
integers, each subsequent sequence a subsequence of its predecessor such 
that for any / we have 


i Eh, 


lA 
~Ir 


1 
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Of course, the subsequence we are looking for is precisely the sequence ( g, ) 
whose mth item is /, (77). Let’s check it out: If k >/, then 


1 < 1 k—-i\| 1 k 
—~ Vg, <i= Dd giit —— )' g 
kon ; , k inh ; , l K-04 ’ , 
1 l 1 k-Tl 
< -~ 8; + — Vis, +s) : 
k k— | on, 
j=l j=l 1 
Now 
__ 1 k — 1 l — ] k-7 
lim Zu 8, < lim ph 8 + lim aq Inn EFS) . 
ko j=l 1 Ko j=l ko j=l 1 


The first of these dominating terms (lim, _. ,,|(1/k)2)-18,||) is 0; after all, 
k > I fixes / but lets k go wild! The second dominating term is no more than 
1// because of the diagonal lemma. But this gives us 


k 
im |+ yg, <4 
k kw Os l 
regardless of what the / is. It must be that 
ié& 
lim |= Lo g,|| =0. Oo 
k~— oo k j=l i 


Exercises 


1. The Dunford- Pettis property. A Banach space X enjoys the Dunford-Pettis 
property if given weakly null sequences (x,,) and (x7) in X and X*, respectively, 
then lim, x*(x,,) = 0. 

(i) A Banach space X has the Dunford-Pettis property if and only if for any 
Banach space Y, each weakly compact linear operator T: X > Y is com- 


pletely continuous, i.e., takes weakly convergent sequences in X to norm 
convergent sequences in Y. 


(ii) For any compact Hausdorff space 2, C(&) has the Dunford-Pettis prop- 
erty. (Hint: Think of Egorov’s theorem.) 


(iii) If X* has the Dunford-Pettis property, then so does X. 


2. Operators on cy. The bounded linear operators from cg to a Banach space X 
correspond precisely to the weakly unconditionally Cauchy series in X. 


(i) A bounded linear operator T: cy > X is weakly compact if and only if the 
series L,,Te, is weakly subseries convergent. 


(ii) A bounded linear operator T: co — X is compact if and only if the series 
L,, 7, is norm subseries convergent. 
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3. Operators into |,. The bounded linear operators from a Banach space X into /, 
correspond precisely to the sequences (x) in X* for which L,,|x*x| < oo, for 
each x € X, i.e., the weakly unconditionally Cauchy series in X*. 


(i) An operator T: X — /, is weakly compact if and only if the series L,, x* is 
weakly subseries convergent in X*. 


(ii) An operator T: X — /, is compact if and only if the series L,x7 is norm 
subseries convergent in X*. 


4. Operators into cy. The bounded linear oferators from a Banach space X into co 
correspond precisely to the weak* null sequences in X*. 


(i) A bounded linear operator T: X — co is a weakly compact operator if and 
only if the sequence (7 *e*) is weakly null in X*. 


(ii) A bounded linear operator T: X — co is a compact operator if and only if 
the sequence (7 *e*) is norm null in X*. 

(iii) For X any of the spaces co, /,,, /, (l< p<oo), L,[0,1] (ls p <0), or 
ba(2) there exists a noncompact linear operator from X into Co. 


(iv) Every bounded linear operator from /,, to cy is weakly compact; therefore, 
Cp is not isomorphic to a complemented subspace of /.,,. 


5. Operators on |,. The bounded linear operators from /, to a Banach space X 
correspond precisely to the bounded sequences in X. 


(i) A bounded linear operator T: /, —~ X is weakly compact if and only if the 
set {Te,: n 21} 1s relatively weakly compact. 


(ii) A bounded linear operator T:/,— X is compact if and only if the set 
{Te,:n 21} is relatively norm compact. 


6. The sum operator: a universal nonweakly compact operator. 


(i) The operator o: /, > /,, defined by 


o((4))=( 4] 


inl 
is a nonweakly compact bounded linear operator. 


(ii) A bounded linear operator T: X — Y is not weakly compact if and only if 
there exist bounded linear operators S:/,-— X and U: Y— 1/1, such that 
UTS = o. [ Hint: Pelczynski’s proof of the Eberlein-Smulian theorem gives 
an inkling of how to find a bounded sequence (x,,) whose image is basic 
and satisfies y*7Tx, 25 for some y* © Y*. The operator S is induced by 
(x,,) and leaves little choice as to how U is to be defined.] 


7. A universal noncompact operator. 


(i) The formal identity operator i:/, > /,, 1s a noncompact bounded linear 
operator that has the sum operator o as a factor. 


(ii) A bounded linear operator B: X — Y is not compact if and only if there 
exist bounded linear operators J: /, ~ X and W: Y > 1,, such that WBJ =i. 
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{ Hint: In case B is weakly compact but not compact, aim _ the 
Bessaga-Pelczynski selection principle toward inducing a weakly compact 
operator from /, into X.] 


8. Edgar’s ordering of Banach spaces, I. Following G. A. Edgar, a partial ordering 
of Banach spaces can be defined: Given Banach spaces X and Y, we say that 
X<Yif X=Nypeax.y)T** ‘(Y). 


(i) Banach space X satisfies Mazur’s condition (weak* sequentially continuous 
functionals on X** are in X) if and only if X < cp. 


(ii) Co < X if and only if cg is isomorphic to a subspace of X. 
9. Edgar’s ordering of Banach spaces, II. 


(i) X</, if and only if any x** © X** which is weak* continuous on 
bounded weak* separable subsets of X* is in X. 


(ii) /,, < X if and only if /,, is isomorphic to a subspace of X. 


10. The Yosida- Hewitt decomposition theorem. Let Q be a set and 2 be a o-field of 
subsets of 2. Suppose p, vy © ba(Z). Define 


(uVe)(E)= sup {(n(F)+¥(E\F)}. 
FCE,Fez 


(i) p V vy € ba(Z). Further, if n € ba(Z) satisfies n( E) = w( E) and n( £) = »(E£) 
for all EEX, then n(E)>(nV v)(£) for all EE. 
(ii) If wp,» € ca(Z), then p V »v € ca(2). 
We say 7 € ba(2) is purely finitely additive if given a countably additive p» on 
= for which |p E) < |n £) holds for each E € , then p = 0. 
(iii) Let » € ba(Z). Then mp can be written in the form ph=p,.+ ">, where 
ue, € ca(Z) and pp, is a purely finitely additive member of ba(2). [ Hint: 
By considering p, 


w= (Uabee | (| 

2 2 =?’ 
as the difference of two members of ba*(2), one need only consider 
nonnegative p. Now let T ¢ ca*(2) be the set {y €ca*(Z): y(E) < w(E) 
for all EE}. Choosing y, €T so that y,(Q) Asup{y(Q): ye} and 
letting u, = 71 V Y2V °°: V y,, notice that lim,p,,(£) exists for all E € 2.] 


(iv) If Q is the set N of natural aumbers and © is the o-field of all subsets of Q, 
then any purely finitely additive measure on 2 vanishes on finite sets. 


11. Edgar’s ordering of Banach spaces, ITI. 


(i) X</, if and only if any x** © X** such that x**(weak* L,x*)= 
L,x«**x*, for each weakly unconditionally Cauchy series L,x* in X*, 
belongs to X. 


(ii) 1, < X if and only if X is nonreflexive. 
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12. Pelczynski’s property V. A Banach space X has property V whenever given any 
Banach space Y, every unconditionally converging operator 7: X — Y is weakly 
compact. 


(i) For any compact Hausdorff space Q, C(&2) has property V. (Hint: Use the 
Dieudonné-Grothendieck criterion and Gantmacher’s theorem.) 


(ii) If X has property V, then a subset K of X™* is relatively weakly compact 
whenever 


limx*x,=0 uniformly for x* © K 
n 


for any weakly unconditionally Cauchy series L,,x,,. [ Hint: The condition 
cited implies not only the boundedness of the linear operator T: X > 1,,(K) 
defined by (Tx)(x*)=x*x but also the fact that T is unconditionally 
converging. | 


(iii) If X* has property V, then weak* null sequences in X** are weakly null. 
( Hint: Phillips’s lemma is worth keeping in mind.) 
(iv) The converse of (11) also holds. 


(v) If X has property V, the weakly Cauchy sequences in X* are weakly 
convergent. ( Hint: Schur’s lemma is worth keeping in mind.) 


13. Relatively disjoint families of measures. Let Q be a set, = be a o-field of subsets 
of Q and 0 < e< 8. A sequence (p,,) in ca(2) is called (6, €)-relatively disjoint if 
sup, |u,,( &) < oo and there exists a sequence (£,,) of pairwise disjoint members 
of 2 such that for each n 


jw, E,)>8 and Do |p, I(E,,) <e. 


men 


The sequence (p1,,) is called relatively disjoint if it is (6, e)-relatively disjoint for 
some choice of ¢ and 6. 

Relatively disjoint sequences in ca() are basic sequences equivalent to the 
unit vector basis of /, with a closed linear span that is complemented in ca(2). 


14. Phillips’s lemma and limited sets. A subset B of a Banach space X is limited if 
lim, x*x =0 uniformly for x © B whenever (x*) is a weak* null sequence in 
xX*., 


(i) Limited sets are bounded. 
(ii) Relatively compact sets are hmited. 
(iii) In separable Banach spaces limited sets are relatively compact. 
(iv) The set {e,: 2 >1} of unit coordinate vectors is imited in /,,, but not in co. 


15. A theorem of Buck. In a finite-dimensional Banach space, a bounded sequence 
each subsequence of which has norm convergent arithmetic means is itself 
convergent. 


16. Weakly null sequences in cy. If (x,,) is a weakly null sequence in cy, then (x,) 
has a subsequence each subsequence of which has norm-null arithmetic means. 
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17. C[0,1] fails the weak Banach-Saks property. 


(i) For fixed positive integer k, show that there exists a nonnegative sequence 
(Sn Yn ot in Bejo,1; such that 
(a) gn(t)= 0 if ¢€@ (kK -1)/k, k/(k +1)). 
(b) lim, 2*(t) = 0, for all ¢ © [0,1]. 
(c) If n}<n,<---<n,, then there is a ¢) © [0,1] such that 8n,(to) = 


Bn (to) =°° = g(t) = =1. 
(ii) Following (i), prove that the sequence (f,) defined by 
ta = Bn t Bn t-° + Bn 


is a weakly null sequence in C[0,1] for which given n,;<n,<--: <n,,< 
Nmsy<* <Mz_, we have (f,, + --- +f,,,(t) 2% for all ¢ € [0,1]. 
18. Orlicz’s theorem in L,, p> 2. Let p> 2. 

(i) There is M > 0 so that for any real numbers a, 6 


|aj? + pbja|?~'sgna+ M|b|? <|a+ d/?. 


(ii) There is M > 0 so that for any f, g in L, [0,1] 
1 P 1 P 1 P 
fle? der Mf le(of aes [f(t og (ol at 
4) 0 0 


holds for some sign o = +1. 


(iii) From (ii) derive Orlicz’s theorem for p > 2, i.e., if L, f, is an uncondition- 
ally convergent series in L,[0,1], then L,,|I/,Il> <0. 


19. The Banach-Saks theorem for L,, p>2. Let p>2 and denote by [p] the 
greatest positive integer < p. 
(i) There are A, B > 0 such that for any real numbers a, b 


[7] 
la + bj? < jal? + pial? ‘bsgna + Albl? +B Dd, jal? ~|h|’. 
jz=2 


(ii) If (f,,) is a weakly null sequence in L,,(0,1], then (/,) has a subsequence 
(g,,) such that 


i 


- iP 


a. 8i(1) dt 


> g(t) 


im] 


as |S 


ln—1 Pp 
tef| X aC) 


l {n-1l 


nl » es) ele) a 


i=] p=] 


p-J 


S . 
+4 fle (ol di+B bs aap L 8i(t) Jen (#)) at. 


(iii) The subsequence (g,,) extracted in (ii) satisfies an estimate ||7_ 18; ll, < < Myn 
for some M > 0. 
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20. Absolutely p-summing operators in Hilbert space, 


(i) Using Khinchine’s inequalities, prove: ‘hat the natural inclusion a map i:l> 
l, is absolutely 1-summing. | 


(ii) Let H, K be Hilbert spaces. Recall that 4 noanded linear operator 7: H > K 
is a Hilbert-Schmidt operator when 7 admits a representation in the form 
Tx =2,A,(X,h,)kK,, where (A,,) € 2, (k,) +8 au orihonormai sequence in 
H and (k,,) is an orthonormal sequence si: K. Show that every Hilbert- 
Schmidt operator has the natural iaclusic:: «nap i: /, > 1,.as a factor. 
Consequently, every Hilbert-Schmidt cne-ator is absolutely 1-summing 
and the absolutely p-summing opevaters °:>.0 H to K coincide with the 
Hilbert-Schmidt class for every 1 < 3 < 2. 


21. Weakly compact sets in Lye [0,1] and the Dunjora-Fettis property for L,{0,1). | 
(i) Weakly compact sets in L,,[0,1} are norm separable. 


(ii) If #is a weakly compact subset of 2, j0.1], then for each e> 0 there is a 
measurable set BC [0,1] whose complemi:t has measure less than e such 
that { fcg: f € XH} is relatively norm compact in L,,[0,1]. 

(iii) ‘L,[0, 1} has the Dunford-Pettis property. 


22. Cotype 2. A Banach space E has cotype 2 if there exists a c(E) > 0 such that 
given x,,X2,...,X, © E; then 
2 1/2 
a 


(i) If E has cotype 2, then 7,(X; E) = 7,(X; &) for any 2 < p<oo and any 
Banach space X. 


¥ 1 (1)x, 


i=] 


iwml 


n 1/2 | ' 

| > isa <¢(E)| [ | 
0 

where (7,) is the sequence of Rademacher functions. 


(ii) Hilbert spaces have cotype 2. 


(iii) Let H, K be Hilbert spaces. and 1 < p < oo. Then 7,(H; K) coincides with 
the class of Hilbert-Schmidt operators from H to K. 


(iv) If1< p <2, then L,(0,1) has cotype 2. 


Notes and Remarks 


Banach proved Theorem 1 in case 2 is a compact metric space; however, his 
proof carries over to the general case. Once the dual of C(Q) is known as a 
space of measures, the weak convergence or weak Cauchyness of a sequence 
is easily recognized. Banach was in position to recognize this (at least in case 
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Q@ is a corspact metric space} being close to Saks and recognizing the 
relevance of integration theory. 

Theorem 2 is due to R. Baie It provides an elegant internal characteriza- 
tion of functions of the >: +. ue class. For an enjoyable read we recom- 
mend Hausdorff’s discus: on of Baire’s classification scheme of the bounded 
Borel functions. _ Oo 

Theorem 3 is due to K. .. Phillips (1940) and ¢an be found in his 
contribution “On linear transformations,” a paper filled with still delicious 
tidbits. The injectivity of i, 1s shared by other Banach spaces including 
Loo T)- and L oo (“)-spaces. The complete characterization of spaces comple- 
mented by a ‘norm-one projection in any superspace was. obtained by 
L. Nachbin (1950), D. Goodner (1950),. and J. L. Kelley (1952) i in the real | 
case and M. Hasumi (1958) in the complex case. Their result i is a Banach 
space X is complemented by & norm-gne projection in any super space if and 
only if there exists a. <xiremutliv disconnected compact Hausdorff space Q such . 
that X is isometrically isemorphic to C(Q). If you relax the demand that the. | 
projection be of ncrm ove, then you are face to face with a. long-standing. | 

open problem in Banach space theory: Which Banach spaces are comple- : 
mented in ary super space? - 

Theorem 4 is a marvelous discovery of A. Sobczyk (1941). Naturally, 
Sobezyk’s proor difcrs fo: the proof of Veech presented in the text. 
Another proof, die ie 4. Felezynski and found in his “Projections i in ceftain — 
Banach spaces” (196v), «s strongly recommended, too. a 

The statement of Theorem 4 actually characterizes cy) among the separabie 
Banach spaces; i.¢., any mfinite-dimensional separable Banach space com- 
plemented in any separasle super space is isomorphic to cg. That this is so is 
an admurabie achievemert oj racdern Banach space theory with the deciding 
blow being struck by he. fappes 19773. 

The fact that every separabie Jsonach space is a quotient of /, is, as we've 
already noted in the text, due to S. Banach and S. Mazur (1933). The 
corollary fact that /, is ue unique “projective” object among the separable 
infinite-dimensiona! Banach spaces seems to be due to J. Lindenstrauss. G. 
Kothe has extended the result to nonseparable spaces. 

The description of B(2)* is due to T. H. Hildebrandt (1934) and, 
independently, G. Fichtenholtz and L. V. Kantorovich (1934), The paper of 
K. Yosida and E. Hewitt (1952) is must reading in coming to understand the 
exact nature of individual members of ba(2); Exercise 10 is due to Yosida 
and Hewiit. 

Each of the results of the section on /*, Schur’s , theorem about /,, and the 
Orlicz-Pettis theorem is a “name” theorem; each has earned its place as 
such. The Nikodym boundedness theorem in ca(Z) was already referred to 
in Dunford and Schwartz as a “striking improvement of the principle of 
uniform boundedness” in that space. Grothendieck’s generalization spent 
some years in surprising anonymity, although it appeared in his widely 
ignored Sad Pauio lecture notes from the mid fifties. 
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Rosenthal’s lemma was instrumental in H. P. Rosenthal’s (1970) study of 
operators on C({2) spaces, where Q is an extremally disconnected compact 
Hausdorff space. Using variations on a common theme of disjointification, 
Rosenthal showed that nonweakly compact operators on such C(Q) fix a 
copy of /,, and that a dual containing a copy of c)(I°) also contains a copy 
of /.(T). Exercise 13 is to be found in this study. We follow Kupka’s 
approach in the text but recommend the reader treat himself to a reading of 
Drewnowski’s generalization (1975) of the Rosenthal lemma. 

Our presentation of many of the results of this chapter was inspired by an 
unpublished manuscript of J. Jerry Uhl, Jr., accompanied by many enjoy- 
able conversations with that individual regarding this material. This is 
especially true of Phillips’s lemma and Schur’s theorem, two grand old 
interchange-of-limits jewels. Incidentally, the original objective of Phillips’s 
lemma was part (d) of Exercise 14. 

Everything that appears in the third section, Weak Compactness in ca(2) 
and L,(y), save the results of M. I. Kadec and A. Pelczynski (1962) is at 
least stated in Dunford and Schwartz, and to a greater or lesser extent we 
have followed the spirit of their presentation. It was R. E. Huff who pointed 
out the proof of Theorem 9 and its natural similarity to many of the 
“continuity at a point implies global continuity” style results that occur in 
topological algebra. 

M. Fréchet introduced the metric d, and O. Nikodym took over the study 
of (2, d,). The upshot of Nikodym’s efforts is the fundamental Nikodym 
convergence theorem. 

G. Vitali (1907) showed that if (f,) is a sequence of Lebesgue-integrable 
functions on [0,1] which converge almost everywhere to f, then /if(s) ds 
and lim, /if,(s) ds exist and are equal if and only if the indefinite integrals 
of the f, are uniformly absolutely continuous with respect to Lebesgue 
measure. H. Hahn proved that if (f,) is a sequence of Lebesgue-integrable 
functions on [0,1] and if lim, /,f,(s) ds exists for every measurable set E, 
then the indefinite integrals are uniformly absolutely continuous and con- 
verge to a set function continuous with respect to Lebesgue measure. These 
set the stage for the Vitali-Hahn-Saks theorem proved in the generality set 
forth herein by S. Saks, by much the same method as employed here. 

The weak sequential completeness of ca(2) and L,(A) is an easy conse- 
quence of the Vitali-Hahn-Saks and Nikodym convergence theorems. 

Theorem 13 is due in the main to V. M. Dubrovskii (1947); we follow 
Dunford and Schwartz in principle for our presentation. Naturally the 
Dunford-Pettis theorem can be found in their memoir “Linear operations 
on summable functions” (1940). 

The paper of M. I. Kadec and A. Pelczynski (1962) analyzes the structure 
of subspaces of L,[0,1]} for p = 2 in addition to containing the gems treated 
in the text. Among the noteworthy results contained in Kadec-Pelczynski is 
their proof that Hilbertian subspaces of L,[0,1] are complemented whenever 
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p= 2, and their discovery that regardless of p>1, if X is a complemented 
infinite-dimensional subspace of L,[0,1), then either X is isomorphic to 1, or X 
contains a complemented subspace isomorphic to l,. 

The Kadec-Pelczynski alternative for subspaces of L,[0,1] was substan- 
‘tially improved by H. P. Rosenthal (1970). In his quest to know all there is 
to know about subspaces of L,[0,1], Rosenthal discovered the following. 


Theorem (Rosenthal). Let X be a closed linear subspace of L,{0,1). X is 
reflexive if and only if X does not contain l;' uniformly; in which case, X is 
isomorphic to a subspace of L,[0,1] for some 1 < p <2. 

The proof of this theorem depends on some diabolically clever change- 
of-density arguments that evolve from the Grothendieck-Pietsch domination 
scheme. It was an analysis of Rosenthal’s argument that, in part, put 
B. Maurey and G. Pisier on the right path toward their “Great Theorem.” 

The Dieudonné-Grothendieck theorem was proved in a special case by 
J. Dieudonné and given general treatment by A. Grothendieck in his 
Canadian Journal of Mathematics memoir (1953). It was there that the 
Dunford-Pettis property was first isolated and the results of Exercise 1 
derived. Theorem 15 is also found in this basic contribution; spaces X with 
the property that weak* null sequences in X* are weakly null are often 
called Grothendieck spaces. 

Khinchine’s inequalities are an old and venerable contribution due to 
A. Khinchine. It is only recently that S. Szarek and U. Haagerup found the 
best constants in these inequalities. 

Our presentation of Orlicz’s theorem follows W. Orlicz’s original proof 
(1930); Exercise 18 indicates the modification necessary in case p> 2. 
Actually with a bit of tender love and care Orlicz’s proof can te made 
to prove the following: Suppose L, f, is a series in L,[0,1] for whic’ 
x,,£,J/, converges for almost all sequence (e,) of signs in {+1}*%. Then 
Call fallo7?* “2!") < 00. Here cotype L,[0,1]= 2 if 1< p < 2, whereas cotype 
L,[0,1]= p if p > 2. In light of our first proof of the Orlicz-Pettis theorem, it 
seems fitting that this sharpening of Orlicz’s theorems apparently involves 
some apparent relationship to the behavior of sums of independent random 
variables having values in a Banach space. 

The application of Khinchine’s inequalities to p-summing operators was 
first broached by A. Pelczynski (1967) and A. Pietsch (1967). 

The Banach-Saks phenomenon in L, [0,1] for 1 < p < oo has a curious tale 
accompanying it. In their original note Banach and Saks (1930) make 
special mention of the failure of the phenomenon in L,[{0,1]; indeed, they 
claim to produce a weakly null sequence in L,[0,1] without any subse- 
quences having norm convergent arithmetic means. Of course, W. Szlenk’s 
proof (1965) bares the Banach-Saks slip. 

We cannot leave our discussion of the Banach-Saks-Szlenk theorem 
without recalling the now celebrated discovery of J. Komlés (1967): Given a 
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bounded sequence (f,) in L,[0,1] there exists an f © L,[0,1] and a subse- 
quence (g,) of (f,,) such that each subsequence (h,,) of (g,,) satisfies 
f= lim = >> h, almost everywhere. 
” k=l 

Yirat C[0,1] fails the so-called weak Banach-Saks property was first 
shown by J. Schreier; we take our proof (Exercise 17) from J. Bourgain’s 
(1979) penetrating study of operators on C({&2) that fix copies of C(a) for 
various ordinals a. 

The uncovering of the sum operator as a universally nonweakly compact 
operator was the work of J. Lindenstrauss and A. Pelczynski (1968) while 
W. 6. Johnson (1971) used this to show the universality of the formal 
identity i: /, +1, aS a noncompact operator. 
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CHAPTER VIII 
Weak Convergence and Unconditionally 


Convergent Series in Uniformly Convex 
Spaces 


In this chapter, we prove three results too stunning not to be in the 
spotlight. These results are typical of the most attractive aspects of the 
theory of Banach spaces in that they are proved under easily stated, 
commonly understood hypotheses, are readily appreciated by Banach spacers 
and non-Banach spacers alike, and have proofs that bare their geometric 
souls. 

The fundamentally geometric concept underlying each of the results is 
that of uniform convexity. Recall that a Banach space X is uniformly convex 
if given e> 0 there is a 6 > 0 such that whenever x, y © Sy and ||x — y|| =e, 
then |x + y)/2||<1— 6. An illustration should enlighten the reader as to 
the origin of the name. 

Since the notion of uniform convexity involves keeping (uniform) control 
of convex combinations of points on the sphere, we worry only about real 
Banach spaces. 

Let X be a (real) uniformly convex Banach space. For 0 < e< 2 let 6,(e) 
be defined by 


. x+ 
(e) = inf{1-|*>* |: x, ye Sy, |x — yl =e}. 


The function 6,:[0,2] — [0,1] is called the modulus of convexity of the space 
X and plainly 6,(«)>0 whenever e> 0. Often we suppress X’s role and 
denote the modulus by just 6(e). Naturally, the modulus of convexity plays 
a key role in all that we do throughout this chapter. 

Our attention throughout this chapter will be focused on the following 
three theorems: 


Theorem 1 (S. Kakutani). Every bounded sequence in a uniformly convex 
Banach space admits of a subsequence whose arithmetic means are norm 
convergent. 
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Theorem 2 (M. Kadet). Jf 2,,x,, is an unconditionally convergent series in the 
uniformly convex space X, then 


L5(Ix,ll) < 00. 


Theorem 3 (N. and V. Gurarii). If the normalized Schauder basis (x,,) spans 
a uniformly convex space X, then there is a p>1 and an A>Q such that 
v4,x, = X whenever (a,) El, 


|Z2,x, 
n 


< All(a,,)|l,- 


We start by studying 6; more precisely, we show 


1. d(e) = inf{1 — [K(x + y)/2||: x, y © By, |lx — yl| =e}, 
2. 5(e,) < 5(e,) whenever 0 < e, < e, <2, 
3. d(e,)/e, < 8(e,)/e, whenever 0 < e, < €, < 2. 


These facts follow from the corresponding facts about uniformly convex 
Banach spaces of finitely many dimensions and the following more or less 
obvious consequence of the definition of the modulus of convexity: 


5(e) = inf{5,(e): Y is a finite-dimensional subspace of X }. 


This in hand we will prove statements 1, 2, and 3 for finite-dimensional X; 
as one might expect, the compactness of closed bounded sets eases the proof 
of each claim. 

In each of the next three lemmas, X is a finite-dimensional uniformly 
convex space. 


Lemma 4. 8(e) = inf(1— |x + y)/2I|: lll, ll $1 [lx — yll =e}. 


PrRooF. We begin with a remark about local maxima for linear functionals: 
whenever » © Sy« achieves a local maximum at x © Sy, then |p(x)| is a global 
maximum for |p| on Sy. | 

Why is this so? Well, take any e> 0 and find u€ S, so that p(u) >1-—e. 
If A is close enough to 0, then 


x+ {Alu x): 
| Ix + [Ala | <(s); 
SO 
p(x + |Aju) = p(x)+|Alp(u) < lx + |Alullp(x<) 
and 


|Ale(u) < (Ix + JAlul] —1) p(x) s [Alle(~)]. 
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From this we conclude that |g(x)[>=qm(u)>1-—e. «€ 1s arbitrarily chosen 
after the identity of x has been established; so |g(x)| =1. 
Now let’s see that 5(e) is indeed the quantity: 


inf 1 - |= * |: x, ye By, ||x - yll=e}. 


What we show is that the above inf is attained (in the presence of the added 
hypothesis that dim X < co) when on the unit sphere. 
Let 0 <e< 2 and choose x, y € B, so that 


|x + y|| = sup{|lu + olj: u,v © By, |lu — ol] =e}. 
Assume that j|x]| < |] || (so |] y|] # 0). 


First we show that j| y|| is necessarily 1. In fact, if we let c= (1— || yl) 72, 
then 0 < c <1. Considering the vectors 


(l—¢)x+cy (1-—c)(y)+cx 

aD and y= 
Ilyil yl! 

we find that x,, y, € By and ||x, — y,|| = «. Therefore, 

‘I, + yall S lhe + JIL 


x, = 


But 


X,+ 


Since || y|] <1, it follows from this last inequality and our choice of x, » that 


iyi! =I. 
Having ascertained that || yl = 1, what about x? Of course, tf ||x|| =1, too. 
then we are done. Suppose ||x|| <1. Pick go € Sy« so that 


y 
@P 1. 


For any z € By, with ||z — y|| = « we have 


g(zty)sllz+ yilsilx+ yll=o(xt+y), 


and so 


p(z)< (x). 

@ attains its maximum value on B, N(y+eSy) at x. Suppose that we let 
U={ueES,:y+eue By\S,}. U is relatively open in S, and contains 
(x — y)/e. By what we have just done, @ attains its maximum value 
throughout U at (x — y)/e. Our opening remark alerts us to the fact that |¢| 
attains its global maximum on Sy, at (x — y)/e. Plainly |p((x — y)/e)| =1. 
Recalling that e= ||x — y||, we are left with the possibilities that p(x — y)= 
|x — y|| or p(x — y) = — ||x — yl]. The first of these possibilities is ruled out 
by our supposition that ||x|| <1; indeed, 


p(x) =4p((x t+ y)+(x— y)) = Hx + vil ly — x1) = Hay =1 
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makes sense if p(x — y) = ||x — y|| and forces ||x|| =>1. The second possibil- 
ity, p(x — y) = — ||x — yl, is then the reality of the situation. This firmly in 
mind, take any z € By with ||z — y|j =e. Then 


le(z= y\lsle(x—- y)l=e;. 


SO 
—e=9(x-y)<o(z-y) 
and 
p(x) <(z). 
But then 
p(x+y)<o(z+y), 
forcing 


| lz + yl] = [lx + yIl. 
In short, should ||x||<1, then any z€ By, such that j/z — y|| =e satisfies 
[|z + y|| = [|x + ||. Our poor first choice of x just has to be replaced by a z 
in Sy such that ||z — y|| =e. oO 


An important consequence of the above is the nondecreasing nature of 6. 
Lemma 5. 8 is a nondecreasing function of e in [0,2]. 


ProoF. Let 0 <e, < e, <2. 
Pick x, y@ Sy so that ||x — y|| =e, and ||x + yj] = 21 — 6(e,)). Let c= 
(e, — &€,)/2e,.0<c¢<1. Set 


=(1—c)x+cy and y,=(1-c)yt+cx. 


Plainly x,, y, <B, and it is quickly checked that ||x, — y,|| = e,. Further- 


more, ||x, + y,]| = ||x + yl]; so by the previous lemma we see that 
xX, + + 
17 1 =1-|752 |= (2). oO 


Lemma 6. Let 5,(s) be defined for 0 < s by 
6,(s)= inf {max{||u + svjl, ||u— sv|]}—1}. 
u,ve Sy 


Then f(s) = 5,(s)/s is nondecreasing on (0,00) and 


teh i 2(1- STON 


PROOF. Fixing u, v © Sy momentarily and letting g,, ,(s) be defined by 
8u,v(S) = max { l|u + sv], || — sv||} —1, 
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we see that g,, , is a convex function on [0, oo) that vanishes at 0. Therefore, 
whenever 0 <5 <f, 


t—S S 
Bu.u(8) = Bu, t 0+ 0 


t—s s s 
< —— 8u,v (9) + 5 8u,0(t) = 7 8u,0(4)- 
Consequently, g, ,(s)/s is nondecreasing for s € [0, 00). Taking infima, we 
find that f(s)/s is nondecreasing, too. 
Now we establish the beautiful formula 
S(e) 1 i{ = ) 
e 2° \ 2(1— 6(e)) / 
Let 0<e<2 be given. Choose x, ye Sy, so that ||x—y||=e and 
I(x + y)/2|| =1— 6(e). Let 


~2*tY ang po 2. 
lx + yll lx + yl 
Of course, 
jul] =1 and 


lel = = a) 
llx+ yll 2(1-8(e))- 
We consider s = |{v||. Since ||u + v|| =1/[1 —6(.e)], 


ee vl 

8,(s) <llus fol 2 | —3 = hw + tho] | 1 
_ 1 __ _ dle) 
1-8(e) 17 1=8(e)" 


On the other hand, we can pick u’ and v’ so that ||u’|| =1, ||v’||=5 and 
max{ ||’ + v’||, |lu’ — v/I]} =1+ 6,(s) =1/a. Letting 


x’=a(u’+v’) and y’=a(u’—v’) 


we get x’, y’& B, and ||x’ — y’|| = 2as. It follows that 


8(2as) <1-— = 
1 
e 1+ 8,(s) 
_ 6,(s) 
1+6,(s) 


Since ¢/(1+ 1) is increasing on [0, 00) and 6,(s) < 6(e)/[1— 8(e)], the last 
quantity above is 
8(e)/[1—8(e)] 
14 8(e)/{1—4(e))  O6*) 
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Ah ha! 6 is nondecreasing. Should 6(2as) = 5(e), then 
5,(s) 


6 oe 
(2) S775 (5) 
So. 
8(e) <8,(s)(1— 8(e)), 
or 
5(e) 
1— 86) < 6,(s). 
On the other hand, 6(2as) < ne ensures that 2as < e so that 
2s 5(e) 
5 a ae 
s)= 9-12 l= 55: 


as an easy computation involving s = ¢/2(1— 6(e€)) shows. The upshot of all 
this is that thanks to 6’s monotonicity, 


__ 4(e) 
i(s) ~ 1-6(e)’ 


It is pretty straightforward to derive the sought-after formula from this. O 
Theorem 2 is now an immediate consequence of the next lemma. 


Lemma 7. Let x,,X,...,x,€X Satisfy max, .4,|27_,€,x,|| <2. Then 
p= 19({|x;|) <1. 


PROOF. We Suppose | of course that the x, are nonzero. 
Let e, be the sign that produces the longer vector of E,X, + €5Xo, 1e., 
2 =1 if |[x, + x2] = lly — x9l| and e, = —1 if lx, — x9I| > [|x + xl]. 
* Let S, = €,X, + €)X. 
Consider the vectors 
Soi” 


2 
= and y= 
Sl » 


then x, y € B, so that 


x+ 
|>2 | s1- 51 - yp. 


If we look to the definition of x and y, then this last inequality quickly 
translates inio 


|S, — €2X4||l | 2\|x4ll 
———____-_—. <]-— 6 
SII I| Soi] 
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which in turn is the same as 


2\|x2ll Heal] — SSH Sail 
6| - <1- =, 
( II SI WSoll Soll 


We record this fact in the more convenient form 


2ilxall . 
1541 om } <IS4I- IS (1) 
Sal 


Pursuing things a bit further, we notice that 2//||S,|| =>1 so that 


2 
6( isl 
6(xal)) Soil" all 
lx2l] 


To all 
IS2i0" 7 


by the monotonicity of 5(e)/e. It follows that | 


4 2\|x2il 
28(||x2ll) < isul8{ eat (2) 
II Soll 
Getting expressions (1) and (2) together but eliminating the middle man, 
we get 
28(Ilxll) < ISall— [Sill 


Let e, be the sign that produces the longer vector S, + €3x3; 1.¢., €; =1 if 
[| S_ + x3[] = |S. — x3]|, but e, = — 1 if ||S, + x3]| < IS. — xl. 
Let S, = S, + €,x,. As we did above, we now are ready to set 


x=—3. and y= 23 
SalI y~ TSS 


Proceed along a parallel to that followed above, and on 1 arrival at your 
planned destination you ought to find 


28(\|xsll) < I|S5il— (Sal. 


After repeating this argument a number of times and making the usual 
allowances for S, (set it = 0), we have in our telescopic sights the following 


26 (II11I) < Sill ISoll 
26 (Ix2ll) < lSoll~ Si 
28(|Ixsll) S$ ISsll— [Soll 


25(HXnll) < ISall— 1S, —111- Oo 


In making our way to the proof of Kakutani’s Theorem 1 the following 
result of V. P. Milman and B. J. Pettis plays an important role. Its 
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exceedingly short proof is due to J. Lindenstrauss and L. Tzafriri and serves 
as an excellent example of the clarity of view improving with the years. 


Theorem (Milman-Pettis). Uniformly convex Banach spaces are reflexive. 


PRooF. Let x** © Syss. Select a net (x4)gep from By such that x**= 
weak* lim ,x,; such a net exists through the good graces of Goldstine’s 
theorem. Since 2x** is the weak* limit of the doubly indexed net (x, + 
Xa)(d.d’ye pxp and the norm in X** is weak* lower semicontinuous, we 
know that lim,y 4)llx¥qg + Xq-ll = 2. The uniform convexity of X allows us to 
conclude that lim, gllxg — Xq'll = 9. Since X is complete, (x,) converges 
in norm to a member of X; this can only be x**. O 


PROOF OF THEOREM 1. In light of the Milman-Pettis theorem and the 
Eberiein-Smulian theorem, it is enough to show that each weakly null 
sequence (x,,) of terms from B, admits of a subsequence having norm-con- 
vergent arithmetic means. 

Let (x,,) be such a sequence. 

Let 6 be the bigger of 1— 5(4) and 3. 

Let m, = 2. 

If ||x,|| <4, then |\(x, + x;)/2|| <3 < 9; in this case we let m, = 3. 

If ||x,|| >4, then there is an m > 2 so that ||x, — x,,|| > 4. 
In fact, were ||x, — x,,|| <4 for all m> 2, then we would have for any x* in 
By. that 


[x*x,| = lim|x*x, — x*x,| < lim||x,— ~x,,|| <4. 
m m 
Let m, be the first m > 2 for which ||x,— x,,|| 24. Since x,, , X»,& By we 
have |K(x,,, + Xm,)/2|| <1— 8) s 6. 
In any case we can choose m, > m, so that 
Xm, + Xm, 


5 <8. 


Let m; =m, +1. 

If ||x,,,l| +, then IM Xm, + Xm, + 1)/2\1 4 < 0. In this case let m, = m, +1. 

If |/x,,,[I > 2 then there is an m,> mz, so that ||x,,,—x,,,|| 2%. Since 
Xm. Xm, are in By we have 


m3? “Mm, 
Xm,tx 
5 | s1-8(4) 9. 
In any case we can choose m, > m, so that 
Xm,+Xm, 
—,— || s 4. 
2 


Let m5 =m, +1. 
Continue in this vein. 
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We obtain a subsequence (x,,_) of (x,,) for which given any k 


|x +X_,,||< 29. 


Mok-1 

Before proceeding to the next step, we take note of a fact about the 
modulus of convexity which follows by means of an easy normalization 
argument involving statement 1 cited in the proof of Kadet’s theorem, 
namely, the fact that whenever ||x — y|| => emax(||x|l, || y|[), then |x + yl] < 


2(1 — 6(€))max(||x\l, Il yl). 
Let (x!) be the sequence defined by 


\|x1|| < @ for all kK. Moreover, (x?,) is weakly null. 

Let m,(1) = 2. | 

If ||x}|| < 9/2, then |\(x} + x})/2|| < 30/4 < 6. 

If ||x}|| > 6/2, then there is an m> 2 so that ||x} — x)|||>0/2. Indeed, 
were ||x} — x1|| < 6/2 for all m> 2, then for any x* € B,.» we would have 


[x*x}] = lim|x*x} — x*xi | < lim||x} — x}|| < 6/2. 
m m 


Now, once ||x} — x}, || = 6/2, we have that ||x} + x), ||/2 < (1—6(4)), and so 
IIx + x},I| < 2(1 — 6(4))max(|]x5 II, tla) ll) < 287. 
In any case there 1s a first m,(1) > m,(1) = 2 for which 


1 _ wl 2 
ae ~ x1 al s 26 ° 


The attentive reader can see how we now go about selecting 
m,(1), m,(1), ..., in an increasing fashion [with m,(1) = m,(1)+1] so as to 
ensure that 


1 1 2 
ev + x},,.a < 26 


holds for all n. 
Let (x2) be the sequence given by 
2X = Xia 1(1) + Xm aq (hd 
Then ||x?\|| < 0? for all n. Moreover, (x?) is weakly null. 


Proceeding as before, we can select an increasing sequence (m,(2)) of 
indices with m,(2) = 2 so that for every n 


2 2 3 
x2... + x2 all Ss 20 ‘° 
Let (x?) be the sequence defined by 
3.2 2 
2X5 = Xmaq 2) + Xm3_(2)° 


n 


The iteration seems clear enough: at the pth stage we have a sequence 
(x?) of vectors each of norm < 6? and such that weak lim, x? =0. We select 
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an increasing sequence (m,(p)) of indices [with m,(p)=2] in such a 
manner that 


4 P p+l 
|x? acy + a Ss 26 ° 
This lets us define the sequence (x?*") by 
+1 _ 
2x7 ~ Xiton-(p) + Xan) 


and on so doing obtain a weakly null sequence each term of which has norm 
<6Pt?. 
Now to keep careful books, we tabulate 


1 
xi ~ (Xm, + Xm)» 
2 _ 1 1 
= (xh + Xai) 
=1(1 1 
2 ( 2 ( Xam (1)—1 + Xmam(t)) +3 ( Xmsy,(1)—1 + X mang) } 


1 
= 5 ( Xnnzoq()—1 F Xm rm 2) + X mm (1)—1 TF Ximams(l))? 


where we note that the indices in this last expression are strictly increasing 
as one proceeds from left to right. If we continue to backtrack, we find that 
for any p >1 the vector xf is representable in the form 


xf _ 2-P(x1¢p) + X1,(p) Free + Xio(p)) 


where 1 </,(1) </,(1) < /,(2) < /,(2) < /,(2) </,(2)--- . Further, we have 
arranged things so that if g < p and1<i<2?~ 4%, then the average of the ith 
block of 27 members of X1(p)>°** >XIgp(p)? 


—q see 
2 (x), tet) + + Xiap)) 


is a member of the sequence (x7) and as such has norm < 07. 
Let n, =1,n,=4,(0), 13, =1,Q), 14 =/,(2), 1,5 =/,(2), .... 
Take any k >1 and suppose r7’ < k < (r +1)2%. Then 


IIX_, + 00 +X_,I Spent 7° + Xn, 
r 
+ » Xn.,-vae + i | 
jm=2 


+ {|x 


tts +X, 


Nr2q 
< (27—-1)4+(r —1)2907 +29. 

It follows that 

X, tet: $x 


ny ny — (27-1) (r —1)2964 27 
< im + + i + k 
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Before embarking on the proof of Theorem 3, we wish to make a point 
about the inclination of a basic sequence. If (x,,) is a basic sequence, then 
the inclination of (x,,) is the number | 

k = inf distance(S,,,. x14: > ”]), 
where [A] denotes, as usual, the closed linear span of A. Our point is just 
this: if the basic sequence (x,,) has basis constant K and inclination k, then 


kK =1. 
In fact, we know that for any scalars b,,...,b,,, Basis - ->2m+n that 


m m+n . 
Li 5:x; <K di bx; |; 
i=1 i=1 
‘so that should 171,5,x,€@ Sy, then regardless of 5,,.1,.--,B,4n. We would 
have 
m | m m+n 
» bx; <3 K » b,x; — > 5;x; 
i=1 | i=] i=m+1 
It follows that 
m+n 
> b,x; 
i=] im=m+1 


or 


K-<k, thatis,1< Kk. 


On the way toward establishing equality, take any vector of the form 
Lint "b,x, and look at £7 ,b,x, €[x,...,X,,]. Suppose £7, b,x, # 0. Then 


distance 


i=l 
Therefore, recalling an idea of Banach, we can find an x* such that 
x* vanishes on [x;: j> m| ; 


x*| » bx, = » B;x; 


i=l i=] 


> 


and 


I" || = 


9 


distance 5 >; i >: bx; 


i=] i=] 


[sj 4> ml] 
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a number <1/k. It follows that 


m+n 


Pun » b;x; 


i=] 


» b;x; 


i=] 


> b,x, |]. 


i=1 
From this we see that ||P_,|| <1/k, and so, keeping in mind the fact that 
K =sup,,||P,,|| we see that k <1/K or Kk <1. 

Now suppose we have a normalized basic sequence (x,,) that spans a 
uniformly convex space. Suppose (x,,) has a basic constant K and, corre- 
spondingly, an inclination of k =1/K. Let p be chosen so that 


(2[1-S..3,.:(4)]) <2. 
Since given x, y © Sy for which ||x — y|| => & we have 
Ix + yll s 2(1 - 5x,1,.,(*)): 
it follows that the continuous functions g(t) and x(t) given by 
p(ty=llxt+ol?, x(t) =1t+e? 


satisfy m(1) < x(1); consequently, there is an 7 > 0 so that 
|x + ty]? <14+ 727, 


whenever ||1 — ¢|| < 7. Of course, we can assume 7 is very small, say y <1. 


Claim. For any finitely nonzero sequence (a,,) of scalars we have 

n 

I | Lem tm | <a) I (3) 
m 


The proof of this claim (and, consequently, of Theorem 3) will be an 
induction on the number / of nonzero terms in vectors of the form L/_,a,x;. 
For /=1, expression (3) is plainly so. So suppose (3) holds for vectors 
Lv m4mXm that have no more than / nonzero a,, where />1, and consider a 
vector 1,,5,,X,, Where /+1 of the 5, are nonzero. For sanity in notation, 
we assume we are looking at a vector L/*15,x;, where all the b, are nonzero. 
Of course, if just one of the coefficients exceeds the left side of (3) in 
modulus, then we are done; so we need to see what happens when all / +1 


of the 5b, satisfy 


q 
lb <3 


i=] 


¥ ba 
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For 1 < j </, consider the vectors 


] {+1 
y= » b;x;, >> bX; = Z;. 
i=] imj+l 
Plainly, 
{+1 
IMyj+all— UN yylll, [zj+1ll- lz,lll < Lu b,x; 
ix 


for j=1,2,...,/, where z,,,=0 and y,,,=L/t1b,x;. It follows easily that 
for some special /, 1< j</ 
1+1 


Lu b,x; (4) 


We suppose that || y,|| = ||z,|| and for reasons of homogeneity assume || y;|| = 1. 
Since 


[I yll— Nz, < 5 


1+1 
d b,x, = yj +2; 
i=1 
it follows that 
1+1 
L b,x; || <lyll+ llz,ll s 2. 
j= 


Expression (4) assures us that 


[2 — Hz lll =[Nyl— llzyllls 5 a: Li b,x; || < 
im] 
In light of (3) this tells us that 
i+1 P n p 
E 2 bx, | = (Buy, + zl] 
P 
= 4)", + Zz. Fi 
(3) r+ leley 
n 


< (3 )" (ilyll? + llz,l?) [(3) enters here] 


P i+1 P 
<{4 ¥ bx, | (3 > oa] , 
i=l] i=mjt+l 


which by our inductive hypothesis, 
P 
<||(0,, by,...,5;,0,0,...) |], 


P 


+ |[(0,...,0, Buy rs---1B)41005-.-) [f, 
=) Ip 
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Exercises 


1. No trees grow in uniformly convexifiable spaces. A finite tree in the Banach space 
X is a set of elements of the form {x,, x2, %3,...,X2._,}, where for each 
plausible index k we have 

x, = 22k T X2K+1 
k 9) . 
The height of the finite tree {x,, x 2,X3,...,X 2._,} is the integer n—1. If the 
finite tree { x,, X,X3,-..,X z»_,} also satisfies the conditions 
Xe — Xagll = 9, [xy — XK il] 29 


for all plausible k, then it is called a 5-tree of height n—1. A Banach space X has 
the finite tree property if there is a 6 > 0 such that B, contains 6-trees of arbitrary 
heights. 


(i) Uniformly convex spaces do not have the finite tree property. 
(ii) The finite tree property is an isomorphic invariant. 


(iii) If there is a constant K > 0 such that for each n, a one-to-one linear operator 
T,: {{ > X can be found with |[7, IIIT y ‘lecrjup; ay SK, then X has the finite 
tree property. 

2. An analysis. of Kakutani’ s proof of Theorem 1. Suppose we are given a positive 


integer m > 2. We say the Banach space X has property A,, if X is reflexive and 
there is a, 0<a<1, such that given a weakly null sequence (x,) in By, we can 


find n,<--- <2, such that 
| m 
» Xn, <am_ sup _ |{lx,,|l- 
k=] l<k<m 


We noticed in the above proof that uniformly convex spaces have A,. 
(i) If m, =m, and X has A,,, then X has A,,,, 
(ii) If X has A,, for some m > 2, then X enjoys the Banach-Saks property. 
3. Kakutani’s theorem via the (Gurarii)* theorem. | 


(i) If (x,,) is a bounded sequence in a Banach space X and (£72k 7 'x,) ps1 is 
norm convergent, then so, too, is the sequence (n~'L7_,x,), >, norm 
convergent. 7 


(ii) Derive Kakutani’s theorem from the (Gurarii)? theorem, (i), and the results 
of Chapter VI. 


4. Upper and lower | ,-estimates of (Gurarii)* type. Suppose there are constants A > 0 
and p >1 so that given a normalized basic sequence (x,,) in the Banach space X, 
then | 


ICa,) p< 4] Da,x5]< 47a.) ly 


~'+(p’)~!=1 holds for all scalar sequences (a, ). Show that each normalized 
basic sequence in X is boundedly complete. 
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Notes and Remarks 


At the instigation of J. D. Tamarkin, J. A. Clarkson (1936) introduced the 
class of uniformly convex spaces. His avowed purpose, admirably achieved, 
was to prove the following theorem. 


Theorem (J. A. Clarkson). Zf X is a uniformly convex Banach space and 
f: [0,1] —~ X has bounded variation, then 


Hv. we, Lt+h-f(9O 
f (1) = lim nn 


exists almost everywhere. 
Furthermore, should f be absolutely continuous, then for all t, 


f(t) = £(0)+ ( Bochner) ['f’s) ds. 


By way of exhibiting nontrivial examples of uniformly convex spaces, 
Clarkson established “Clarkson’s inequalities” and, in so doing, proved that 
L, [0,1] is uniformly convex whenever 1 < p < oo. It’s a short trip from the 
uniform convexity of L,[0,1] to that of L,(#), for any # and 1< p <oo. 

Since the appearance of uniformly convexity on the scene, many im- 
portant classes of function spaces have been thoroughly researched with an 
eye to sorting out the uniformly convex members. It has long been known, 
for instance, that if 1 < p< oo and X is a uniformly convex space, then the 
space L,(, X) is uniformly convex for any p; the discovery of this fact 
seems to be due to E. J. McShane (1950). Indeed, McShane gave a proof of 
the uniform convexity of L,(», X) which in order to encompass the 
vectorial case considerably simplified the existing proofs for plain old 
L,(u).- | 

"A complete characterization of the uniformly convex Orlicz spaces, re- 
gardiess of whether the Orlicz norm or the Luxemburg norm is used, has 
been obtained through the efforts of W. A. J. Luxemburg, H. W. Milnes 
(1957), B. A. Akimovié (1972), and A. Kaminska (1982). | 

The Lorentz spaces have proved to be somewhat more elusive. The spaces 
L,,. are uniformly convexifiable whenever they are reflexive, 1.e., if 1< p, 
q<oo; whether these spaces are uniformly convex in certain of their 
naturally occurring norms remains an enigma of sorts. For the Lorentz 
spaces L,, ,, I. Halperin (1954) has given some criteria for the uniform 
convexity; in the case of the Lorentz sequence spaces d(a, p), Z. Altshuler 
(1975) proved that their uniform convexity is equivalent to their uniform 
convexifiability and gives criteria in terms of the weight a for such. 

The Schatten classes C, were shown to be uniformly convex whenever 
1< p<oo by C. A. McCarthy (1967). J. Arazy (1981) has proved that for a 
separable symmetric Banach sequence space E the associated Schatten 
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unitary matrix space C, is uniformly convexifiable if and only if E is; Arazy 
leaves open the determination of whether C, is uniformly convex when E is, 
however. 

The reflexivity of uniformly convex spaces was established independently 
by D. P. Milman (1970) and B. J. Pettis (1939). For some reason, Milman’s 
role in this matter is more widely known; in any case, the original proofs 
by Milman and Pettis vary greatly. Milman’s proof was an early model 
upon which S. Kakutani (1939) made substantial improvements; both 
J. Dieudonné (1942) and A. F. Ruston (1949) effected further streamlining 
with Dieudonné’s proof quite close in spirit (if not in execution) to the proof 
given in this text. We owe to J. Lindenstrauss and L. Tzafriri (1977, 1979) 
the proof found in these pages. 

Pettis’s approach to the Milman-Pettis theorem is often a surprise to 
present-day mathematicians: he calls upon finitely additive measures for 
help. Actually, the main idea behind Pettis’s proof comes from H. H. 
Goldstine (1938) who used the idea in establishing “Goldstine’s theorem”; 
since Pettis’s proof is so different from the others, we discuss it a bit further. 

Here is the setup: realize that for any Banach space X, X* is always 
(isometrically isomorphic to) a closed linear subspace of /.,( B,). Therefore, 
following the directions provided us by Chapter VII, any x** € (X*)* has 
a Hahn-Banach extension to a member x of /,,(B,)* which we know to be 
ba(2°x). It follows that x** has the form 


xeefm fl f(x) dx(2), 


for all f € /.( By); moreover, ||x**{| = |x B,). So far the fact that B, is the 
closed unit ball of a Banach space has been exploited but sparingly. Look at 
x” and x™ 


+, Ixl+x - _ Ixl-x 

x 2° x 2” 

which are both nonnegative members of ba(2®*). Of course, x = x* — x7; 
for E < By define pE = — E and consider p(E)= x*(E)+x( pE). pis a 
nonnegative member of ba(2°*) for which 


x**x* = f x*(x) du(x) 


holds for all x* © X*. Moreover, |\|x**|| = u( By). Using the integration with 
respect to finitely additive measures that was developed in Chapter VII, it is 
now easy to prove Goldstine’s theorem. 

What about the Milman-Pettis theorem? Well, suppose X is uniformly 
convex and x** & S,... There is a sequence (x*) in Sy. with x**(x*) at 
least 1-1/n and, naturally, one locates a sequence (x,) in S, for which 
x*(x,) =1; the uniform convexity of X can (and should) be used to see that 
each x, is unique in S, with respect to the condition x*x, =1. All this is a 
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rather typical warm-up for the main effort of this proof: show x** © X. We 
assert; with Pettis, that (x,) is a Cauchy sequence with limit x**; of course, 
we represent x** by ys a la Goldstine. | 

Let e> 0 be given and look at B,(e)= {x © By: ||x — x,|| < e}. By uni- 
form convexity, there is a 6, > 0 so that for any x* © X* if xE Sy, yE By, 
x*x =||x*\|, and ||x — y|| =e, then x*y < (1— §)||x*]|. Now integrating x* 
over By, = B,(e)U[By\ B,(e€)] ought to lead to the estimate p(B,\ B,(e)) < 
(n&,)~}. From this one’ quickly deduces that for m, n large enough, B,,(«) 
and 8 (e) intersect, i.e., (x,) is a Cauchy sequence. Suppose its limit is 
denoted by x,. Then B,(e) contains B,(e/2) for all n sufficiently large, 
allowing us to conclude that B,\ Bo(e) has p-measure zero. Now it is easy to 
see that x, = x**. In fact, if x* © X*, 


fo xtxdu(x)— f° x*xodu(x) 


[x**x* — x*xo| ~ 


< | |x*x — x*x,|du(x) 
By 


=f + =f |x*x — x*x,|du(x) 
Bo(e) By\ Bo(e) Bo(e) 


<||x*| © #( Bo(e)) < Ix" lle, 
which completes our proof. 

We have repeated Kakutani’s original proof with nary a change to be 
found. An alternative proof, building on the (Gurarii)? theorem, is indicated 
in the exercises; it was shown to us by D. J. H. Garling in 1978. The exercise 
analyzing Kakutani’s proof i is inspired by work of J. R. Partington (1977). . 

T.-Nishiuta and-D. Waterman first demonstrated that a Banach space with ° 
the Banach-Saks property is reflexive. Other proofs have been offered, 
notably by J. Diestel (1975) and D. van Dulst (1978); still another can be 
found in the exercises following Rosenthal’s dichotomy. A. Baernstein II 
(1972) gave the first example of a reflexive Banach space that does not have 
the ‘Banach-Saks property; C. Seifert (1978) showed that the dual cf 
Baernstein’s space has the Banach-Saks property leaving open the question 
of just what property is dual to the Banach-Saks property. In affairs of a 
Banach-Saks nature, the wise thing is to consult the works of B. Beauzamy 
(1976, 1979), whe gives apt characterizations of the Banach-Saks property, 
the Banach-Saks-Rosenthal property, and the alternating-signs Banach-Saks 
property. | 

M. Kadeé (1956) first proved Theorem 2; however, we follow T. Figiel’s 
(1976) lead in this matter with A. T. Plant’s (1981) hints along the way 
being of obvious help. The attentive reader will, no doubt, be suspicious of 
possible connections between Kadet’s result and Orlicz’s theorem found in 
Chapter VII. In fact, if 1 < p <oo, then Theorem 2 encompasses Exercise 20 
of Chapter VII. This follows from the determination [by Hanner (1956)] of 
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the asymptotic behavior of the modulus of convexity of L,(“); precisely, for 
any nontrivial measure p, 


e ifl<p<2, 
1m) (8) ~ fe if2< p<oo, 


where “ ~” indicates that we are detailing asymptotic behavior up to a 
constant for e close to zero. 

While Kadet’s result does not cover the case of L, (1) (as Orlicz’s theorem 
does), it does give very sharp information about uniformly convex spaces 
once accurate estimates have been made regarding their moduli of convex- 
ity. 

For Orlicz spaces, R. P. Maleev and S. L. Troyanski (1975) have given the 
tightest possible estimates for the moduli of convexity; moreover, their 
estimates involve, in a natural way, the generating Orlicz function. 

Though the moduli of convexity for Lorentz sequence spaces have been 
worked out by Z. Altshuler (1975, 1980), the problem for Lorentz function 
spaces remains wantonly open. 

In a striking tour de force of Rademacher know-how, N. Tomczak- 
Jaegermann (1974) has shown that for 1< p<oo, the CG, classes have 
moduli that behave ltke the L,(m)-spaces. Ms. Tomczak actually proves 
more: C, has cotype 2, if 1< p <2, and cotype p, if 2 < p < «0. Furthermore, 
she shows that the dual of any C*-algebra has cotype 2. 

Following B. Maurey and G. Pisier (1976), we say that a Banach space X 
has cotype p if there is a constant K > 0 for which 


n n P 
1 
» inh <r » r,(t) x, 


i=] i=] 


for any finite set {x,,...,x,,} in X; here, as usual, the functions r,, ...,7, are 
the first m Rademacher functions. Thanks to J. P. Kahane (1968), we can 
paraphase cotype p as follows: a Banach space X has cotype p provided 
Li\x,||? converges whenever 1o,x, is convergent for almost all sequences 
(o,) of signs o, = +1 in {—1,1}%, where {—1,1}™ is endowed with the 
natural product measure whose coordinate measures assign each singleton 
the fair probability of 4. 

Although the precise definition of cotype did not appear on the mathe- 
matical scene until the early seventies, W. Orlicz’s original results regarding 
unconditionally convergent series in L,[0,1] already had delved into the 
-notion; in fact, with but a bit of doctoring Orlicz’s proofs show that L,[9, 1] 
has cotype 2 in case 1 < p < 2 while it has cotype p for p > 2. What relation 
then, if any, does the cotype of a uniformly convex space bear to its 
modulus of convexity? In answering this question we pass over some of the 
most beautiful and richest terrain in the theory of Banach spaces; the 
ambitious reader would do well to study the fertile land we are treading. 
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Our response starts by recalling the notion of uniform smoothness: a 
Banach space X is said to be uniformly smooth whenever the limit 


tim Ht P= Ul 
1-0 t 


exists uniformly for all x, y&S,. This notion was studied extensively by 
V. L. Smulian (1941), who showed that X is uniformly smooth if and only if 
X* is uniformly convex and X is uniformly convex if and only if X* is 
uniformly smooth. Along the way, Smulian also showed that if X* is 
uniformly smooth [in fact if we only ask that lim, _, 9(||x + tu||— ||x|[)/¢ exist 
uniformly for y € Sy for each x € S,], then X is reflexive; thus, yet another 
proof of the reflexivity of uniformly convex spaces emerges. Now uniformly 
smooth spaces have a modulus of their own, a modulus of smoothness 
whose value for any 7 > 0 is given by 


x + x- 
p(7r) = sup{ Bt , yl + x= yil 5 yl —-1:xESy, i=}. 
A surprising development relating the modulus of convexity of X* and the 
modulus of smoothness of X took place in the early days of Lindenstrauss: 
for 0<e< 2 and forO<7 <0 
TE 
px()= sup {> —y-(e)}. 
O<e<2 

From this formula, Lindenstrauss was able to deduce that whenever 
L,P(||x,|l)< 00, then L,0,x, converges for some sequence (0,) of signs 
o, = +1. In passing it should be recalled that G. Nordlander had shown in 
1960 that the modulus‘of convexity always satisfies 


lim Ble) < 00; 

e-0 €& 
consequently, Hilbert space is as convex as possible; as one might expect, 
Hilbert space is also as smooth as possible. Lindenstrauss showed that 
if a Banach space X has an unconditional basis and is as convex and smooth 
as Hilbert space, X is isomorphic to Hilbert space. He asked if such were so 
for any Banach space. 

T. Figiel and G. Pisier (1974) gave much more in response to 
Lindenstrauss’s query than was asked for. Recall that L,({0,1], X) is uni- 
formly convex if X is—thanks to McShane—how does the modulus of 
convexity of L,({0,1}, X) compare with that of X? Figiel and Pisier showed 
that L,({0,1], X) has a modulus of convexity which is asymptotically the 
same as that of X; Le., there are constants c, C > 0 such that 


8, .¢0,11, x)(®) 6,([0,1], X)(e) 
emo — 8x8) < im 8x(¢e) s& 


cs 
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Therefore, if X is as convex as possible, so too is L,({0,1], X) and similarly 
for X* and L,({0,1], X*) = L,((0,1], X)*. But now the Kadet theorem 
comes into play. Using it, Figiel and Pisier conclude that for a Banach space 
X that is maximally smooth and convex one has the following analogue to 
Khintchine’s inequalities: there is a K>0O so that for any finite set 


{x,,...,x,} in X 
2 1/2 n 1/2 
a <K( » isi? ; 


a 3 uP) Lf x 


i=] 


> r(t)x, 


i=] 


however, S. Kwapien (1972) had already noticed that such an inequality is 
enough to identify X as among the isomorphs of Hilbert space. 

What Figiel and Pisier had shown however was more. In light of Kahane’s 
discovery that ({g{D747(¢)x,I|2 at)? and (fe? 1r,(t)x||? dt)? are 
equivalent expressions, the fact that L,({0,1], X) and X are equally convex 
may be translated to the statement that if X¥ has a modulus of convexity of 
power type 5(e)=e? for some p=2, then X also has cotype p. Again, 
Kadet’s theorem now allows one to conclude that if L,0,x, is convergent 
even for almost all choices (0,) of signs, then &,||x,||? <0o; indeed, 
x,,6,x,,s convergence for almost all choices of signs is tantamount to the 
unconditional convergence of L.,r,®x, in L,({0,1], X). 

The story is not yet over. In fact, we have left the best part of this 
particular tale to the last. In a remarkable chain of developments; R. C. 
James had introduced the super reflexive Banach spaces; P. Enflo (1972) 
had shown them to be precisely those spaces which can be equivalently 
normed in a uniformly convex manner (which might as well be our 
definition), or precisely those spaces which can be equivalently normed in a 
uniformly smooth manner, or precisely those spaces which can be equiva- 
lently normed in a simultaneously uniformly convex and uniformly smooth 
manner; and G. Pisier had shown that every uniformly convexifiable 
Banach space has an equivalent norm which is uniformly convex with power 
type modulus of convexity. 

For the case of Banach lattices there are finer notions than cotype (and 
type) that have allowed for a very fine gradation of the classical function 
spaces. For the rundown on these events the reader is referred to the 
monograph of W. B. Johnson et al. (1979) and the appropriate sections of 
the Lindenstrauss-Tzafriri books. With particular attention to the Lorentz 
spaces, J. Creekmore (1981) has computed the type and cotype of the 
L,, q-Spaces, and N. Carothers (1981) has gone on to solve the more difficult 
problem of the type and cotype of the L, ,, spaces. 

Theorem 3 is due to V. I. Gurarii and N. I. Gurarii (1971); our proof 
follows their lead all the way. As noted in the exercises, the existence of 
upper and lower /,-estimates for all normalized basic sequences is a tight 
restriction indeed. Actually, the restriction is much tighter than one might 
glean from the exercises; in fact, R. C. James (1972) has shown that in order. . 
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for the conclusion of Theorem 3 to apply in a Banach space X, it is 
necessery (and, from Theorem 3, sufficient) that X admit an equivalent 
uniformly convex norm. 
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CHAPTER IX | 
Extremal Tests for Weak Convergence of 


Sequences and Series 


This chapter has two theorems as foci. The first, due to the enigmatic 
Rainwater, states that for a bounded sequence (x,,) in a Banach space X to 
converge weakly to the point x, it is necessary and sufficient that x*x = 
lim,,x*x, hold for each extreme point x* of By«. The second improves the 
Bessaga-Pelczynski criterion for detecting cy’s absence; thanks to Elton, we 
are able to prove that in a Banach space X without a copy of c, inside it, 
any series ©, x, for which ¥,,|x*x,| <0o for each extreme point x* of By. is 
unconditionally convergent. 

The inclusion of these results provides us the opportunity to present the 
geometric background that allows their proof. This is an opportunity not to 
be missed! The Krein-Milman theorem and its converse due to Milman, 
Bauer’s characterization of extreme points, and Choquet’s integral represen- 
tation theorem are all eye-opening results. Each contributes to the proof of 
Rainwater’s theorem. 

The approach to Elton’s theorem requires a discussion of some of the 
most subtle yet enjoyable developments in geometry witnessed in the recent 
past. Our presentation is based on the Bourgain-Namioka “Superlemma.”’ 
From it we derive another result of Bessaga and Pelczynski, this one to the 
effect that in separable duals, closed bounded convex sets always have 
extreme points. Using Choquet’s theorem and the Bochner integral, we then 
show that dual balls with a norm separable set of extreme points are norm 
separable. This arsenal stockpiled, we describe the delightful arguments of 
Fonf that serve as a necessary but engaging prelude to the proof of Elton’s 
theorem. 


Rainwater’s Theorem 


Our interests in representation theory are quite mundane. We want to be 
able to test convergence in the weak topology with but a minimum of muss 
or fuss; more particularly, we want to be able to test weak convergence of 
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sequences by the most economical means available and integral representa- 
tion theory opens several avenues of approach to such possibilities. 

For the remainder of this section, E will be a real locally convex 
Hausdorff linear topological space with topological dual E*. 

Before starting with the famous theorem of Krein and Milman, we recall 
that a point x of a convex set K is called extreme if x cannot be written 
as a convex combination A y +(1— A)z, 0 <A <1, of two distinct points y, z 
of K. 


The Krein-Milman Theorem. Let K be a nonempty compact convex subset of 
E. Then K has extreme points and is, in fact, the closed convex hull of its 
extreme points. 


PROOF. We start by introducing the notion of “extremal subset.” A subset 
A of a convex set B is extremal in B if A is a nonvoid convex subset of B 
with the property that should x, ye B and Ax+(1—A)yEA for some 
0<A <1, then x, ye A. Of course, an extremal set with but one element 
consists of an extreme point. Naturally, we are looking for small extremal 
subsets of K. 

Let € be the collection of all nonempty closed extremal subsets of K 
(plainly, K € &); order by K, < K, whenever K, C K,. The compactness of 
K along with a bit of judicious Zornication produces a maximal Ky € &. We 
claim Kg is a singleton. Indeed, if x, y © Ko are distinct, there is a linear 
continuous f on E with f(x) < f(y). Kg N{z: f(z) = max f(Ko)} is then a 
proper closed extremal subset of Ky, a contradiction. 

K has extreme points. . 

Let C be the closed convex hull of the set of extreme points of K. Can 
K\C have any points? Well, if x © K \C, then there is a linear continuous 
functional f on E such that max f(C) < f(x). Looking at {z © K: f(z)= 
max f(K)}, we should see a closed extremal subset of K which entirely 
misses C. On the other hand, each closed extremal subset of K contains an 
extreme point on K, doesn’t it? This completes our proof. oO 


_ Suppose C is a compact subset of E and let p be a regular Borel 
probability measure on C. We say a point x of E is represented by p (or is the 
barycenter of ») if for each f € E* we have 


f(x)= f. f(c) du(c). 


To be sure of our footing, we prove that every regular Borel probability 
measure on a reasonable compact set has a barycenter. 


Theorem 1. Suppose the closed convex hull K of a closed set F(CE) is 
compact. Then each regular Borel probability measure w on F has a unique 
barycenter in K. 
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PRooF. The restriction f|, of any f € E* to F is plainly p-integrable for any 
regular Borel probability measure p on F. Take any such pw. We claim that 
the hyperplanes 


(xe: f(x)= [fdu) =f © E" 


intersect K in a common point. 
Since K is compact, we need only show that given fj, ...,/f, © E*, then 


KOE, OE “ee NE, FO. 


From this the existence of a barycenter (for uw) in K follows. Consider the 
operator T: E >R” given by Ty =(/f,(y), ..-.f,(¥)); TK is compact and 
convex, T being linear and continuous. Should (/-/, dp, ...,f/-f,dm) not 
belong to 7K, then there would be a functional a = (a,,...,a,) ER” =R" 
such that 


sup{a:Ty: ye K} <a-( {fidis...f fod). 
F F 
Let g = 27_,4,f,. Then 


sup(e(y): » € K} =sup y af(y)iye K| 


i=] 


=sup{a:Ty: ye K } 


<a [fares fea 
= Ya pia [.Dafau= [ga 


i=l 


<sup{g(y): ye F} 
<sup{g(y): yEK}; 
this is a contradiction, and the proof is complete. 0 


Uniqueness of barycenters is, or ought to be, obvious. 

With an eye to Banach spaces it ought to be recalled that whether you are 
looking at a Banach space in its norm topology, a Banach space in its weak 
topology, or the dual of a Banach space in its weak* topology—in each case 
the fact is that the closed convex hull of a compact set is compact, too. 

Being the barycenter of a regular Borel probability measure that lives on 
a given compact set C in E means being some sort of average of points of C. 
More precisely, we have the following theorem. 


Theorem 2. For any compact subset C in E, a point x of E belongs to the 
closed convex hull of C if and only if there exists a regular Borel probability 
measure jt on C whose barycenter (exists and ) is x. 
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PRooF. If uw is a regular Borel probability measure on C and has x as its 
barycenter, then for any f € E* we know 


f(x)= f fans sup f(C) < sup f (CoC). 


Were x not in coC, there would be an f € E* violating f(x) < sup f(coC). 
Conversely, suppose x €co(C). Then there is a net (0,),¢ p of members 
of co(C) converging to x. Each a, is of the form 
o,=)a¢y? (finite sum), 
where a? > 0, ¥,a4 =1, and y? EC. Let p, be the regular Borel probability 
measure 


Ba = ya%5,4, 
i 


where 6.€ C(C)* is the usual evaluation functional at c©C. Directed as 
they are by the same set D as the net (0,), <p, the wu, form a net with values 
in the weak* compact set Bc,c)« and as such have a convergent subnet 
(4,),e5 With a limit p that is quickly seen to also be a regular Borel 
probability measure on C. Naturally, x is the barycenter of pu; in fact, if 
f © E* is given, then 


f(x) = limf(,) 


= lim [. f(c) du,(c) = [ f(c) du(c). O 


Now for a real touch of elegance we characterize the extreme points of a 
compact set by means of their representing measures. 


Theorem 3 (Bauer’s Characterization of Extreme Points). Let K be a non- 
empty compact convex subset of E. A point x of K is an extreme point of 
K if and only if 6, is the only regular Borel probability measure on K that 
represents x. 


PROOF. If x & K is not an extreme point, then there are y, z © K with y #z 
so that x = 4y + 4z. Plainly, 56, + +6, is a regular Borel probability measure 
on K that represents x and differs from 6,. 

Suppose x is an extreme point of K and yp is 4 regular Borel probability 
measure on K that represents x. We claim that 4(C) = 0 for each compact 
subset C of K \{x}. The only alternative is that u(C) > 0 for some compact 
set C C K \{x}. An easy compactness argument shows that there is a point 
y in this C for which p(U 1 K)>0 for each neighborhood U of y in E. 
Letting U be a closed convex neighborhood of y for which x € UN K, we 
get a particularly interesting nonempty compact convex proper subset 
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UO K of K. Why is UN K of interest? Well, its u-probability cannot be 1 
because p represents x € UN K, yet its p-probability is not 0!0<pw(UN K) 
<1. If we define pw, and p, by 


_ B(BONUNK) _H(BO(UNK)") 
(B= AK)” 1t(B) = T=m(UAR) ” 


we get regular Borel probability measures on K. Let x, be the barycenter of 
uw, and x, be the barycenter of u,. Each of x, and x, belongs to K; x, is in 
U0. K and so is not x. On the other hand, 


w=p(UNK)p,+(1-p(UNK ))p,, 
forcing 
x=p(UNK)x,+(—-p(UNK ))x,, 


which is a contradiction. Oo 


Corollary 4 (Milman’s Converse to the Krein-Milman Theorem). Let K be a 
compact convex subset of E. If K is the closed convex hull of a set Z, then 
every extreme point of K lies in Z’s closure. 


PROOF. Suppose x is an extreme point of K =co(Z). Then x is the bary- 
center of a regular Borel probability measure p that lives on Z (Theorem 2). 
We can extend p» to all of K by making p(B)= (BN Z) (it is plain that 
this makes sense) for Borel sets B C K. The resulting measure still represents 
x. But now Bauer’s theorem enters the foray to tell us that ~ must be 6,; 
since p is supported by Z, it follows that x € Z. 


We start now on our way to Choquet’s theorem. 

For a compact convex subset K of E we denote by A(K ) the space of all 
affine continuous real-valued functions defined on K; f © C(K) is affine if 
f(tx+—t)y)=(x)+0—t)f(y) for all x, ye K and all t, O<t<l. 
A(K) is a closed linear subspace of C(K) whose members separate the 
points of K. Among the members of A( K ) the discerning viewers will surely 
find the constants. 

Let f © C(K) and define f: K — (— 00, 00) by 


Sf (x) =inf{ h(x): hE A(K), fish}. 


Lemma 5. For f, g = C(K ) we have 


1. f is a concave, bounded, upper semicontinuous function on K; hence f is 
Borel measurable and universally integrable on K with respect to the class of 
all regular ‘Borel measures on K. 

2.f<f. 

3. f = f if and only if f is concave. 

4. ft+gesft+sZ, but f+g=f +g, ifgeA(K), and rf=rf, if0<r<oo. 
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PROOF. Parts 1 and 2 are plain, simple calculations and are corollaries to 
well-known facts. 

Part 3 is not so direct. Suppose f is concave. Let K,= {(x,r)e€ 
Kx(— 00,00): f(x) =r}. K,is closed and convex since f is continuous and 
concave. Suppose there is an x) € K such that f(x) < f(xq). It follows that 
there is a real-linear continuous functional A on E XR such that 


sup A(K,).< Aq <A((x0,f (%0))) 
for some fixed real value A, of A. In particular, 

A((xo, f(xo))) < A((xo,f (x))). 
It follows that 

0<A((0, f (xo)—Ff(xo))) 
and from this that for any a > 0, 
0<A((0,a)). 
Of course, from this we see that for any x € K, 
A((x,t)) > +0 ast> +0. 


The continuity of A((x,-)) for each x © K now tells us that given x © K 
there is an r, © (— 00, 00) such that 


A((x,7%,)) =Ao. 
Notice that 
((x,r)) =A((x, 7’) 
if and only if 
0=A((0,r—r’)) =(r—r’)A((0,1)), 
which, in light of the fact that A((0,1)) > 0, holds if and only if 
| r=r’, 
It follows that the association x > r, is a well-defined function h: K > R. 
We claim for h the following: 


af<h. | 
b. h(x9) < f(Xo). 
c. hE A(K), 1.e., h is affine and continuous. 


Of course, a, b, and c together contradict the definition of fand compel us 
to reject any alternative to f = f. 


a. Take xe K. Then (x, f(x)) € K,. Thus, 
A((x, f(x)) < Ao =A((x, A(x))); 


SO 


0<A((0, A(x)— f(x))) = (h(x)— f(x))A((0, 1). 


Rainwater’s Theorem 153 


b. Similarly, 
A((x9,A(%9))) = Ao <A((X0. f (%0))); 


SO 
0< (f (xo)—A(x9))A((0,1)). 
c. If x, ye K and 0 <1 <1, then 
A((tx + (1-1) y, th(x)+(1—1)h(y))) = tA((x, A(x))) 
+(1-2)A((y, A(y))) 
=tA, +(1—t)A,g=Ayg 
=A((tx+(1-t)y, h(tx+(1-12)y))). 
As in a and b, we can conclude that 
0 =A((0,1))(th(x)+(1-s)h(y)—-[h(txe+ (1-2) y)]), 
and the affinity of h is established. 
Finally, / is continuous. Let (x,)p be a net in K converging to x. Let 
r,=h(x,) and r= h(x). Notice that (r,) is a bounded net of reals. In fact, 


otherwise, there’d be a subsequence (7, ) such that |r, | oo. From this we 
see that 


ro 
0 = lim — > 2 tima| (5 
n 1g. lq 


a) =A((0,1)) >C 
The boundedness of (7,) implies that any subset has a further subnet that 
converges; if (74, ) is a subnet of (7,), then there is a subnet (r, Je that 
converges to some real r. Now, 


A((x,r)) =A((x, h(x))) =Ao 
=A, = A(( x4, h(x4,))) 
=X((x4, Ta, )) md A((x, ry))- 


r=r,) and h(xq, ) > h(x). The continuity of A is established. 
Part 4 involves some relatively straightforward computations which are 
just as well left to the reader’s diligence. O 


Lemma 6. Let K be a nonempty compact convex metrizable subset of E. Then 
C(K ) contains a strictly convex member. 


Proor. The metrizability of K ensures the separability of C(K ) and hence 
that of A(K ). Let (h,,) be a dense sequence in SacKy define h =, h2/2". 
The M-test assures us that h@C(K). Plainly, h is convex. In fact, h is 
strictly convex. Indeed, if x, ye K and x # y, then there is an n so that 
h,(x)#h,(y)—remember A(K) separates the points of K. If we now 
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consider 0 < ¢ <1 and let s=1—1, then 
h? (tx + sy) = 7h? (x)+57h2( y)+2sth,(x)h,(y) 


= the(x)+ sh7(y)—st[h,(x)—h,(y)]’ 
< th?(x)+sh?(y). 
It follows that h too satisfies the strict inequality 
h(tx + sy) < th(x)+sh(y), 
i.e., A is strictly convex. Oo 


We are ready for the real highlight of this section: Choquet’s theorem. It 
is from this remarkable theorem that we derive the result of Rainwater. 


Choquet’s Integral Representation Theorem. Let K be a nonempty compact 
convex metrizable subset of a locally convex Hausdorff space E. Then each 
point of K is the barycenter of a regular Borel probability measure that is 
concentrated on the extreme points of K. 

More precisely, if x € K, then there is a regular Borel probability measure p 
defined on K for which p (extreme points of K)=1 and for which given any 
fEAa(k), 


f(x) = f f(k) dk). 


Proor. First things first. The set of extreme points of K is a Borel set. In 
fact, the complement of this set is easily seen to be | 
i] 
U {ty+iz—xty,2€K,d(x,y),d(x2)2 7}, 
n=l . 
where d is a metric generating K’s topology. The point of this remark 
should be well-taken: The set of extreme points of K is a Y,-set, and so 
p(extreme points of K )=1 makes sense for any Borel measure p. 
Now on to the proof proper. 
Let x © K, and let hE C(K) be strictly convex. Define F,: linear span 
{ A(K), h} > (— 00, 00) by 


F.(a+th) = a(x)+ th (x). 
Clearly F, is linear on its indicated domain. 
Define p: C(K ) ~ (— 00, 0) by 
P(S)=f (x). 


Pp is a sublinear, positively homogeneous functional on CCK ). 


Claim. p dominates F, on the linear span of A(K ) and A. 
To see the claim’s basis, look at a vector a + th. If t= 0, then F.(a + th) 
= @(x)+ th(x) =a + th(x) = p(a+t th). If 0 >, then a + th is concave; so 
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F.¢a + th) = a(x)+ th(x) < a(x) + th(x) =a+th(x) = p(a+t th). Either 
way the claim is well-founded. 

The Hahn-Banach theorem now lets us extend F, to all of C(K ) keeping 
the domination by p as a control. Call the extension F,, too, and study it for 
a bit. First, note that if g & C(K ) and g 20, then — g <0 so that 


~ F,.(g) = F,(— g) s p(— 8) =— a(x) $9, 


and F,(g)= 0. F, is a positive linear functional on C(K): F, is represented 
by a positive regular Borel measure p on K. Since F,(1) =1, the measure p is 
_ a probability measure. Of course, « represents x. In fact, if f € A( K ), then 


f(x) = FP) = f fle) dak). 


It remains to be seen that p (extreme points of K)=1. This we do in two 
_ Steps: | 
I. fh(k) dp(k) = fh(k) du(k). 
II. {x © K: h(x) = h(x)} consists of only extreme points of K. . 
I. A(x) = F.(h) = fhdp s fhdp< fadp for all a€& A(K ) such that h < a. 
It follows that for each such a, 


h (x)= fhdus fidus fadp= F(a) =a(x) =a(x), 
and so by definition of h we get all the quantities to the left of fadp the 
same, including fh dp and fh du. 
II. If x is a nonextreme point of K, then there are distinct points y, z © K 
such that x = Ly + 42. Since A is strictly convex, 


Mamata) <p ety 


| 


ph F< (254)-Fe0 


This completes the proof. Oo 


Ss 


Now as a corollary to the Choquet theorem, we present Rainwater’s 
theorem. 


Rainwater’s Theorem. Let X be a Banach space and (x,,) be a bounded 
sequence in X. Then in order that (x,,) converge weakly to x € X, it is both 
necessary and sufficient that x*x = lim, x*x, holds for each extreme point x* 


of Bye. 


Proor. We take two small steps before arriving at the finish. Before 
the first, we notice that the theorem need only be proved for real Banach 
spaces X, 
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Our first step entails proving the theorem in case X is a separable Banach 
space. For such a space, B,.« is weak* compact, convex, and metrizable. 
Therefore, we are set up for Choquet’s .heorem should we find a way to use 
it—and be sure we will! Suppose (x,,) is a bounded sequence in X such that 
x*x = lim, x*x, holds for each extreme point x* of By., where x is the 
hoped-for weak limit of (x,). Take any x* © B,.. Then Choquet’s theorem 
gives us a regular Borel probability measure wp on B,.«(weak*) such that 


a(x*)=f  a(y*) du(y*) 


for each a € A(B,.(weak* )) where ex B,. denotes the set of extreme points 
of By». Viewing members of X as being in A( By.(weak*)), we get 


xx*= f B x(y*) du(y*) = f B lim x,,(y*) du(y*) 
eX Dyas ex Bye 2 


=lim fx, (y*) du(y*) = limx, (x*) 
no “ex Bye | . n 
by the boundedness of (x,,) and Lebesgue’s bounded convergence theorem. 
It follows that x is the weak limit of (x,,). 
For a general Banach space X, we suppose (x,,) 1s a bounded sequence in 
X and x is an element of X such that | 


lim x*x, = x*x 


holds for every extreme point x* of By«. Let Xo be the closed linear span of 
{x,:n2=l}U{x}. Then Xi is a separable Banach space. We claim that x.is 
the weak limit of (x,,) in Xo; once verified, the Hahn-Banach theorem 
assures us that (x,) converges to x weakly in X, too. To show that x is the 
weak limit of (x,,) in Xo, we will show that y*x = lim, y*x, for each extreme 
point y* of By» and then apply the known verity of the theorem for 
separable spaces. 

Well, take any extreme point y* of By». Let HB(y*) denote the set of all 
x* © By.» such that x*|, = y*. It is easy to see that HB(y*) i is a nonempty 
convex weak* compact subset of By.; furthermore, since y* is an extreme 
point of By., HB(y*) is an extremal subset of By. It follows that HB(y*) 
contains some extreme point z* of By»; of course, now we know that 


Ky — 7y¥y — 1; * =} * . 
y*x=2 x= limz x, = limy Xp oO 


wollary. A bounded sequence (x,,) in the Banach space X is weakly Cauchy 
and only if lim, x*x,, exists for each extreme point x* of By«. 


OOF. It need only be remarked that a sequence (x,) is weakly Cauchy if 
d only if given increasing sequences (k,,) and (j,,) of positive integers the 
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Sequence (x, — x, ) is weakly null. In light of Rainwater’s theorem, this 
remark is enough to prove the corollary. 


Elton’s Theorem 


Rainwater’s theorem gives a strong hint of the control extreme points of a 
dual ball exercise on weak convergence. There is a corresponding result in 
the theory of series due to John Elton. It can be formulated as follows: for a 
Banach space X to be without c, subspaces it is necessary and sufficient that 
L,,x, converges whenever ,,|x*x,,|<0o for each extreme point x* of By-s. 
The purpose of this section is to prove this elegant result of Elton. 

We start the section with a treatment of the Superlemma. Though we 
need only the weak* version of this stunning geometric fact, a complete 
exposition hurts no one. We then apply the Superlemma to derive a theorem 
of Bessaga and Pelczynski to the effect that in separable dual spaces, closed 
bounded convex sets have extreme points; here we follow Isaac Namioka’s 
lead. This having been done, we supply a natural criterion for the dual of a 
Banach space to be separable, namely, that the dual ball have a norm-sep- 
arable set of extreme points; Choquet’s theorem plays an important role 
here. After all the groundwork has been laid, we pass to a proof of Fonf’s 
theorem: whenever the dual of a Banach space has only countably many 
extreme points the space is c, rich. From here it is clear (though not easy) 
sailing to Elton’s theorem. 

We start with a lemma discovered initially in its second, or weak*, version 
by Isaac Namioka and sharpened by Jean Bourgain. This mild-looking 
lemma of Namioka and Bourgain is known to its public as “Superlemma”! 

A Slice of a set is the intersection of the set with a half-plane. 


Superlemma. Let C, C,, and C, be closed bounded convex subsets of the 
Banach space X and let «> 0. Suppose that 


1. Cy is a subset of C having diameter < e. 
2. C is not a subset of C,. 
3. C is a subset of co(Cy UC). 


Then there is a Slice of C having diameter < € that intersects C,. 


Proor. For 0 <r <1 define | 
D,= {(1-A) x9 FAX IF SAS1,%y EC, x, EC}. 
Each D, is convex, Dy contains C —this is just 3—and D, = C,. 
Notice that for r > 0, D, does not contain C..To wit: since we’ve supposed 
Cg C,, there must be an x* € X* such that 


sup x*C, < supx*C; 
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were C C D (r > 0), then we would have 
sup x*C < sup x*D, 
= sup x*D, 
< (1—,r)supx*C, + rsupx*C, 
< (1-—r)supx*C + rsupx*C,, 
which leads to the conclusion that 
sup x*C < sup x*C. 


Now notice that C\ Dc D,\ D, and D,\D, is dense in D,\ D,. Take 
x € D,\ D,. Then x is in Dy; so x is a convex combination (1— A) x9 + AX, 
where x, ©C, and x,EC,. x is not in D; so 0O<A<r. It follows that 
lx — Xpl| =Allxo — x4I| < : sup lly —2||: »y€CG,2z€C,}=76. But now ob- 
serve that any y in C\ D, can be approximated by an x in D,\ D, as closely 
as you please; each such x is itself within ré of a point in C,. The upshot of 
this is that the diameter of C\ D, is < 275 + diamC,. 

If we choose r > 0 to be very small indeed, then 276 + diamC, < €; now 
the fact that C\ D, is nonvoid allows us to pick a slice of C disjoint from D.. 
Since C, is a subset of D., C,\ D, is nonempty; so we can even pick our slice 
of C to contain a given point of C,\ D.. Let it be done. DO 


Of great value in studying duals is the following: 


Superlemma (Weak* Version). Let K, K, and K, be weak* compact convex 
subsets of X* and let e> 0. Suppose that 


1. Ko is a subset of K having diameter < e. 
2. K-is not a subset of K,. 
3. K is a subset of co(KyU K;). 


Then there is a weak* slice of K of diameter < « that intersects Kg. 


The proof of the weak* version of the Superlemma is virtually identical 
with that of the Superlemma itself; certain minor modifications need to be 
made. These are that the sets D, are of the form 


D,= {(1—A)x§ + AxPir sAS1,x$ © Ky, xf € K,}. 


The D, are weak* compact and convex with Dy = co( K, U K,); (3) tells us 
that D, contains K. Now when we separate K from K,, we can do so with a 
weak* continuous linear functional, if we wish. In any case, the end result is 
the same: for r>0, K is not a subset of D,. Next, a computation [here 
things are a bit quicker because K C co(K, U K,)J. As in the proof of the 
Superlemma, we see that the diameter of K\D, is strictly less than 
2rsup{ ||ug — uf ||: ug © Ko, uf © K,}+diam Ky; on choosing r very small, 
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we arrange things so that K \ D, has diameter < e. K, is a subset of D, so 
K,\D, is nonempty. Taking a point xj of Ko\ D, and slicing in a weak* 
continuous fashion by the separation theorem, we obtain a weak* slice of K 
that contains xf and is contained in K \ D,. This is the slice we want! 


Theorem 7. Let X be a separable Banach space with separable dual X*. Then 
the identity map id x on K is weak*-norm continuous at a weak* dense GY, set 
of points of K whenever K is a weak* compact subset of X*. 


PROOF. For each e>0 let A, be the union of all WOK, where W is a 
weak* open set in X* for which the norm diameter of WM Kis < e«. Plainly 
each A, is weak* open in K. Moreover, the points of weak*-norm continuity 
of idx are exactly those of M ,,A,/,. Should we show that each A, is weak* 
dense in K, then Baire’s category theorem will let us conclude that 1 ,,A,,, 
is weak* dense, too, and, of course, a weak* &, in K. 

X* is separable; so we can find a sequence (x*(e)) in X* such that 


K= U(x a(x? +5By.)), 


Each of the sets K N(x*+(€/2)Bys) is weak* closed; hence, Baire’s 
category theorem assures us that if we let W, be the relative weak* interior 
of K N(x* +(e/2)By.) in K, then U,W, is weak* dense in K. Since the W, 
clearly have norm diameter < «, they are among those sets that go into 
making A, what it is, which, in part, is weak* dense in K. 0 


. Theorem 7 is due to Isaac Namioka and so is Theorem 8. 


Theorem 8. Let X be a separable Banach space with separable dual X*. Let K 
be a weak* compact convex subset of X*. Then the set of points of weak*-norm 
continuity of the identity map id x of K meets the set ext K of extreme points of 
K in a set that is a dense Y,-subset of (ext K, weak*). 


PROOF. We already know from Theorem 7 that id, has lots of points of 
weak*-norm continuity in (K,weak*)—a dense %,-set of them in fact. In 
proving the present result, we will follow the lead of the proof of Theorem 7 
and apply the weak* version of Superlemma to pull us through any 
difficulties encountered. | 

To start with, for each e> 0 let B, be the set 


{ u* € ext K: u* has a neighborhood W * in ( K,weak*) with ||-|| diam <e}. 


Each B, is open in (ext K, weak*); we claim that each is dense therein as 
well. 

Let W* be a weak* open subset of X* that intersects ext K; of course 
W*nextK**" is nonempty, too. By Theorem 7, the set of points 
of weak*-norm continuity of idzz-gwsu is a dense Y,-subset of 
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(ext K***" weak*). It follows that there must be a weak* open set V* in 
X* such that V * intersects ext K***" in a nonvoid subset of W* Next K ext Kwak 
having norm diameter < ¢/2, say. Define K, and K, as follows: 


K, = weak* closed convex hull of V* Next Kk 


and 
K, = weak* closed convex hull of ext K cake \V*. 

K, is weak* compact and convex and so is K,. The norm diameter of Kg is 
<«/2, and K, is contained in K. Since the set ext K ext K*°**"\ V is weak* closed 
in K,, it is weak* compact; Milman’s theorem alerts us to the fact that 
ext K, Cext K**"\V*. On the other hand, K is the convex hull of Ky U K,, 
and ye does intersect ext K*“*". Hence K, does not contain K, and the 
stage has been set for the entrance of Superlemma. On cue Superlemma 
produces a weak” slice S* of K having norm diameter < e that intersects Ky 
and misses K,. S* contains a point u* of ext K in its weak* interior. Since 
S* has norm diameter < e, we know that u* © B.. Finally, notice that 
ext K**"\V*C Kp a set disjoint from S$*; therefore, u* Gext K™™ mn y* 
Cc W*, and so u* EW*, too. u* © B. W* and B. is dense in ext K*™"”. 

Naturally, the points of weak*-norm continuity ‘of id, mside ext K are 
precisely those points that find themselves in 1 ,,B,,,. It ‘suffices, therefore, 
to note that in the weak* topology ext K is a Baire space. Why 1s this so? 
Well, X is separable so weak* compact subsets of X* are weak* metrizable. 
Further, we saw in the proof of Choquet’s theorem that in a metrizable 
compact convex set the complement of the set of extreme points is a 
countable union of closed sets; the set of extreme points is a Y,. Of course, 
G,-subsets of completely metrizable spaces are Baire spaces, as the usual 
proof of the Baire category theorem so obviously indicates. The proof of 
Theorem 8 is complete. 0 


Okay, let X* be separable and let C be a nonempty closed bounded 
convex subset of X*. C’s weak* closure K is weak* compact and convex, 
and Theorem 8 applies to K. Let Z be the set of points of weak*-norm 
continuity of id,. Take a z* & Z. Since C is weak* dense in K, there is a net 
(x*)p in C that converges to z* in the weak* topology—actually we have a 
sequence in C converging to z* because K is weak* metrizable. Of course, 
z* being a point of weak*-norm continuity assures us that z* is the norm 
limit of (x7) p, too. But C is norm closed; so z* EC. 

We have just demonstrated the following. 


Theorem 9 (Bessaga-Pelczynski). In separable dual spaces, nonempty closed 
bounded convex sets have extreme points. 


Our next stepping stone involves recognizing a separable dual by how 
many extreme points its dual ball has. Here’s the main result. 
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Theorem 10. Let X be a separable Banach space and suppose the set ext By» 
of extreme points of By. is a norm separable set. Then X* is separable. 


PROOF. Severa! ingredients provide just the right mix to make a proof to 
Theorem 10. We present them in more-or-less arbitrary order. 

1. Let S be a separable metric space and Y be a Banach space. Suppose 
f:S—Y is a continuous bounded function and p is a probability Borel 
measure defined on S. Then fis Bochner integrable with respect to p. 

We denote by C,(S) the Banach space of all continuous bounded 
real-valued functions defined on the separable metric space $ and by A(S) 
the convex set of all probability Borel measures defined on S. Take special 
note of the inclusion of A(S) within Bc,.s)+, making it natural to consider 
#Y(S) in its weak* topology. 

2. Let S be a separable metric space and Y be a Banach space. Suppose 
f: S—Y is a continuous bounded function. Then the map /;; A(S)>Y 
given by J,;(#) = Bochner /fdp is weak*-weak continuous. 

In fact to show J, is weak*-weak continuous, it suffices to show that y*/, 
is weak* continuous on A(S) for each y* & Y*. Since 


y*l, (wu) = y* { fdu = fy*fdp, 


a useful property of the Bochner integral, this weak* continuity is an 
immediate consequence of y*f’s membership in C,(S) for each y* © Y*. 

Closer to the spirit of the theorem itself is item 3. 

3. Let S be a norm-separable subset of B,.. Then the norm Borel subsets 
of S and the sets of the form SQ B, where B is weak* Borel subset of By. 
coincide. | | 

Let Y denote the collection of all subsets of S having the form S/ B, 
where B is a weak* Borel subset of B,.. Y contains a base for the norm 
topology of S, namely, sets SM B, where B is a closed ball of X*. Take a 
norm open set U in S. Each x‘€ U is contained in the interior of a closed 
ball B, for which SM B, CU. Since S is separable, a countable number of 
closed balls B, are needed to cover U. Of course, U is therefore a member of 
Y, It follows that all the norm Borel subsets of S belong to Y, and 3 is 
proved. 

We are now ready to prove Theorem 10. S will be used to denote the set 
ext B,. in the norm topology, and the-function f encountered in 1 and 2 will 
be the formal identity from S into X*. As we saw in 1 and 2, J; is 
weak*-weak continuous from A(S) into X*. 

Take a point mass 6, € P(S): 1,(6,) = f(s)=sES. 

Take a convex combination 1/7_,a,;6, of point masses: 


L,{ & a8, = ¥ aif(s,) €0(S). 


i=] i=l 
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Take a weak* limit p © #(S) of convex combinations (u,)p of point 
masses: I,(w) = I,(weak* lim pn.) = weaklim pJ,(u4) €co(S) weet 

Of course, each p © AS) is such a weak* limit; so we get 1(P(Syy S 
containment in co(S) weak , the weakly closed convex hull of S. By Mazur’s 
theorem, J,;(A(S)) is contained i in the norm closed convex hull of S and so 
is norm separable. 

Now let us see that By. is itself contained in [,(A(S)). 

Take x* € B,.. X is separable making B,. weak* metrizable and ext B,. 
a weak* Y,-subset of B,.. By Choquet’s theorem there is a regular Borel 
probability measure p on ext B,. with 


xtx=f  y*(x) du(y*); 


ext B x* 


part 3 assures us that we need not worry about whether we are speaking 
about the Borel sets of S in the norm topology or the weak* topology. Of 
course, the Bochner integral /;fdp is actually at work above, and the 


formula above just says 
x*x = dp |(x 
[fru }(x) 


for each x € X; in other words, x* = fofdu = I,(p). 
By»CI(P(S))Cco(S). O 


Our next lemma, due to John Elton, indicates the severe limitations on 
the separability of the set of extreme points. Its proof will soon make 
another appearance. 


Lemma 11. Let X be a separable real Banach space and suppose that the set 
ext B,.« of extreme points of By» can be covered by a countable union of 
compact sets. Then X can be renormed so that its new dual unit ball has but 
countably many extreme points. 


ProoF. Let (K,,) be a sequence of compact subsets of X* (each contained 
in B,.) for which 


ext By.» CUK,. 
n 


Let («,,) be a sequence of positive numbers for which 1> «, >€,>-:- >, 
> €,41°°° 70. For each n let F, be a finite ce, /2 net for K,. Define |j|x||| by 


lixi=sup U (ite, fl: fe #)}; 


n=} 


{||c||| satisfies |||] < |||x||] < (1+ e,)|]x]| and so is an equivalent norm on X. 
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Obviously, Bys © By yx y.y*. Not so obvious is the fact that 
Byw G (x* ]X*: |||x*||| <1}. 


To see that this is so, suppose otherwise. Then there exists an xj © X* for 
which 


IIlxolll =1 = Ilxoll- 
Pick xf* € X** such that 
lg" lll =1 = xg*(xg). 


Plainly |[xj*||=1, too. Now the set {x* © X*:||x*||=l=xj*x*} is a 
nonempty closed convex subset of X¥*. By Theorem 10, X* is separable; so 
by Theorem 9, the set {x* © X*: ||x*|| =1= xg*x*} has an extreme point, 
say x*. x* belongs to K,,, for some m; therefore, ||x* — x*|| < ¢,,/2 for some 
x* © #,,. Of course, 


xf* (xe) > xh*(xe)— x8*( x8 — x¥) 


and so 


xe*((1+e,,)x*)>(1+ em )(1- a >1. 
x** has committed the gravest of mathematical sins: while proclaiming that 
ll] a* ||| =1, xf* has achieved a value >1 at an element, (1+ ¢,,)x*, having 
(||: ||] length no more than 1. 

Next we notice that for each n, (1+ «,)F, is a subset of Bey y+ and 
that, in fact, By y .* is the weak* closed convex hull of U,(+(1+ €,)F,). 
Why is this last assertion so? Well, if there were an x* in By y+ absent 
from the weak* closed convex hull of U,(+(1+«,)4%,), then there would 
exist a weak* continuous linear functional x € X of |{|-|]| length 1 and an 
e> 0 so that x*x =1, yet (1+ «,) y*(x)| <1—e for alln and all y*E A.A 
look at the definition of |{|x{|| will establish our assertion. 

Since U,(+(1+ €,)4,) generates B, y y.yy*, Milman’s theorem assures us 


that each extreme point of Bi y .4)+ belongs to U,(+(1+.e,)F,) an 
Let’s look and see where the weak* limit points of U,(+(1+«,)%,) fall. 
Take a weak* convergent sequence (u*) the terms of which belong to 
U,(+(1+ €,)F,). If (uf) repeatedly returns to one of the sets +(1+ €,)F,, 
then it is clear from the finiteness of ¥, that the weak* limit of (uf) is also 
in +(1+e,)F%,. Otherwise, there is an increasing sequence (n,) of positive 
integers and a subsequence (vf) of (uj) for which of © + (1+, )F,,. By 
our judiciously placed constraints on (e,) we see that |jweak* lim v?|| <1; 
therefore, |||[weak* lim v} ||| <1 and weak* limv~ is not an extreme point of 
Bc x. y-yye! In other words, all extreme points of By w.wy« are in the countable 
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Sel 


U(4(1+e,)%). o 


We are rapidly closing in on the finis of Elton’s theorem. One giant step is 
contained in the next beautiful resuit of V. Fonf. 


Theorem 12. Let X be a separable reai Banach space of infinite dimension 
whose dual unit ball has but countably many extreme points. Then X contains 
an isomorph of Co. 


Proor. Suppose ext By»«={+x*},., and let l>e,>e,>--- >, 10. 
Define a new norm on X by 


xf] = sup{ |x*x|: x* Eco} +(i+ €, )x*: n=l yea \. 


Then j|j|-||| is a2 norm on X satisfying ||x|| < ||]x!j| <4 ¢,)||xl] for all x. 
Correspondingly, By» © Bry yiys S A+ &) Bye. As in Lemma 11, we claim 
that By. © {x*: |||x*||] <1}. (Were this not so, there would be an xf € X* 
for which ||x*|| =1 = |[|xf |||. Take x¥* © X** such that xf*x* =1= jilxF*l|l1- 
Plainly, ||x¢*||=1, too. By.» has but a countable number of extreme points; 
so Theorem 10 ensures the separability of X*; Theorem 9 now assures us of 
the presence of an extreme point x¥ in the norm closed bounded convex set 
{x*: |[x*|]]=1=xj*x*}. Since this set is extremal in By.«, x¥ is in the list 
(+ x*},>1- Therefore, x7 = + x7, and so (1+, )x7 has |||-||-length 1. But 
this gives |xf*(x%_)|=1+ e, >1, a contradiction. 

An easy separation argument shows that B - ).,,- 1s the weak* closed 
convex hull of {+ +e,)xf:n21}; so ext Boy wy is contained in 
{+(1+e,)x*in >1}" “*k" thanks to Milman’s theorem. A weak* conver- 
gent sequence taken from the set {+(1+ €,)x*:m 21} converges either toa 
point of the set or to a point of By. (which cannot be an extreme point of 
Bex, yy*)3 it follows that all the extreme points of B,y y.))+ find themselves 
in {+(1+e,)x*:n21}. In other words, there is a subsequence ( Yn) of 
(x*) and a subsequence (5,) of (e,,) such that 


ext Boy yyy {++ 4,) y* in 21}. 


A key consequence of the above development is this: given a finite-dimen- 
sional subspace F of (X, |||- |||) there is an n, such that 


ext Ber yyy © { + (1 + 8, ) Vl icneng 


Since every member of ext Br .,+ has an extension that’s extreme in 
Bix, y-yy*> it is clear that each extreme point of Bypy.4* is of the form 
o,(1 + 6,)y*|- for some n and signo,. This, in tandem with the nondecreas- 
ing nature of the linear subspaces of F* spanned by {+(1+6,)y*:l<m 
<n}, will soon produce the required 7 -. 
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We now build a normalized sequence (x,,) in CX, ||I- |I))- 

Take any x, © X such that |||x,|||=1. The collection {x*: |||x*||| =1= 
x*x,} is a nonempty extremal weak* compact convex subset of Bi y wi); 
as such it contains an extreme point of Bi y y.4«—say 9,,(1+ 6, )y. O 
course,.|(1 + 4, ) yf(x,)] =1. . 

Take x, © X such that |||x,||| =1 and y#(x.)=--- = y,*(x,) = 0. Let F be 
the linear span of x, and x,. Pick n, >, so that 


ext Bor yy i {+(1+ 8) Fle }iensny 


Take x, © X such that |||x,||| =1 and y*(x,)=--- = y*(x;) = 0. Let F be 
the linear span of x,, x,, and x,. Pick n; >, so that 


ext Ber yi € {+(1+ 6) Fle hicneny 


Et cetera. | 
It is easy to see that (x,) is a monotone basic sequence, i.e., for any 
j,k 21 we have 
jt+k 
» aj X, 


i=] 


J 
» a;x; 


i=] 


< 


Let Z=[x,,],,>1 be the closed linear span of the x,. Then Boz 4+ has 
but countably many extreme points, each a restriction of some extreme 
point of Buy y.yy« to Z. List the extreme points of Boz y.yy« as {+ 27}. 
Keeping in mind the origins of the extreme points of Bi y 1.1,)+, two key 
properties of (z*) come to the fore: 


First, any weak* limit point of {+ z*} that does not belong to {+ 27} 
has |||- ||| length <1. 
Second, given any n there is a k(n) such that z*x, = 0 for all m= k(n). 


Now we take dead aim on finding a cy in Z. 

Set 7, =1. 

Suppose coefficients 7, ...,7, have been chosen so carefully that 
n 


» 0;1;X; 


i=] 


<2 


for any signs 0,,0,,...,0,, yet for some signs of’, ... 0," we have 


n 
» 0; 15%; 


i=] 


n-l 


» 0; 1;X; 


i=] 


< 


We show how to pick 7, , :. 
Set 


n 


» O;1;*; 


i=] 


n 


» 0; ;X;.+ On 4 AXn4] 


i=] 


IP 


Bi21= in| max > | 
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where the minimum is taken over all 2”*'(n +1)-tuples (0,, 05, ...,0,,,) of 
signs. Just what does B,,, signify? Well, given signs o,,...,0,,0,,, the 
function @ :{0, 00) — [0, oo) defined by 


i Xx, + On 41 AXnat 


i=] 


is continuous and nondecreasing [since (x,) 1s monotone] and has value 
(\|207_',9,7;x,||| at O. Therefore, the number £,,, has the property that any 
number h bigger than 8, , opts for some (n + 1)-tuple of signs (6), ... ,6,41) 
such that 


» 0;9;X; 


i=l 


n 


» O;1;*; + G41 AXn4 


i=] 


This is mind (along side our hopes for 7,,,,), we choose r, +1 > 0 so that for 
any (n + 1)-tuple (¢,, ... ,6,,,) of signs 


¥ o.n,x, + On41( Baar t Angi) %n41 <2, 


i=] 


yet for some (7 +1) tuple of signs (4), ... ,6,,,) we have 


3 0,0;%; 
i=l 
Set M141 = Brit Ane: 

Plainly, we have built the series L,.n,x, to be a wuC. Can it converge 
unconditionally? If so, then the set {L,0,7,x,,:(6,) iS a sequence of signs} 
would be a relatively norm compact set in Z; of course, our choice of 9, =1 
and the monotonicity of (x,,) assures us that for any sequence (o,,) of signs 
we have ||,0,1,X,lll 21. 

Here is the hitch: if K is a compact subset of {Zz €Z:]||z]]| 21}, then 
there is an N so that each z=2L,t,x, © K is actually of the form z= 
L_1t,X,- The contradiction attendant to this fact for the set {Z,6,1,Xpn2(9, ) 
is a sequence of signs} will prove that Z contains a divergent wuC and soa 
copy of c, by the Bessaga-Pelczynski theorem of Chapter V. 

Let’s establish the aforementioned striking feature of norm-compact 
subsets K of {z © Z: |l}z]|| ]>1} by supposing it did not hold and deriving a 
suitable contradiction. Were K a norm compact subset of {z € Z: |j|z||| =1} 
that does not depend on but a finite number of the x,, then there would be 
a sequence (u,,) in K and a sequence (u*) among the extreme points. of 
Bz, y.yys> each uy of the form ofzf(o, = +1) for some subsequence (zz) 
of (z*) such that 


h 
» O.1;X; + 6,410 Bi 41 + Ans) Xaet 


tiwl 


uy Uy, = |llu,lll- 


The compactness of K and the compact metric nature of (Bez, ype Weak*) 
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allows us to assume that 


uy = norm im u,, 


and 


ug = weak* limu* 
n 


both exist. Of course, |||u¢||| <1; so 


leo = Himt ja, [| = lim uu, 


yet 


him u,u, = ug (uo) < [las ill Moll < lllxolll- 0 


Lemma 13. Let (x,) be a normalized basis for the Banach space X and 
suppose that ».,|x*x,,| < 00 for each x* € ext By». Then the sequence (x*) of 
coefficient functionals is a basis for X*. 


PROOF. First, we take special note of the following: if (u,) is a normalized 
block basis built on (x,,), then (u,) 1s weakly null. In fact, since ||u,|| =1, the 
u, have uniformly bounded coefficients in their expansions according to the 
basis (x,,). Because we have assumed that 1,,|x*x,|< oo for each extreme 
point x* of By., we can conclude that (x*u,) is null for each extreme point 
x* of By». Now we need only apply Rainwater’s theorem. 

Now we show that lim, ||x*P,,—x*||=0 for each x* © X*, where P_: 
X— X is the mth expansion operator with respect to the basis (x,), 
P(L,4,X,) = L_1a,X,. But x* is always the weak* limit of the sequence 
(x*P,,); so the only thing that can go wrong with lim, ||x*P,, — x*|| = 0 for 
each x* © X* would have to be the existence of an x%* such that the 
sequence (x P,,) 1s not even Cauchy. For such an xf we could find an 
increasing sequence (m,,) of positive integers such that 


* _y* 
| X8P ngs 28Pm,||> € 


for all n and some e > 0. Correspondingly, there is for each n av, © By such 
that 


> €E. 


(x8 Mn+} - x&P,, )(U,) =lx3((Pa,., - Px) _) 


Look at u, = (P,,,., — Pn, )(U,). The sequence (u,,) is a block basic sequence 
built from (x,,), ||u,|| > e/||x§|| for all n, and ||u,|| < 2sup,,||P,,||. In light of 
our opening remarks, (u,) must be weakly null yet |x*u,|>e for all n, 
which is a contradiction. It follows that lim, ||x*P,,-— x*||=0 for each 
x*e X*, 
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As a point of fact, we are done. The expansion operators P,, have adjoints 
P*: X* — X* whose form is given by 


. m 
(Pax*)(x) = (x*P,,)(x) = Lo x*(x,) x7. 
i=l 
Since || P*|| =||P,,|| < sup,,||?,,[| < 00, the sequence (x*) satisfies the crite- 
rion for basic sequences; (x*) is a basis for its closed linear span. In light of 
the previous paragraph the closed linear span of (x*) is all of X* —remem- 
ber P*x* = x*P,,.. O 


One last step: 


Theorem 14. Suppose that the Banach space X has a normalized basis (x,,) 
for which U,,|x*x,,| < 00 for each extreme point x* of By«. Then X contains a 


copy of Co. 


PrRoor. Lemma 13 assures us that the sequence (x*) of coefficient function- 
als is itself a basis for X*. Consequently, the operator T: /, ~ X* given by 
T(t,) = 2,,¢,X* is a well-defined bounded linear one-to-one operator from /, 
into X*. Denote by (e,,) the usual sequence of unit coordinate vectors in /,. 

If there is an N such that T|,, |, is an isomorphism, then (x*),,.y is 
equivalent to the unit vector basis of l,. It is easy to deduce from this that 
(X,)n> wn iS equivalent to co’s unit vector basis. 

If there is no N for which T|,, |, is an isomorphism, then it’s easy to 
manufacture a normalized block basis (u,,) with respect to (e,) in J, such 
that ||7u,||<2~”; these u, are of the form 


In 
= » S;E;5 


i= Pr 


where 1 < p, < q; < po <q <: and 5 L72,|S:l =1. Of course, (u,,) is equiv- 
alent to the unit vector basis of h and the closed linear span U of the u, is 
itself an isomorphic copy of /,. Further 7(B,,) is a relatively compact subset 
of X*. 

Let y, © X be the vector y, = 2%, sign(s;)x; and consider the closed 
linear span Y of the y,; we are going to find a cy inside Y. (y,) is a basis for 
Y. Since £,|x*y,|<0o for each extreme point x* of B,.« and since each 
extreme point of B,. admits of an extreme extension in B,., L,|y*y,,| < 00 
for each extreme point y* of By.. Notice that the sequence (y*), where 
y* = Tu,\y; is biorthogonal to (y,,). Normalizing (y,) we can apply Lemma 
13; in any case, ( y,*) is a basis for Y*. 

Let 


K,, = {x* Ee X*: )iix*x,|< m\. 


n 
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Our hypotheses assure us that 


Notice that if x* © K,,, then 
Lilx*y,l Ss Llx*x,| Sm; 
n 


n 


from this it follows that for x* € K,,, if we let y* = x*|,, then y* is of the 
form »,,5, y,", where 


Dlbal = Ly "yal = L1x*y_| Sm. 

n n n 
Thus, any vector 1,5, y, for which 2,,|5,|<m belongs to the relatively 
compact set T(mB_,)|y. What we hove then is 

ext By. G { x*|y: x* Gext By. } 


ioe] 
Cc U {x*|):x* € K,, } 


m=l1 

CO LU 
Cc U T(mBy ) ly- 

m=] 


Lemma 11 and Theorem 12 now combine to locate a cg inside Y. 0 


Finally, we are ready for John Elton’s extremal test for unconditional 
convergence. It follows from Theorem 14 and the Bessaga-Pelczynski selec- 
tion principle. 


Theorem 15. A Banach space X contains a copy of Cy if and only if there is a 
divergent series 1x, in X for which L,,|x*x,| <0o for each extreme point x* 


of B x*: 
Exercises 
1. Dentable sets. A bounded subset B of a Banach space X is called dentable if it has 
slices of arbitrarily small diameter. . 
(i) A set B is dentable if and only if its closed convex hull is dentable. 


(ii) A set B is dentable if and only if given e> 0 there is a point x, € B such that 
x, Ecol B\{ y: ||x, — yll < }). | 

(iii) A set B is dentable if each of its countable subsets is dentable. 

(iv) Compact sets are dentable. 


(v) Closed bounded convex subsets of uniformly convex spaces are dentable. 


(vi) Weakly compact sets are dentable. 
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2. Extremal scalar integrability. Let (Q, 2,2) be a probability measure space and X 
be a Banach space. Suppose f: 2 — X is (strongly) u-measurable. If X contains no 
copy of cp and if 


[lx*s(e)ldu(w) < 00 


for each extreme point x* of By.«, then f is Pettis integrable. 


3. Nondual spaces. Neither cy nor L,(0,1] are isomorphic to a subspace of any 
separable dual space. 


Notes and Remarks 


The original proof of the Krein-Milman theorem took place in a weak*- 
compact convex subset of the dual of a normed linear space; J. L. Kelley 
(1951) is responsible for the proof presented in the text. 

Our treatment of the simplest elements of the barycentric calculus owe an 
obvious debt to R. R. Phelps’s lectures (1966). We have added a few details, 
but in the main we have followed his wise leadership. The observation that 
extreme points have extremal extensions is due to I. Singer and is often 
referred to as “Singer’s theorem’’; it allows us to prove Rainwater’s theorem 
by direct appeal to Choquet’s theorem without recourse to the more delicate 
Choquet-Bishop-deLeeuw setup. 

Only by exercising a will power all too rarely displayed has our discussion 
of Choquet theory been curtailed. This beautiful corner of abstract analysis 
has been the object of several excellent monographs making what we would 
say redundant at best. It behooves the student to study these basic texts: for 
a quick fix on the subject, Phelps’s “Lectures on Choquet’s theorem” (1966) 
can not be beat; a more extensive treatment is found in E. M. Alfsen’s 
““Compact Convex Sets and Boundary Integrals” (1971), and a reading of 
Choquet’s “Lectures on Analysis” (1969) affords the student the rare 
opportunity to learn from the master himself. 

Some surprising advances in the theory of integral representations, closely 
related to the material of the section titled Elton’s Theorem, have appeared 
since the publication of the aforementioned monographs. The most spectac- 
ular turn of events has been G. A. Edgar’s proof (1975) of a Choquet 
theorem for certain noncompact sets. We state Edgar’s original theorem. 


Theorem. Let K be a closed bounded convex subset of a separable Banach 
space. Suppose K has the Radon-Nikodym property. Then every point of K can 
be realized as the barycenter of a regular Borel probability measure on K 
supported by the extreme points of K. 
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Naturally the “catch” in the above theorem is the assumption that the set 
K has the Radon-Nikodym property. A subset K of the Banach space X has 
the Radon-Nikodym property whenever given a probability measure space 
(Q,2,p) and a countably additive p-continuous F:2— X for which 
{F(E)/p(E): E © 3, p(E) # 0} C K, there is a Bochner integrable f: 2 — X 
such that 


F(E)= f f(#) du(w) 


for each E € &. It is not yet known if the Radon-Nikodym property needs 
to be assumed in Edgar’s theorem, but there is considerable evidence that it 
must. 

Edgar’s theorem has a nonseparable version, also due to Edgar, that is not 
possessed of as elegant a formulation. P. Mankiewicz has been able to prove 
the more general representation theorem of Edgar by reductions to the 
separable version. In all instances, some assumption of the Radon-Nikodym 
property is present. 

Superlemma is due to I. Namioka in its weak* version and J. Bourgain in 
general. There is no better way to see the Superlemma in action than to read 
the Rainwater seminar notes from the University of Washington, where the 
raw power of this lemma is harnessed; the result is a masterful demonstra- 
tion of the equivalence of the Radon-Nikodym property with a number of 
its sharpest geometric variants. We’ve used the weak* version of Super- 
lemma much as Namioka did in his derivation of the Bessaga-Pelczynski 
theorem. 

Incidentally the main concern of Exercise 1, dentable sets, has its roots 
again in matters related to the Radon-Nikodyin property. The notion of 
dentability originated in M. A. Rieffel’s study of Radon-Nikodym theorems 
for the Bochner integral. As a consequence of the combined efforts of 
Rieffel, H. Maynard, R. E. Huff, W. J. Davis, and R. R. Phelps, we can state 
the basic geometric characterization of the Radon-Nikodym property as 
follows: 


Theorem. A nonempty closed bounded convex subset K of a Banach space has 
the Radon-Nikodym property if and only if each nonempty subset of K is 
dentable. 


A finished product by summer of 1973, the dentability theorem (as it’s 
come to be known) signaled the start of a period of excitement in the 
geometric affairs of the Radon-Nikodym property. Not to stray too far 
afield, we mention just one result that evolved during this “gold rush” and 
refer the student to the Diestel-Uhl AMS Surveys volume for a more 
complete story of the early happenings and to Bourgin’s Springer Lecture 
Notes volume for recent developments. 
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Theorem (N. Dunford, B. J. Pettis, J. Lindenstrauss, C. Stegall, R. E. Huff, 
P. D. Morris). Let X be a Banach space. Then the following are equivalent: 


1. Each separable subspace of X has a separable dual. 
2. Each nonempty closed bounded convex subset of X* is dentable. 
3. Each nonempty closed bounded convex subset of X* has an extreme point. 


Theorem 10 was established by R. Haydon (1976), K. Musial (1978), and 
V. I. Rybakov (1977); our proof was inspired by Haydon’s, but its execution 
differs at several crucial junctures. Subsequent to stumbling onto this 
variation in approach, E. Saab (1977) pointed out that he had used the same 
tactics to much greater advantage in deriving several generalizations of 
Haydon’ s result. 

The ideas behind the proofs of Lemma 11 and Theorem 12 are due to V. 
Fonf (1979). They were most enjoyable to encounter, to lecture on, and to 
write about. Plainly speaking, they are too clever by half. Of course, 
Theorems 14 and 15 are due to J. Elton (1981). 
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CHAPTER X 
Grothendieck’s Inequality and the 
Grothendieck-Lindenstrauss-Pelczynski 


Cycle of Ideas 


In this section we prove a profound inequality due, as the section title 
indicates, to Grothendieck. This inequality has played a fundamental role in 
the recent progress in the study of Banach spaces. It was discovered in the 
1950s, but its full power was not generally realized until the late 1960s when 
Lindenstrauss and Pelczynski, in their seminal paper “Absolutely summing 
operators in %, spaces and their applications,” brutally reminded functional 
analysts of the existence and importance of the powerful ideas and work of 
Grothendieck. Since the Lindenstrauss-Pelczynski paper, the Grothendieck 
inequality has seen many proofs; in this, it shares a common feature of most 
deep and beautiful results in mathematics. The proof we present is an 
elaboration of one presented by R. Rietz. It is very elementary. 

Some notational conventions are in order. 

For a vector x in R” the euclidean norm of x will be denoted by |x|. If 
x, y are in R”, then their inner product will be denoted by x: y. 

By dz we mean Lebesgue measure on R"”, by dG(z) we mean normalized 
Gaussian measure of mean zero and variance 1. Don’t be discouraged by the 
fancy description. dG(z) 1s given by 


dG(z) = (227) "eV az: 


in other words, for any Lebesgue-measurable real-valued function f on R” 


[ f(2) dG = Tse I fered 


Particularly noteworthy (and crucial for our purposes) is the fact that the 
Gaussian measure is a product measure of smaller Gaussian measures. In 
particular, if k + m=n, then the product of k-dimensional Gaussian mea- 
sure and m-dimensional Gaussian measure is n-dimensional Gaussian mea- 
sure. 

We denote by L, the L,-space L,(R", dG) of n-dimensional Gaussian 
measure. If f € L,, then the norm of f will be denoted by || /||, and the inner 
product of f with a g € L, will be denoted by (/, g). 
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Finally, some functions of special interest: if x ©R", then we define 
g,:R"-R by 9,(y)=x-y and s,:R” -R by s,(y)=5(x-y), where s 
denotes the signum function. 


Lemma 1. /f |x| =1=|y\, then (9, 9,) = X° y. 


PROOF. Since |x| =1=|,y|, there is a vector y’ orthogonal to y such that 
x=(x-y)yt+y’. 
For this y’ and all z we have 
x-z=(x-y)(y-z)+ yz, 


and so 


(x-z)(y-z) = (x-y)(y-2) + (9% z)(¥-2). 
Integrating with respect to z (and changing to the 9g, notation), we have 


(9,50,) = f (x-2)(y-2) dG(z) 
= (x+y) fiy-z/?dG(z)+ f(y2)(y-z) dG(z) 
~ ING B+ Gy) (1) 


Let’s compute. 


(9,,9,)= earl 


2 
X ei +234- +28)/2 dz dzy-++ dz, 


a cose f° SL. (nat ay 


o 8) fo @) 
f f (y42, + yyp22 + +++ + y,2, 
— 9" —00 


xK enti /2 dz,e(#3* —_ +2z2)/2 dz, eee dz ; 


n 


where /(2,) = y)Z, + -:- + y,Z, is independent of the coordinate z,, 
1 00 co co 22 > 22 
= ———— z2+2y,2,1(z,)+17(z,))e"477 dz 
Taay' J. mime 1 Vi21 ( 1) ( :)) 1 
Ke +2007 da... dz, 
] ora) 00 
= ——— v2m (y2 + 17(z,)) 
\(20)" J Labi 


~~, 2 sae ae 
«Ke (27+ +#a)/2 dz,-++dz ’ 


n 


where [°,2y,z,1(z,)e7 7!” dz, = 0 since the integrand is an odd function 
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of z,, 


ocd ae ee [ (net a + YyZq) 


x e(zit _ +27)2 dz eve dz,,, 
which after »—1 more such computations will eventually be reduced to 
being 
=yrtypte- typ =|yP=1. 
On the other mane. 


(g.9,) = Gal.  f” f (yz, + yz, + mee + y/z,) 


—-CO" —-c& 
x yer) + YZ, +++: + y,Z,) dG(z) 


wf ff (int eon He) 


x en /2 dz et +22 dye. dz, 


where I(z,)= y,z,+ °-: + YnZ, and I’(z,)= yyzy+ ++: + yfz, are inde- 
pendent of the coordinate z,, 


- Toa foo [Dinette dart year + (aad) 


_ 92 _¢e24.... 2 
Xe 71/2 dze (z3+ +20)/2 dz,-+-dz, 
which again taking into account the oddness of certain integrands, 


eS f V2m ( yiy, + 1(2,)1(2,)) e234 +272 az, - + dz, 
Tr — 0 — 0 


1 , oa) 
= ia nyrt —= int fo 


eo 4 
° J (y7z. + vo + ¥/z,)(J222 + +-: + Zn) 
—- © 


x eR + + +27)/2 dz,-+-dz,, 
n 


which after another n —1 such computations is seen to be 
= iz tt + VI, = Vy =O. 
Now a look at Eq. (1) will provide the finishing touches to the proof. 0 


The proof of the previous lemma, viewed from the proper perspec- 
tive, illuminates the special role of the Gaussian distribution in the present 
setup. Consider for a moment what is going on when you try to com- 
pute the expected value of a real-valued random variable with respect to the 
Gaussian distribution. How can one cut back on the amount of actual 
computation to be done? 
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First, note that the measure one is integrating with respect to has two 
pieces so to say: The Lebesgue measure dz and the Gaussian weight 
(22) "/e —\27 72, 

A well-known and important property enjoyed by Lebesgue measure is 
the fact that it is invariant under isometries. So, should f and g be different 
real-valued random variables on R” such that, for some isometry 7 of R”, 
f(z) = g(7z) holds for all zER"”, then /f(z) dz = {[g(z) dz automatically 
obtains. 

Now take into account the second piece of our amusing little puzzle: the 
Gaussian weight (27)~"/e—!/2_ The values of this weight agree at any 
x, y&R” having the same lengths. Therefore, should f and g be real-valued 
random variables such that whenever f attains the value f(x) at a vector x, 
then there is one and only one vector y, of the same length as x such that 
g(y,) attains the same value f(x), then the Gaussian weight of itself cannot 
tell the random variables apart: 


f(x)(2n)"" eb = gy,)(On) M2ervshA 


Therefore, taking into account the Lebesgue measure’s disregard for 
isometries and the Gaussian weight’s laissez faire attitude toward vectors of 
the same length we see that: should f and g be real-valued random variables 
such that there is a linear isometry t of R” onto itself for which f(z) = g(1z) 
for all z ER", then {[f(z) dG(z) = {g(1z) dG(z) = {g(z) dG(z) holds. 


Lemma 2. Suppose |x| =1=|y|. Then 


1. (9,,5,) = (x-x)y2/7. 
2. ley — 5,l|? =2— 2y2/r. 


PROOF. As in Lemma 1, we let y’ be a vector perpendicular to y so that 
x =(x-y)y + y’. Now we note that 


(,55,) = f (x-2)s(y-z) dG(z) 
= (x+y) { (y-2)s(y-z) dG(z)+ f(z)s(y-2) dG(z) 


= (x+y) fly-21dG(z)+ f (y%z)s(y-z) dG(z). 


Now it is clear that [\|y-z|dG(z) = 2/a fete"? dt. Indeed, by our 
remarks above, the integral {|y-z|dG(z) has the same value as {g(z) dG(z) 
for any real-valued random variable g on R” obtained from |y-z| by means 
of an isometry of R”. Which g to choose? Well, the function g(z) = |z,| is 
easily seen to be obtainable from |y-z| by composition with a suitable 
isometry of R”. Therefore, 


fiy-214G(z) = flldc(z) 
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and this latter integral is quickly seen to be equal to ¥2/7. 

What of {[( y’:z)s( y-z) dG(z)? Of course, its value is 0. Since y’ and y are 
perpendicular, we can move y’ to (|y’|,0,0, ... 0) and y to (0,1,0, ... ,0) by 
means of a linear isometry of R” onto itself. Therefore, 


[(1%z)s(y-z) dG(z) = {z,sign z, dG(z) =0 


by direct and simple computation. 
If we take all these comments to account, we get 


(x5) = (x+y) fly-z]dG(z)+ [(y%z)s(y-z) dG(z) 


=(x-y)/2. | 


Part 2 is now easy to derive. In fact, 
l@,. ~ s M3 = (9, ~~ Sx» ?x ~ 5.) 
= (9.5% )— 209, 5x) + (5x5 54), 
which be Lemma 1 and part 1 of this lemma is 


_ 2 2 
=x-x—-2x xy - + f\x-z1 dG(z) 
=1-2/ = +1=2-2) 5 
7 7 
since f|x-z|? dG(z) =1 (something we saw in Lemma 1). O 


We now can state and prove the “fundamental theorem of the metric 
theory of tensor products.” 


Grothendieck’s Inequality. There is a universal constant K, > 0 such that for 
any n and any n Xn real matrix (a;;) we have 


EY a,(x9) 


i=1j=1 


: X;, Y; € some common Hilbert space, 


ai )Ly = w| 
ll x; ly <1} 


" 
» Qj; 


: x © Hilbert space, \|x,;|| < i 
j=l 


-on 8 


i=] 


een 


n n 


» LY 4; ;5;t; 


i=l j=1 


:[s;L (6 <i}. 


< Ksun| 
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PROOF. For the sake of normal relations we assume (4, ;) satisfies 


spl) 3 >> ¥ a,s,t}: 


i=l j=1 


hist} 1 


To start, we pick unit vectors y,, ..., y, In some Hilbert space that closely 
approximate the quantity ((a,,)|~ = sup{2/_,|24~14;,x, ||: x; an element of 
a Hilbert space, ||x,|| <1}. Let’s say that y,,....y, are selected to satisfy 


n 
Lu aii Jj 


j=l 


(a, p= +e) ¥ 


i=] 


The span of the vectors y,,..., y, 1S at most n dimensional; so we can put 
them in R” quite comfortably. Now choose unit vectors x,,...,x,, in R” so 
that 


iii = 


n 
» a5; Vj Xis 
jul 


this we can do for each i =1,...,” through the use of the Riesz representa- 
tion theorem. Of course, 


Kea y E a,,(x, Yi) = 2 aij% “i 


i=l j=1 


Preparations are completed; let’s calculate. 
Notice that for any x, yER”, 


(s.,5,) = (M5 5,)+ (5,59) — (QB) — (= 5555, — ®). 


Therefore, 


Lai; (55, sy) = 2414 %s, Sy) Lai (Ss, Y, ) 
tJ 


~ 24;)(%, %,,)— Lai; (4x, ~~ Sx, Sy, ~~ g, ) 
iJ t,J] 


yz yl 2 
= Lae x; nt teas Xj" 7 


+ hear Xi ° Vj ~ 2 4 (%x, ~ Sx, 9 Sy, %,,) 
i6J 


J 


J 


Zz 
(2 \5- 1) Ea, x; Yj — L14ii (Px, ~ 52,15), — B,)- 
i,/ 
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Let’s rewrite the pertinent parts of the above identity: 
2a (S8 s,) = (2- -/2 -1} a,x. x; ¥,— 214, ( Gx, — 54,5 5y, — B,)- 
id 


Observe that each of the terms on the right involves in some way quantities 
related to |(a;,)|,¢- The first does so because of our choice of the x, and y,, 
whereas the second is dominated by a constant multiple of (a; ;)|~; indeed, 
a simple normalization argument shows that 


) Ss I(4a;)L elle, 7 s,|llls,, 7 %, Il, 


ey Sx9 Ty, Py, 


which by part 2 of Lemma 2 is 


sKale(2-2)2) (2-29? \" 


=|(4,,)L-(2-2y = } 


It now follows that 


OY $x15,,) l+e 


2 (AAD for)? \Ma dee 


But our assumption on (a; ,) that 


sup{|E 


assures us of a bound on [2,, ;a;;(s,,, 5, )I: 


ifSity 


‘higlst} = 1 


+z) dG(z) 


ij x,75y,) 


ij 
i, J 


dG(z) 


da, ,8(x;-z)s(¥;°2) 
i,j 
which, since |s(x;-z)|, |s(y,°2z)| <1 for any z, is 


< f1dG(z) =1. 


It follows that for a fixed (but arbitrary) «> 0, 


2/2 -soe97-G-2/2 toe 
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On reflection one sees that this implies 


12 (2/2 -1)- [2- 2/2 )\Meaudhe 
> [4/2 -3) tie 


an estimate good enough to prove Grothendieck’s inequality. QO 
One quick corollary to Grothendieck’s inequality follows. 


Generalized Littlewood Inequality. Let (a 
and suppose that for each N 


ipij=1 De an infinite real matrix 


<M 


7 a, ;t;5; 


i,j=l 


whenever all the t, and s, have absolute value <1. If (x,;)¢ j=, 1S any real 
matrix such that 


1/2 
(=x2,] <C 
k 
for each i, then 


Lu [> (Exua,)) < K,CM. 


i \k 
PROOF. It is clear that our hypothesis about (a, ,) implies that 
dla; jisM 


for each j >1. Further, the class of (x,;) under consideration are plainly 
subject to the restrictions 


Ix, SC 


for each k,i. Hence, all the series 2x,,a;; are absolutely convergent 
(regardless of k, /); this allows us to assume each sum arising has but N 
summands with full confidence that the usual limiting arguments will be 
available to carry the argument to its natural conclusion. 

Let X; = (;;, X2;,---,Xy;) denote the ith column of (x,;)7 ;-1- View x; as 
a vector in /2"; ||X,|| < C for each i—this is precisely what the hypothesis on 
the admissible class of (x,,;) means. Grothendieck’s inequality now tells us 
that 


N 
» A, ;X; 


i=] 


Y 


j=l 


<K gM _ sup ||x;]l 
l1<si<N 


< K,MC; 
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from here to the desired conclusion is just an easy exercise in interpreting 
the norms involved. 0 


The Grothendieck-Lindenstrauss-Pelczynski Cycle 


We turn now to some of the early applications of Grothendieck’s inequality. 
More precisely, we exhibit several instances of pairs (X,Y) of Banach 
spaces for which every bounded linear operator from X to Y is absolutely 
2-summing. Of interest here is the pleasant fact that the X and Y arising 
include spaces that are truly classical Banach spaces. 

First, isolate the ,-spaces of Lindenstrauss and Pelczynski. 

Let 1<A<oc and. 1< p<oo. A Banach space X is called a ¥, )-space if 
given a finite-dimensional subspace B of X there is a finite-dimensional 
subspace EF of X contatning B and an invertible linear map T: E > [om & 
such that ||7"|| ||77~ {|| <A. 

Every L,()-space is a 2%, ,-space for all A >1; cg and all C(K )-spaces 
are 2, ,-spaces for each 4 >1. Once a space is an Y, ,-space for some 
A >1, it is called an &-space. The next two results were proved (more or 
less) for the classical infinite-dimensional models of -%,-spaces by 
Grothendieck and clarified by Lindenstrauss and Pelczynski, who also 
recognized the finite-dimensional character of their statements. 


Theorem (Grothendieck-Lindenstrauss-Pelczynski). If X is a #,-space and 
Y ts a Hilbert space, then every bounded linear operator T: X — Y is abso- 
lutely 1-summing. 


PROOF. Let x,,...,x, © X be given and suppose L?_,|x*x,| < C||x*]| holds 

for every x* & x*, * Suppose X is aL, ,-space; there is an integer m > 0 and 
into , 

an invertible operator G:/)" — X whose range contains x,,...,x, with 


||G|| =1 and ||G~*|| <A. Suppose y,, ...,y, € 17 are chosen so that Gy, = x, 
for i~=1,2,...,n. Put 


Vy = 4410, + Ay2@y T+ + + 41,0, = by Qa, 7; 

Vy = n,€; + An7€, + +++ + 4d, e,, = 3 Ay je; 
j=l 

Yn = ane + A, 2€2 + oT + Aymem = » a, je). 
j=1 


Let y* = (5), ... 5) €1™ = (L")* have norm <1 and take any real numbers 
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| | 


ti, ---5t, Of absolute value <1. Then 


< El 


ye 4; /t;5; 
; 


» a; 55; 
J 


Ss » 4,5; 
pig 

= DV ly*y,| 
i 


= Lly*G"*x;,| 


= Do-™y")x, 


<CIlG *y*|| <C\|]G7'I\< CA. 
Therefore, by Grothendieck’s inequality, 


ni n n m | 
LiiTx= LV iTey= LT L a,,Ge, 
j=l i=l im1]]) j=l 
n m 
=) a,,TGe,;||< KC sup ||TGe,| 
i=l] j=l l<ysm 
< K,CAI|T|| < 00. 
That T is absolutely 1-summing follows from this. D 


Theorem (Grothendieck-Lindenstrauss-Pelczynski). Every operator from a 
L,-space to a L,-space is 2-summing. 


PROOF. Let X be a %, ,-space, Y be a 2%, ,-space and S$: X—Y be a 
bounded linear operator. 
Take any x,,...,X, © X. There is a c > 0 such that 


N 

De [x*xql? Sc? ffx"? 

kel 
for any x* © X*. There is an m>1 and an invertible operator T from /” 
into X such that {x,,...,x,} is contained in 7/”, ||7 || =1 and ||T~'I| <A. 
Let z,,...,Z,y €/% be-chosen so that Tz, = x,. Again, there’s a finite-dimen- 
sional subspace E of Y containing S7/” and an invertible operator R: E — /* 
(k = dim E) with ||R|j=1 and ||R~'\| <p. Together, we conclude to the 
existence of an operator S, = RST:1™ — If and elements z,,...,z, of /@ 
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such that given any z* €/" = (1™)*, 


N N 
Lo lz*2zq|? = do |z*T~ 1x, 1 
h=1 h~=1 


N 2 
= bo |T-'*2*(x,)| 
h=1 


< c7|T7 l*2* ||? 
< c7d?||z*||?. (2) 
Our special purpose is to show that L*_,||S,z,||* is bounded by some 


constant dependent only on c, A, and ||S ||. Once this is done, it will follow 
that 


N N 
DY WSx,l? = Yo WR 'S oz, 11 
h=] hw=l . 


N 
<"IR--W? DS WSozall? 
h=1 

is bounded by a constant dependent only on c (a scaling factor), A, 
[]Soll < [|S|], and p; 1.¢., S is 2-summing. 

Okay, let’s bound L*_,||S,z,|I?. 

Let e,,...,¢e,, be the usual unit vector basis of /% and /f,,...,/, be the 
usual unit vector basis of /*. Define the matrix (a, j) by 


k 
Soe; ~ » a;; J 
j=l 
Notice that for any u* = (u,...,u,)€ Sys = Sx and any reals 


ty, «++ oligs Sy, --- 95, Satisfying |f;|, |5;| <1 we have 


(asi -tabe) |S > ve, 


i=] 


4, (t;8;u; 
tJ 


m 
» te; 
i= im 
S |[Soll. | | (3) 

Look at z,,...,2Z, and their representation in terms of e, ...,e,,,: 

m 

Zh= Le Hiei: 

i= 
From (2) (letting z* take turns being each of the m different coordinate 
functionals on /”") we get 


<||\(uy5,,--., 4454) lh, Soll 


N | 
[Z,17 sc? (4) 
h =] 
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for each i=1,...,m. In tandem with (3) and the generalized Littlewood 
inequality, (4) gives us 


k N m 2\ 1/2 
» | » | » na | < cA Kg||Soll, 


j=l h=i\i=l 
and this is so for any (4, ...,u,)ES iky*- It follows that the k-tuple 


(= | Dinan) ) beng | r ( Dina y)" 


has /*-norm < cA Kg||So||. Equivalently, 


k N m 2j1/2 
» » | » 2nj 4; | < cA Kg||Soll- 
j=llaw=1\li=l 


Looking carefully at what is involved in this last inequality, we see that it 
just states that if the vectors v,,...,v, in 1 are given by 


m m 
vi = | » ZGijees Ly Emits) 


i=1 i=l 
then 
k 
L lolly < cAKegllSoll. 
j=l 
The triangle inequality to the rescue: 
N 
vj, || <cAKgllSoll, 
j=l 1y 
or 
N k m 2 
2\2p-2 2 
» » » Zy,4;;|] SC ASK GI|| Soll”: 
ha=1l\j=1]i=1 
Since 
m 
ISoZalle = De Zi Soli 
i=] Ik 
k m k m . 
= » [ ents |S = » » Zn Gj; 
j=l \i=l wk f=lli=l 
we see that 
N N k | om 2 
2 _ a“ 
» I$02, 11° = » » » 2niFij 
h=1 h=)\j=1)i=1 


< ¢°N’K§||Soll’- 
This ends the proof. 0 
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We rush to point out that /, is isomorphic to a subspace of L,(0,1], 
thanks to Khintchine’s inequality. Consequently, every operator from a 
£,,-space to J, is absolutely 2-summing. 


Banach Spaces Having Unique Unconditional Bases 


Theorem 3 (Lindenstrauss-Pelczynski). Let (x,,) be a normalized uncondi- 
tional basis for 1,. Then (x,,) is equivalent to the unit vector basis. 


PROOF. Suppose K > 0 is chosen so that 


¥b,a,x,|<K|Da,x, 
n . n 


holds for aay (6,)¢ 8B, and any sequence of scalars (a,) for which 
~,4,x, €l,. Since J, imbeds isometrically into L,[0,1] and L,a,x,, is 


unconditionally convergent, 


Llanl? = Lila, X_ll? < 00 
by Orlicz’s theorem. It follows that the operator T:/,—/, defined by 
T(X,,4,X,) = (a,) is well-defined. T is linear, one to one, and bounded, too; 
the boundedness of T follows from the proof of Orlicz’s theorem or from a 
closed-graph argument, if you please. By Grothendieck’s inequality we 
know that 7 is absolutely summing. Consequently, if (a,) is a scalar 
sequence for which La,x, €/,, then 


nvuno'n 


Yila,l= LilTa,x,l 


<7,(T) sup 
Cc, =+1 


<1 (T)K|Da,x, 
n 


» E,4,X, 
n 


<7, (T)KQIa,|. 
n 
It follows from this that (x,,) is equivalent to /,’s unit vector basis. O 


Remark: If one feels like bypassing Orlicz’s theorem for another application 
of Grothendieck’s inequality, then accommodations can be made. What is. 
needed, of course, is the assurance that ©, |a,|* < oo for any L,a,x, €1,. To 
achieve this without recourse to Orlicz, one can define the operator S: cy > J, 
by S(A,,) =2,A,4,x,; Grothendieck’s inequality leads us to believe S is 


absolutely 2-summing from which the square summability of (a,,) 1s an easy 
consequence. 
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A result parallel to that expressed about /, in Theorem 3 holds for cy as 
well. In fact, suppose (x,,) is a normalized unconditional basis for c, and let 
(x*) be the sequence of (x,)’s coefficient functionals. It is plain that 
L,|x*x,,| <0o for each extreme point x* of B., = B,; so (x7) is a basis for 
l,, this because of Lemma 13 in Chapter IX. It is easy to see that the 
pleasure derived from (x,,)’s unconditionality is shared by (x7); the se- 
quence (x*) is an unconditional basis for /,. The fact that ||x, || =1 for all n 
tells us that 1 < ||x*|| < 2M, where M is the basis constant of (x,,). It follows 
from Theorem 3 that the normalized unconditional basis (x*/||x*\|) of /, is 
equivalent to the unit vector basis of /,; from this it is easy to conclude that 
(x*) is equivalent to the unit vector basis of /,, too. This, though, is 
tantamount to (x,,)’s equivalence with the unit vector basis of cy. For 
recording purposes, we summarize the above discussion. 


Theorem 4 (Lindenstrauss-Pelczynski). Let (x,,) be a normalized uncondi- 
tional basis of cy. Then (x,,) is equivalent to the unit vector basis. 


What spaces other than c, and /, have unique unconditional bases? Here 
is one: /,. In fact, if x,,...,x, El, then it is an easy consequence of the 
parallelogram law to show that given y,,..., y, €/,, 


Lv > 6; y; 


(@)j-1E {+1} Nim 


2 n 
=2") Ill. 


i=] 


From this it follows easily that if (x,) is a normalized unconditional basis 
for /,, then L,a,x, € /, if and only if L,|a,|? <0. 

Cg» 4), and J, all have unique normalized unconditional bases. Any others? 
The startling answer is No! This result, due to Lindenstrauss and Zippin, is 
one of the real treasures in the theory of Banach spaces. It is only with the 
greatest reluctance that we do not pursue the proof of this result here. 


Exercises 


1. L,[0,1] is a YZ -space. L,[0,1] is aZ%, |, space for every e> 0. 


2.C (K) is a &,-space. If K is a compact Hausdorff space, then C(K) is a 
£,,. 1 4,--Space for each e> 0. (Hint: You might find that partitions of unity serve 
as a substitute for measurable partitions of {0,1)}.) 


3. Lattice bounded operators into L,{0,1}. Let T: X — L,[0,1] be a bounded linear 
‘operator. Suppose there is a g € L,[0,1] such that 


|7x|< g almost everywhere 
for each x € B,. Show that T is absolutely 2-summing. 
4. Hilbert-Schmidt operators on L,{0,1]. Let T: L,[0,1]— L,[0,1] be a bounded 


linear operator for which 7(L,[0,1]) ¢ L,,[0,1] setwise. Then T is a Hilbert- 
Schmidt operator. 
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Notes and Remarks 


The importance of the Lindenstrauss-Pelczynski paper to the revival of 
Banach space theory cannot be exaggerated. On the one hand, the challenge 
of Grothendieck’s visionary program was reissued and a call to arms among 
abstract analysts made; on the other hand, Lindenstrauss and Pelczynski 
provided leadership by crystalizing many notions, some perhaps only im- 
plicitly present in Grothendieck’s writings, central to the development of a 
real structure theory. They solved long-standing problems. They added 
converts to the Banach space faith with enticing problems. Their work led to 
meaningful relationships with other important areas of mathematical en- 
deavor. 

No doubt the leading role in the Lindenstrauss-Pelczynski presentation 
was played by Grothendieck’s inequality. They followed Grothendieck’s 
original scheme of proof, an averaging argument pursued on the n-sphere of 
Euclidean space with rotation invariant Haar measure gauging size, though 
they did provide, as one might expect, a few more details than Grothendieck 
did. 7 

Interestingly enough, many of the other proofs of Grothendieck’s inequal- 
ity have come about in applications of Banach space ideas to other areas of 
analysis. | 

B. Maurey (1973) proved a form of Grothendieck’s inequality while 
looking for the general character of his now-famous factorization scheme. 
He borrowed some ideas from H. P. Rosenthal’s work (1973) on subspaces 
of Lys improved on them and, with G. Pisier, molded them into the notions 
of type and cotype. 

G. Pisier settled a problem of J. Ringrose in operator theory by proving 
the following stunning C* version of Grothendieck’s inequality. 


Theorem. Let »/ be a C*-algebra and E be a Banach space of cotype 2; 
suppose either Mor E satisfies the bounded approximation property. Then every 
operator from ¥to E factors through a Hilbert space. 


The result itself generalizes Grothendieck’s inequality but more to the 
point, Pisier’s proof suggested (to him) a different approach to the original 
inequality through the use of interpolation theory. 

J. L. Krivine (1973) in studying Banach lattices proved the following 
lattice form of Grothendieck’s inequality. 


Theorem. Let X and Y be Banach lattices and T: X - Y be a bounded linear 
operator. Then for any x,,...,X, = X we have 


n 1/2 1” 1/2 
» ITx,|? < Kall | » ae 


i=l i=l 
where K¢ is the universal Grothendieck constant. 


9 
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Of course, sense must be made of the square of a member of a Banach 
lattice, but this causes no difficuity for a Krnivine; he made sense of it and 
derived the above inequality, thereby clearing the way for some remarkably 
sharp theorems in the finer structure theory of Banach lattices. 

To cite but one such advance, we need to introduce the Orlicz property: a 
Banach space X has the Orlicz property if given an unconditionally conver- 
gent series b,x, in X, then L,,||x, ||’ < oo. Orlicz showed that L,(0,1] has the 
Orlicz property whenever 1 < p < 2. As we mentioned, Orlicz’s proof can be 
easily adapted to show the somewhat stronger feature of the spaces L,[0, 1] 
for 1<p<2, namely, they have cotype 2. With Krivine’s version of 
Grothendieck’s inequality in hand, B. Maurey was able to establish the 
following improvement of a result of Dubinsky, Pelczynski, and Rosenthal 
(1972). 


Theorem. Jf X is a Banach lattice, then X has cotype 2 if and only if X has the 
_Orlicz property. — 


Generally, it is so that spaces having cotype 2 have the Orlicz property; 
however, it is not known if every Banach space with the Orlicz property has 
cotype 2. | | 

A. Pelczynski and P. Wojtaszczyk were studying absolutely summing 
operators from the disk algebra to /, when they discovered their proof of 
what is essentially Grothendieck’s inequality. They observed that an old 
chestnut of R. E. A. C. Paley (1933) could, with some work, be reinterpreted 
as saying that there is an absolutely summing operaior from the disk algebra 
onto /,. Using this and the lifting property of /,, they were able to deduce 
that every operator from /, to /, is absolutely summing. Incidentally, they 
also noted that the existence of an absolutely summing operator from the 
disk algebra onto /, serves as a point of distinction between the disk algebra 
and any space of continuous functions. Any absolutely summing operator 
from a ¥,,-space to |, is compact; so the existence of a quotient map from 
the disk algebra onto /, implies that the disk algebra is not isomorphic as a 
Banach space to any C(K )-space. 

‘It is of more than passing interest that the Pelczynski-Wojtaszczyk proof 
that the disk algebra is not isomorphic to any Y,,-space had already been 
employed by S. V. Kisliakov, at least in spirit. Kisliakov (1976) showed that 
for n > 2 the spaces C*(I") of k-times continuously differentiable functions 
on the n-cube are not Y,-spaces by exhibiting operators from their duals to 
Hilbert space that fail to be absolutely 1-summing. 

As is usual in such matters, the precise determination of the best constant 
that works in Grothendieck’s inequality has aroused considerable curiosity. 
Despite the optimistic hopes of a number of mathematicians, this constant 
appears on the surface to be unrelated to any of the old-time favorite 
constants; J. L. Krivine has provided a scheme that hints at the best value of 
the Grothendieck constant and probably sheds considerable light (for those 
who will see) on the exact nature of Grothendieck’s inequality. 
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We have presented the results of the section entitled The Grothendieck- 
Lindenstrauss-Pelczynski Cycle much as Lindenstrauss and Pelczynski did 
without confronting some small technical difficulties which arise when one 
pursues the full strength of Theorem 4, namely, if / < p< 2, then every 
operator from a £,, to a &, is absolutely 2-summing. 

The development of the structure of %,-spaces has been one of the 
crowning successes of Banach space theory following the Lindenstrauss- 
Pelczynski breakthrough. This is not the place for one to read of the many 
nuts cracked in the subject’s development; rather, we preach patience while 
awaiting volume III of the Lindenstrauss-Tzafriri books wherein the com- 
plete story of the ¥,-spaces is to be told. 

A Banach space Y is said to have the Grothendieck property if every 
operator from Y to /, is absolutely 1-summing. Theorem 3 shows that 
£,-spaces have the Grothendieck property. S. V. Kisliakov (1976) and G. 
Pisier (1978) have each shown that if R is a reflexive subspace of L,[0, 1], 
then L,[0,1]/R has the Grothendieck property; so Y,-spaces are not alone 
in the enjoyment of the Grothendieck property. S. Kaiser (0000) has given 
another view of the Kisliakov-Pisier theorem with an eye toward broader 
applications. More recently, J. Bourgain (0000) has shown that L, /H' has 
the Grothendieck property. For which subspaces X of L,{0,1] does L,/X 
have the Grothendieck property? If X is a subspace of L,{0, 1], is isomorphic to 
a dual space, then does L, /X have the Grothendieck property? 

Returning again to Banach spaces of cotype 2, we ought to mention that 
the ¥Y,-spaces have cotype 2 whenever 1 < p < 2. Again they are not alone in 
this situation. N. Tomczak-Jaegermann (1974) has shown that the dual of 
any C*-algebra as well as the Schatten classes C, for 1 < p < 2 have cotype 
2. Gorgadze and Tarieladze (1980) have found criteria for Orlicz spaces to 
have cotype 2, and J. Creekmore (1981) has determined which of the 
Lorentz spaces L,, have cotype 2. Again, G. Pisier and S. V. Kisliakov 
found that L,{0,1]/X has cotype 2 whenever X is a reflexive subspace of 
L,[0,1] and, in an awesome display of analytical power, J. Bourgain has 
shown that L, /H' has cotype 2. Pisier builds on Bourgain’s result to settle 
in the negative one form of an early conjecture of Grothendieck in tensor 
products; on the other hand, Pisier uses the considerable machinery avail- 
able in spaces with cotype to give an alternative solution to the same 
Grothendieck conjecture in the presence of some approximation property. 
We cite Pisier’s factorization theorem. 


Theorem. Let X and Y be Banach spaces with both X* and Y having cotype 2. 
Then every approximable operator from X to Y factors through a Hilbert 
space. 


This generalizes Pisier’s C* analogue of Grothendieck inequality and the 
original Grothendieck inequality. 

There have been many applications of absolutely summing operators and 
Grothendieck’s inequality that bear close study. Instead of going into an 
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encyclopedic account, we state a coupie of our favorites and hope the 
student will bear in mind the rapidly growing body of splendid examples 
that solidify the position of importance held by the theory of absolutely 
p-Summing operators. The following results depend on the theory of abso- 
lutely summing operators and are but two of our favorites. 


Theorem (G. Bennett, B. Maurey, A. Nahoum). If, f,, is an unconditionally 
convergent series in L,[0,1], then Lf, /ln(n +1) converges almost every- 
where. 


An elegant proof of this is was uncovered by P. Orno (1976). 


Theorem (A. Tonge, N. Varapoulos). Jf a Banach algebra is a £,,-space, 
then it is an algebra of operators. 


A. Tonge and his co-workers have developed the ideas essential to the 
proof of the above theorem to give a number of striking criteria for the 
representation of a Banach algebra as an algebra of operators or, even, as a 
uniform algebra. 

As we noted in the text, the fact that cy, /,, and /, have a unique 
normalized unconditional basis characterizes these spaces. To be fair, the 
realization by Lindenstrauss and Pelczynski that cy, /,, and /, have unique 
unconditional bases was quite startling. Earlier, A. Pelczynski and I. Singer 
(1964) had shown that once an infinite-dimensional Banach space has a 
basis, it has infinitely many nonequivalent bases; so the Lindenstrauss- 
Pelezynski discovery was bound to be a surprise of sorts. The proof by 
Lindenstrauss and M. Zippin (1969) that only the spaces cy, /,, and /, have 
unconditional bases was based in large part on Zippin’s earlier isolation of 
Cy and the separable /, as the only spaces with perfectly homogeneous bases. 
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Some notation, special to the present discussion, ought to be introduced. If 
A and B are subsets of the set N of natural numbers, then we write A < B 
whenever a <b holds for each a€ A and b€ B. The collection of finite 
subsets of A is denoted by #.. ,,(A) and the collection of infinite subsets of 
A by #,(A). More generally for A, B CN we denote by #.,.(A, B) the 
collection 


{Xe P.,.(N): AC XCAUB,A<X\A} 


and by #,,( A, B) the collection 
{X¥eEP,(N):ACXCAUB,A<X\A}. 


It might be useful to think of P. .,(A, B) as the collection of finite subsets 
of AUB that “start with A” and similarly of A,( A, B) as the collection of 
infinite subsets of AU B that “start with A.” Of course, PF. (2, A) and 
P.,(@, A) are just P. (A) and #,( A), respectively; we use P(A) and 
- @,,(A) in such cases—it’s shorter. 

The notation settled, we introduce a topology on #,,(N) by taking for a 
basis, sets of the form #,,(A, B), where AG P_ ,.(N) and BE A,(N). It is 
easy to show that the collection of sets A,,(A, B) of the prescribed form do 
indeed form a base for a topology t on A, (N) which on a bit of reflection is 
seen to be stronger (has more open sets) than the relative product topology 
(henceforth called the classical topology) on #,,(N). We find in what follows 
that the topology r+ is particularly well suited for proving results with a 
combinatorial bent. 

Before studying r, we investigate a bit of mathematical sociology. 

Let YC F,(N), AG F.,,(N) and BE #,(N). We say that B accepts A 
(into S) if A,(A, B)c SF. Should there be no infinite subsets C of B that 
accept A into “, then we say that B rejects A (from /). 

For the time being, keep Y C F,,(N) fixed and address all acceptances 
and rejections as relative to /. 
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Lemma 1. Let AG P. ,,(N) and BE F,(N). 


1. Suppose B accepts A. Then each C © #,,(B) also accepts A. 
2. Suppose B rejects A. Then each C € P,,(B) also rejects A. 


PROOF. Part 1 is immediate from the fact that whenever C € #,(B), 
P,,(A,C) Cc P(A, B). 

Part 2 is clear, too, since were therea CE # )(B) that did not reject A it 
would be because there is a DE P(C) that “accepted A. Plainly, this is 
unheard of for members D of #,,( B) once B rejects A. 0 


Lemma 2. There is a Z © P(N) which accepts or rejects each of its finite 
subsets. 


PROOF. (By diagonalization.) To start with we observe a more-or-less obvi- 
ous consequence of the notions of acceptance and rejection: given A€© 
FP. .(N) and B © F,,(N) there is a C © #,,(B) that either accepts or rejects 
A; in other words, B is never entirely ambivalent towards A. Why? Well, if 
you consider the possibilities, either there is a C € #,( B) that accepts A or 
there isn’t. If no C € A, (B) accepts A, it’s tantamount to the rejection of A 
by B. 

Now let BE #,,(N). 

Choose X, © #,,(B) such that X, either accepts or rejects @; such an Xp 
can be found by our initial comments. 

Let Z9 = min Xp. 

Again by our opening marks we see that there is an X, © B,,( X.\{ 29 }) 
such that X, accepts or rejects {z)}. Take particular note: X, is an infinite 
subset of X, and as such must accept or reject @ according to X,’s whimsy; 
this is in accordance with Lemma 1. 

Let z, = min X, and notice that Zz, < z,. 

Once again observe that there is an Xj€ A,(X,\{z,}) such that X; 
accepts or rejects {z, }. Taking particular notice of what went on before, we 
mark down the fact that XZ accepts or rejects {z,} and @ in accordance 
with X,’s treatment of them. Now observe that there. must be an X, € 
P,,( Xz) that either accepts or rejects { Zo, z,}. Again, Lemma 1 ensures that 
Xx, accepts some of the sets ©, {Z, }, {2,}, and {2 , z,} and rejects the rest. 

Briefly our next step finds us letting z, = min X,, taking X,’” € A,( X,\ 
{ Z}) to accept or reject { z,) with us mindful of the fact that xy” a fortiori 
treats ©, {Zo}, {z,}, and {z,,2,} as X, does. Pick Xj/€ A,(X,’”) to 
accept or reject {Z9,z,}, XjE A,(Xy’) to accept or reject {z,,z,}, and 
X, € P,,( Xz) to accept or reject { 2), z,, Z,}. The last pick of the litter, X;, 
accepts some of the subsets of { zp, z,, 2, } and rejects the rest. 

Our procedure is clear. Z = { zp, 2), Z>,... } is our Set. 0 


194 An Intermission: Ramsey’s Theorem 


We have proved more than advertised; we have actually shown the 
following. 


Lemma 2’. Given Y © P(N), there is a ZEF,(Y) that accepts some 
members of F..,,(Z) and rejects the rest. 


Lemma 3. Suppose Z © #,,(N) accepts or rejects each of its finite subsets (on 
an individual basis ). 


1. IfAEGF..,,(Z) and Z rejects A, then Z rejects AU{n} for all but finitely 
many n& Z. 

2. If Z rejects @, then there is a CE V,,(Z) that rejects each of its finite 
subsets. 


Proor. 1. By hypothesis, Z accepts any A U{n} (n € Z) it does not reject; 
hence, were part 1 to fail, 


B={nE€Z:ZacceptsAU{n}}€A,(Z). 


Consider 7,,(A, B). If XE A, (A, B), then AC X CAUB, A< X\A and 
X is infinite. Let n = min X\ A; n © B, and so Z accepts A U{n}. It follows 
that 


P(AU{n},Z) CF. 
Furthermore, 
| XEP,(AU{n},Z) 
by choice of n. In sum we have 


P(A, B)C U Z,(AU{n}, B) CY, 
néeB 
which is a contradiction. Z rejects A; so B has to, too. 
Part 2 follows from part 1 in much the same way as Lemma 2 was 
deduced. D0 


It is now time for a rare treat—an application of sociology to mathe- 
matics. We say a collection “of members of A, (N) is a Ramsey collection if. 
there exists an S € #,(N) such that either A, (S) C Sor A, (S)CA(N)\ 
S. Sis called a completely Ramsey collection if for each AG FP. ..(N) and 
each Be #,,(N) there is an S © #,(B) such that either A,(A,S)C Sor 
P,,(A, SEP, (NS. 


Lemma 4. Every t-open set in P,,(N) is a Ramsey collection. 
PROOF. Let Y be a 7-open subset of A,(N). By Lemma 2, there is a 


Z & F,,(N) that accepts or rejects each of its own finite subsets on an 
individual basis, acceptance (and rejection) being relative to. Y. Of course, if 
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Z accepts @, then #,(Z) CF. If Z rejects S, then Lemma 3 tells us there 
isa YEA{(Z) that rejects each of its finite subsets. We claim that 
P(Y)AS =@. In fact, were XE A,(Y)NY, then there would be an 
AEF. ,,(N) and a BE #,(N) such that XE P(A, B)C HF since F is 
t-open. But #,(A, B)’s containment in / entails B accepting A, whereas 
X € P(A, B) implies that X also accepts A by Lemma 1. Since AC X is 
part and parcel of X € (A, B), we have X accepting one of its own finite 
subsets. Since X € #,,(Y), Y cannot reject this same finite subset of X, by 
Lemma 1--—a contradiction. Our claim follows and with it Lemma 4. D 


We are ready for a major step. 


Theorem (Nash-Williams). Every t-open set is completely Ramsey. Conse- 
quently every t-closed set is completely Ramsey. 


PRoor. Let “be t-open, A © A. ,.(N) and BE F,(N). Suppose B:N—> B 
iS a One-to-one increasing map of N onto B: B induces a 7-continuous 
function f from #,,(N) into itself. Define g: A, (N) ~ A, (N) by 


g(Y)=YUA; 


g is also 7-continuous. Since “is r-open, (g° f)~'() is too; by Lemma 4, 
(g°f)~'(S) is Ramsey. Hence, there is an X € A,(N) such that either 


P,,(X)o(gef) (SF) 
or 
P(X) CP (N)\(g ef) '(S). 
Looking at f( X) = Y, we get a member Y of #,( B) which satisfies either 
P,(Y)og (Sf) 
or 
F(Y)oP,(N)\g" (SF). 


Now notice that (A, Y) is a subcollection of {DUA: AC DUACYU 
A, DE #,,(N)} € g(#,(Y)). Reflecting on this we see that either 


P(A, Y)Ce(A(Y)) oS 
P.(A,Y)¢ g(F,(N)\g7-(F)) 

={EUA:EE,(N)\g°'(f)} 

= {EUA:EEP,(N), EVAES} 

Cc P,(N)\\F. 


This is as it should be and proves that 7-open sets are completely Ramsey. 
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That 7-closed sets are completely Ramsey is an easy consequence of the 
completely Ramsey nature of t-open sets and the observation: Y C #,,(N) 
is completely Ramsey if and only if P,,(N)\ Fis. oO 


Corollary. Every classical open set and every classical closed set in P,,(N) is 
completely Ramsey. Consequently, given such a set /, if ME F#,,(N) then 
there is an L © P,,(M) such that either P,,(L)C Sor P,(L)EC A, (N)\ I. 


For many applications the above corollary is enough; however, as aware- 
ness of the power inherent in such combinatorial results has spread, more 
sophisticated constructions have been (successfully) attempted exploiting a 
remarkable feature of completely Ramsey collections: every classical Borel 
subset of #,(N) is completely Ramsey. The proof that this is so will 
proceed in two steps: first, we show that subsets of (A, (N), 7) enjoying the 
Baire property are completely Ramsey; then we demonstrate that the Baire 
property is shared by a o-algebra of subsets of (#,,(N), 7) that contains the | 
open sets. 

If T is a topological space and S CT, we say S has the Baire property if 
there is an open set U whose symmetric difference with S is meager (of the 
first category, is the countable union of nowhere dense sets). 


Lemma 5. Every subset S of (P,,(N), 7) having the Baire property is com- 
pletely Ramsey. | 


ProoF. First notice that if “is nowhere dense, then given A € #. ,,(N) and 
Be #,,(N) there is a C € #,(B) such that ¥,,(A,C) C A (N)\/. In fact, 
F is completely Ramsey; so there is a C © g ~(B) such ‘that P(A, C)& 
P(N) FS CF,(N)\\ for F(A, C)C SF. But f° s interior is empty and so 
F cannot contain any F(A, "C). 

Next, we show that “if FY is meager, then given A, AG FP. ,.(N) and 
Be #,,(N) there is a C€ F,(B) such that A,(A,C)C A(N)\F. Sup- 
pose if of the form U *_)%, where each Y% is nowhere dense. Let Ay = A 
_and pick B, © #,,(B) such that 7,,( Apo, By) is a subset of A(N)\.% and 
Ay < Bo; this is the gist of our opening observation. Let a, be the first 
member of B, and set A, = A, U{ao}. Pick B, € ®,(By\{ a }) such that 
P(A, B,) CA, (N)\B, C Bp: so F,,(Ao, BIC A(N)\ AY, and A, < B,. 
Suppose we’ve defined A, and B, with A, < B, and F (A, B)CFA (NS, 
for any A, C AG A,. Set. An4zp=A, VU (a, }, where a,, is the least element of 
B; choose B EZ, (B,\{a,}) so that for each Ao Cc ACA,,, we have 
P(A, By) CF, (S\\ L441. Let C=U2_,A,. Then #,,(A,C) is disjoint 
from YS, for all n; indeed, P,(A,C)CU4 6 fou F(A, B,) for each n, 
itself a set disjoint from %. 

It is worth pointing out at this juncture that we have shown that a meager 
set Sin (F,(N), 7), in addition to being completely Ramsey, is actually 


Notes and Remarks 197 


nowhere dense. Remember that the sets A,(A,C) form a neighborhood 
basis for 7. 

Now let “be a subset of (#,(N), 7) having the Baire property; represent 
Ff in the form “AY, where Y is open and Y, is meager. Take any 
A&P. .,(N) and any B € #,,(N). We know that there is a C € P,( B) such 
that (A, C) is contained in 7,,(N)\.Y, from the preceeding paragraphs; 
since each t-open set is completely Ramsey, we can also find a C € #,(C) 
such that 7,,(A,C) C FA (N)\% or F(A, C) € J. Let’s check #,(A,C) 
for containment in F,,(N)\ “or /. If ge (ACCS, then, (A,C)CS 
since P_(A,C)C F(A, C) a set disjoint from Y,. On the other hand, if 
P(A,C)CF (NS), then F7,,(A,C) Cc F(A, é) and so is disjoint from 
S.: P(A,C) is disjoint from "P, and Y,, “hence from SY —F(A,C)C 
Pp (NYS. Regardless of the case in hand, #,,( A, C) is contained in either 
Sor P(N) SF. O 


Lemma 6. Let T be a topological space. Then the collection of subsets of T 
having the Baire property forms a o-algebra containing the open sets of T. 


PROOF. First of all, if a set has the Baire property, so does its complement. 
To see this, notice that closed sets have the Baire property differing as they 
do from their interior by their nowhere dense boundary. Notice too that any 
set with a meager symmetric difference from another having the Baire 
property has the Baire property. Consequently, if A is a Baire set and U is 
- an open set for which AAU is meager, then A‘AU“ is meager, too; hence A‘ 
enjoys the Baire property as often as A does. 

Next, if (B,) is a sequence of sets with the Baire property, then U, B, has 
the Baire property. In fact, each B, differs from an open set U, by a meager 
set A,, so that U, B, differs from the open set U,U, in a (meager) subset of 
the meager set U, A,. O 


Theorem (Galvin-Prikry). Every Borel subset of (%,(N),7) is completely 
Ramsey. 


Corollary (Galvin-Prikry). Every classical Borel subset of #.,(N) is com- 
pletely Ramsey. Consequently if @ is a classical Borel subset of P,,(N) and 
M & F,,(N), then there is an L€©P,(M) such that either P_,(L)C B or 
P,(L)C P,.(N)\B. 


Notes and Remarks 


The elegant combinatorial principle known as Ramsey’s theorem has had a 
strong impact on the theory of Banach spaces. We have recourse to use this 
principle in our treatment of Rosenthal’s /, theorem (following the lead of J 7 
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Farachat) in Chapter XI and call on it frequently in recounting the proof of 
the Elton-Odell separation theorem in Chapter XIV. Its effects on these 
deliberations are so basic that a reasonably self-contained treatment seemed 
in order. | 

The roots of the combinatorial theory reach back to the classicai formula- 
tion of the Ramsey theorem due to the remarkable F. P. Ramsey, himself. 
The original foundation: | 


Theorem (Ramsey). Let .be a family of doubletons from the set N of positive 
integers. Then there exists an M © #,,(N) so that either x contains all the 
doubletons from M or x contains none of the doubletons from M. 


Though the proof of the above is short and sweet, we prefer to send the 
student to E. Odell’s survey of applications of Ramsey theorems to Banach 
space theory to find the proof, feeling sure that once started on that survey 
the rewards of continuing will be too obvious to leave it unstudied. 

Our discussion of the infinite versions of Ramsey’s theorem were in- 
fluenced greatly by a seminar lead by G. Stanek and D. Weintraub on 
applications of Ramsey’s theorem and descriptive set theory in functional 
analysis. In turn they were following E. E. Ellentuck’s proof (1974) of 
the completely Ramsey nature of analytic sets. Earlier, C. St. J. A. 
Nash-Williams (1965) had shown that closed subsets of A,(N) are com- 
pletely Ramsey (we use this in Chapter XI), F. Galvin and K. Prikry (1973) 
showed that Borel sets are completely Ramsey, and J. Silver (1970), using 
metamathematical arguments, extended the Galvin-Prikry search to find 
analytic sets among the completely Ramsey family. 

Though Ellentuck’s approach bypasses the need to know even the basics 
about mathematical logic, we would be remiss if we did not suggest that 
Banach space theory is enjoying the fruits of the logician’s labors. Be it 
under the guise of nonstandard analysis or ultraproduct arguments, modern 
model theory has seen too many victories in the investigation of Banach 
space questions to be dismissed as being of tangential interest. Rather than 
survey the contributions of these all-too-alien disciplines, we recommend the 
student make a careful study of the surveys cited in our bibliography, as 
well as pertinent references contained in those surveys. 
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CHAPTER XI 
Rosenthal’s /, Theorem 


The Eberlein-Smulian theorem tells us that in order to be able to extract 
from each bounded sequence in X a weakly convergent subsequence it is 
both necessary and sufficient that X be reflexive. Suppose we ask less. 
Suppose we ask only that each bounded sequence in X have a weakly 
Cauchy subsequence. [Recall that a sequence (x,) in a Banach space X is 
weakly Cauchy if for each x* © X* the scalar sequence (x*x,,) is conver- 
gent.] When can one extract from each bounded sequence in X a weakly 
Cauchy subsequence? 

Of course, a quick sufficient condition (reflexivity) is provided by the 
Eberlein-Smulian theorem. But, can one extract weakly Cauchy subse- 
quences from arbitrary bounded sequences in nonreflexive Banach spaces? 
The answer is “it depends on the space— sometimes yes, sometimes no.” 

Sometimes you can. In fact (and this was known to Banach), if X is a 
separable Banach space with X* also separable, then bounded sequences in 
X have weakly Cauchy subsequences. Let’s quickly recall the proof. Let (d,,) 
be a dense sequence in S,. and let (x,) be a bounded sequence in X. The 
sequence (d,x,) is a bounded sequence of scalars and, therefore, has a 
convergent subsequence, say (d,x/.). Now look at (d,x}); it is a bounded 
sequence of scalars and so has a convergent subsequence (d,x7?). Of course, 
(d,x7) is also convergent. The coast is clear. Follow your nose down the 
diagonal. 

Sometimes you cannot. If e, denotes the nth unit vector in /,, then (e,) 
has no weakly Cauchy subsequence. In fact, if (,) is any strictly increasing 
sequence of positive integers, and if we consider A €/,, = /* defined by 


A= { 1 ifj=n,, forsomek, 
/ —1 otherwise, 


then (Ae, ) is not a convergent sequence of scalars. 

The purpose of this chapter is to present a startling discovery of Haskell 
P. Rosenthal which says that the above counterexample is, in a sense, the 
only one. Precisely, we show the following. 
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Rosenthal /, Theorem. In order that each bounded sequence in the Banach 
space X have a weakly Cauchy subsequence, it is both necessary and sufficient 
that X contain no isomorphic copy of 1,. 


In fact, we do a bit better than as claimed above; we show that if (x,,) is a 
bounded sequence that has no weakly Cauchy subsequences, then (x,,) admits 
of a subsequence (x/) that is the unit vector basis of l,. (Here, when we say 
that (x7) is the unit vector basis of /,, we mean that there are constants 
a,b>0 so that 


<b » [c;| 


i=] 


n 
» C;X; 


i=1 


n 
ad le < 


i=l 


for any scalars c,,...,c, and any n.] This finer result is due to Rosenthal in 
the case of real scalars and to Leonard Dor (1975) in the complex case. 


How to Imbed /, in a Banach Space 


To find a copy of /, in a Banach space, the obvious thing to look for is /,’s 
unit vector basis. If one can find a sequence (x, ) in a Banach space X such 
that for some a, b > 0. 


n 


adi lels 


i=] 


n 


» C;X; 


i=l 


<bY Ic) (1) 


i=l 


holds for any scalars c,,c,,...,c, and any n, then one has an isomorphic 
copy of /, inside of X. We will continue to say that such a sequence is the 
unit vector basis of /). 

An example might help illustrate how such a sequence might look. 
Suppose we let X = L,[0,1], the space of Lebesgue-integrable functions on 
(0, 1] with the usual norm ||x||, = /¢|x(t)| dt. If we pick (x,,) to be a sequence 
of members of L,[0,1] for which ||x, ||, =1 and x,-x,, = 0 for n # m (that is, 
the x, are disjointly supported), then 


= flea (t)t + + eg xy(O)| a 
0) 


1 
=f lerei(t)|+ -++ + lenxn(t)] a 
0) 


(since the x, have disjoint supports) 
n n 
= Lilet = Le Ici. 
i=l i=1 


So sucha selection of x, gives an exact replica of the unit vector basis of /). 
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It does not take much imagination to see that if we let the x, stay 
disjointly supported in L, [0,1] but let their norms wander between a and b, 
where 0 <a <5, then we would still have a unit vector basis of /,, but now 
(1) would express the degree of similarity present. | 

In fact, if one wants to get just a bit fancier, then one can even dispense 
with the disjointness of supports. One must take care that on the set of 
common support the relative contribution to the norms of the x, is not too 
great. One still can get the unit vector basis of /, in this way. 

There are at least two drawbacks to this method of producing an /,. The 
first, and most obvious, is the special nature of the space X. Isn’t X = L,{0, 1], 
a very special space? Our construction is definitely tied to the structure of 
this particular space. Should we be looking for a way of adapting this 
construction to a much broader class of spaces, however, we would soon 
come to grips with the second drawback in the construction. Proceeding as 
above the resulting copy of /, does not sit just anywhere in L,[0,1] = X, it is 
a complemented subspace; i.e., there is a continuous linear projection from X 
onto the constructed copy of /,. It would be too much to expect that 
anytime we find a copy of /, in a space, one can find a complemented copy 
of /, in the space. We shall see later why this is too much to expect; for now 
let us mention that despite the more-or-less simpleminded manner in which 
we have built our /, in L,[0,1}, until late 1979, no other method of building 
an /, in L,[0,1] had been found. 

If the above approach is not to be generally followed, how then to 
proceed? By its very statement, the Rosenthal /, theorem indicates the need 
to use duality. This suggests that we look at X as a space of functions on 
X*; more precisely, we view .Y as a subspace of the continuous functions on 
By. in its weak* topology. In this way, the question of whether or not a 
given sequence (x,) in X has a weak Cauchy subsequence is reduced 
(enlarged?) to the question of whether or not the corresponding sequence of 
functions on B,. has a pointwise convergent subsequence. It is in this 
_ setting that Rosenthal’s /, theorem will be treated. 

Our setup: We have a set 0 and a uniformly bounded sequence (/,) of 
scalar-valued functions which is without a pointwise convergent subse- 
quence. We want to extract a subsequence which in the /,(Q)-norm is the 
unit vector basis of /,.. 

_ The first task is to guess more or less what such a subsequence has to look 
like. Then we see if things that look right are right. These will be the chores 
of this section. The pruning work will be the work of the next section; the 
first harvest will be gathered in the last section. 

What does the unit vector basis of /, look like when it appears in a space 
of bounded functions? To get a hint, we look at a bit easier problem: what 
does one look like in a space C(Q2) of continuous functions on a compact 
Hausdozff space 2; in fact, we consider an extra replica of the unit vector 
basis, and to get things under way, we worry only about rea/ Banach spaces. 
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Let (f,) be a sequence in C(2) for which 
Leah || = Llenl 


for any (c,,) €/,. Then for any k we know that 
k 


Lv th 


n=] 


=k. 


fo ¢] 


Of course, this means in particular that f, has norm 1; so there is a 
nonempty closed subset &, C 2 such that 


Q, = {w EQ: |f,()|=1}. 


But both /, + f, and f, — f, have norm 2; so there are nonempty closed sets 
2,,2, CQ, such that | 


Q, = { w E2:|f,(w)+f,(o)|= 2} 
and 


2, = (wed: |f,(w)-f(w)|=2}. 
Since f, also has norm 1 and since f, has the same sign as does /, on {2, but 
opposite sign on Q,, 2, and Q, must be disjoint. Again, f,+/,+/f/,; 
fhth-h fi-ht+f, and f,-—f,-f, all have norm 3; so there are 
nonempty closed sets Q2,,2, C 2, and 2,,&, ¢ Q, such that 


Q, = {w€2:|f,(w)+ f,(w)+ f(w)|=3}, 

Q, = {w€2:|f,(w)+ f(w)— 4(w)|=3}, 

Q, = {wE2:|f,(w)-f£(w)+ f(w)|=3}, 
and 


5 = { wE2:|f,(o)— f(w)— f(o)| = 3}. 
As before Q,, 2,, Q,, and 2, are disjoint; this time Q, being the set where 
fi. fy, and f, have the same signs, &, being the set where /, and /, agree in 
sign while /, disagrees, 2, being the set where f, and f, agree while f, 
disagrees, and {, being the set where f, is the disagreeable one. The 
procedure is set. The point is that if you have /,’s unit vector basis in a 
C(&), then there has to exist some sort of “dyadic splitting” of subsets of Q 
along with a sequence of functions that agree to change signs on the 
successive parts of the splitting. 
The idea now is search for this kind of a sequence of functions in /,,(). 
A handy model already exists—the Rademacher functions. 


A basic fact: In real l,,({0,1}), the Rademacher functions are the unit vector 
basis of 1,. In fact, suppose ¢,,...,¢, are real numbers; let’s calculate 
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uF 1f;7;Ilo- Of course, the most we can expect is L7_,|1,|; our claim is that 
we alt get this much. Since 


00 i=] oe 


we can assume ft, > 0, and therefore, ¢,7, is |¢,| on all of [0,1]. Looking at 
t.r,, we see that on half of [0,1], t,7, is |t,|; so on this half, t,r, + t,7, is 
[4;|+ [¢,|. Again, on the half where ¢,r, + tyr, is |t,|+|t,|, 1:7; achieves both 
values |f;| and — [¢,| throughout subintervals of length 1. The idea is (or 
should be) clear by now. On some interval of length 2!~”, the function 
tr, + +++ +1,r, achieves the value |f,[|+ --- + |¢,|. 

The purpose of the rest of the present section is to discuss just how 
Rademacher-like a sequence must be in order to identify it with /,’s unit 
vector basis. 

Let Q be a set. A sequence (Q2,,) of nonempty subsets of 2 is called a tree 
of subsets of Q if for each n, Q,, and Q,,,, are disjoint subsets of Q,. 
Pictorially, we have | 


| G, 
a No a Ne ow oe. SON 


where across the rows the sets are disjoint and connecting lines indicate that 
lower ends are subsets of the upper. 

The purpose of introducing trees of sets is obviously to mimic the dyadic 
splittings of [0,1) so basic to the nature of the Rademacher functions. The 
next fact we note is a special case of a much more general scheme due to A. 
Peiczynski. 


Proposition 1. Let Q be a set, (Q,,) be a tree of subsets of 2, B be a bounded 
subset of 1,,(81) and 6 >0. Suppose we have a (Rademacher-like) sequence 
(8,) in B such that whenever 2”~' < k < 2”, (—1)*b,(w) > 6 for all w €Q,. 
Then (b,,) is equivalent to the unit vector basis of |,. 


PROOF. Let ¢,,... ,¢, be real numbers. We look at |jL7_ 42, Pill’ its biggest of 
possible values is (sup pild|)) © j=1lt;|. In the generality \ we’ re dealing with, 
there’s no hope of attaining this value: we settle for a goodly portion of this 
maximum possible. Similar to the case of the Rademacher functions, no 
harm will come our way in supposing that f, < 0. It follows that t,b,(w) = 
[¢,|6 for alweEQ,. 

The values ¢,b, attains on Q, and those it attains on Q, are opposite in 
sign and in each case all have modulus = |t,|6; so on one of these “‘ halves” 
all of the values of (1,5, + ¢,6,) are > 8(|t,|+ |t,)). 
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Again, inside whichever half it is on which all of the values of (7,5, + 252) 
are > 8(|t,|+ |t,|), we have a pair of disjoint Q, (“quarters”) on one of which 
t,b, has positive values, on the other of which 1,5, has negative values; 
regardless of which quarter we are on, the moduli of ¢,;5,’s values exceed 
|t,|5. On the positive quarter, ¢,b, + t,b, + t,b, stays > (|t,|+ |f.|+ |45)). 

It should be clear how the argument continues. Our conclusion is that the 
sequence (b,,) satisfies 


o( 1) 


for any sequence (¢,,) of real numbers and all n. Of course this just says that 
(6,) is equivalent to the unit vector basis of /,. 

Proposition 1 is oftentimes quite useful as is. It can, however, be signifi- 
cantly improved upon. Such improvements are crucial to our discussion of 
Rosenthal’s theorem and are due to Rosenthal himsclf. 

The first improvement: 


n 


dt 


j=l 


< ( sup 1) [Ets 


bEB 


io, @) 


Proposition 2. Let Q be a set, (Q,) be a tree of subsets of %, r be a real 
number, (b,) a bounded sequence in 1,,(&) and 56> 0. Suppose that for n if 
2" <k<2"*' and k is even, then b,(w)>=r+6 for all wEQ,, whereas if 
2"<k <2"*! and k is odd, then b,(w) <r for allw€EQ,. 

Then (b,,), 5 is equivalent to the unit vector basis of 1,. 

Our attentions are restricted to n > 2 for the sake of cleaner details only. 


PROOF. Scme initial footwork will ease the pain of proof. First notice that 
we can assume that r+ 6+#0. Jn fact, if r+6=0, notice that r+ 6/2 <0 
and the hypotheses of the proposition are satisfied with 5 replaced by 6/2. 
Next, we assume that r+ 6 > 0. 

Should this state of affairs not be in effect, we multiply all the b, by —1 to 
achieve it; if (— b,) is equivalent to the unit vector basis of /,, so 1s (8,). 
Finally, since r + 6 > 0, we might as well assume r > 0 too since otherwise, 
we are back in the situation (more or less) of (our special case of) 
Pelczynski’s proposition. So we prove the proposition under the added 
hypotheses thatr+6>r2>0. 

_ What we claim is true is that for any sequence (¢,,) of real numbers we 
have (independent of n) 


De ty dy 


k=2 


5 LlKls : (2) 
k=2 00 

the boundedness of the sequence (b,) gives us the upper estimate and 

consequently the equivalence of (b,) with the unit vector basis of /,. Of 

course, actually we need only establish (2) for finitely nonzero sequences 

(z,,), and for these we can assume that their /, norm is 1; normalization gives 


(2) in general. 
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So we have f,,...,¢, real with L7_,|t,|=1, and we want to show that for 
some w € 2, 71,5, (w)| exceeds 6/2. To this end, suppose 1 < m <n and 
let 


qmti 1 gmti_y 
En = U 2, 0, = U Q, 
k=2™ k=2™ 
k even k odd 


On E,,,, 5,, 27+ 6, whereas on O,,, b,, <r. The important point about the 
E,, and O,, is the following property “acquired from the treelike nature of 
the sequence ({,,): if you intersect E and O being careful not to pick two with 
the same subscript, the result is nonempty. This allows us to estimate the size 
Of [ef 2 Pxlloo- 

Let P= {k:t, > 0} and N= {k:t, <0}. Then there are points w,, w, € Q 
such that 

w€ (J EN f) O, and w,€ f) EA f) O,. 
keP kKEN kKEN keP 

For w, and w, this means that if ¢, > 0, then b,(w,)>r+6 and b,(w,) <r, 
whereas if t, <0, then b,(w,) <r while b,(w,)>r+6. 

At w, we get 


n 


os Pa(wr)= Le tubaCwr)+ Le tube(or) 
> Lt(r+6)+ Yo tb, (w,)+ ty) 


keP kKEN KEN 
b,(w,) > 0 b,(w,) <0 
> va(r+d)+ t,.b,(w,) 
keP kKEN 
b,(w,) >0 
> >du(rt+ds)+ YL gr 
keEeP kKEN 
b,(w,) > 0 


= Viinlr+6)+ Do |l-r) 
kepP kKEN 
b,(w,) > 0 


> DL It,(r + 6)+ » lt,(-7r). 


keEP 
Summarizing, we have 


DU tb(o)2 YL inlr+6)+ LO l¢.\(— 7). 
k=1 keP kKEN 
In a similar fashion we get 


- > t.b,(w.)= DO lt (r+d)+ ¥ It, -r). 
k= kEN kep 
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Adding together the right sides, we get something > 6. It follows that one of 
the numbers on the left is at least 5/2, and this is good enough to finish the 
proof. O 


If we abstract from the above proof the key features, we are led to the 
following concept: let Q be a set and (E,,, O,,) be a sequence of disjoint pairs 
of subsets of Q. If for any finite disjoint subsets N, P of the natural numbers 
we have that 


() E,0 1) 0,#2, 


neN ne P 


then the sequence of pairs (E,,, O,,) is called independent. In turn we get the 
following proposition. 


Proposition 3 (Rosenthal). Let Q be a set, (E,,0,) be an independent 
sequence of disjoint pairs of subsets of 2, r be a real number, (b,,) be a bounded 
sequence in 1, (Q) and 85> 0. Suppose that b,(w)=r+6 for allwéE, and 
5,(w) <r for allwéeO,. 

Then (b,,) is equivalent to the unit vector basis of 1,. 


We conclude this section with the complex version of the above result; it 
-is due to Leonard Dor. 


Proposition 4. Let (E,,O,) be an independent sequence of nonempty disjoint 
pairs of subsets of %, let D, and D, be disjoint closed disks in C with centers c, 
and c,, respectively, and let (b,) be a uniformly bounded sequence of complex- 
valued functions defined on YQ. Suppose that D,, D, have the same diameter 
< 4(6 = distance from D, to D,). Assume that 


b = D, fweE€£E,, 
mole) py if w €O,. 


Then (5,,) is equivalent to the unit vector basis of 1,. 


PROOF. We will show that for any sequence (y,) of complex numbers and 
any finite set J of positive integers that 


: » ly,|< 


neJ 


DS nn 


neJ 00 


First, we observe that we may assume of c, and c, that their difference 
C, — C, 18 real and positive. In fact, otherwise, just rotate until the b,, D,, 
and D, are properly aligned to satisfy this additional assumption; multipli- 
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cation by K = |c, — ¢,|/(c2 — ¢,) will achieve this effect. If (Kb,) is equiva- 
lent to the unit vector basis of /,, so too is (5, ). 

Now suppose y,, = a, + B,i and assume (without any great loss in general- 
ity) that 2. ,la,|>L,-,|B;|. Let 


P={jEJ:a,20}, N={jeJ:a,<0}. 
By the independence assumption, there are points w,, w, © Q such that 


WW, & a EM -) O,,» WS () EA, () O,,- 


neP nEN neN ne Pp 


This implies that if Re y, = a, > 0, then b,(w,) € D, and b, ».(w>) € Dz; while 
if Rey, =a,<0, then b (40) € D, and. bj(w2) D,. Note that for any 
z,ED, and z,€ D, we have Re(z, — 2\)2 > 8 and Im(z, —Z,)< diam D, = 
diam D, < 6; a suitable picture will aid in explanation. 

This ‘holds in particular for z; = b,(w,) when j © P or z,;=5, »,(w2) when 
JEN or z,=5(w,) when j € N or 2, = b,(w,) when j & P. Whatever the 
case may be, we have 


Evel > ae] Et) 
4 Rel 3 Le 7,5, (w2)- » 78,(1)} 


jeJ 
[since Re(uv)+ [Im(u} Im(v)| >-Re(u) Re(v)] 
23 L a,Re(b,(w,)—b,(w,)) 
jeJs 
—3 Z [BIm(4;(w)- 6,(«,))]. 
Jed 


[Now note that for any © P, a, 20; so b(w,)€ D, and b(w,)€ Dy, 
forcing Re(b,(w,)— b,(w,)) to be - S 8. On the other hand, if j € N, a, <0; 
SO b(w,)E D, and 'b (w2)E D,, forcing Re(b,(w,)— b,(w,)) < — 6. ’ This 
makes the difference above] 


Done. | Oo 
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The Proof of the Rosenthal-Dor /, Theorem 


Now that we know how to recognize an /, if we see one, we go ahout the 
business of finding one in the most general possible circumstances; 1.e., we 
will prove the Rosenthal-Dor theorem cited in the opening paragraph. Our 
proof is adapted from J..Farahat’s exposition of Rosenthal’s theorem as 
found in the notes of the Seminaire Maurey-Schwartz on “Espaces L?, 
Applications Radonifiantes et Geometrie des Espaces de Banach,” 
1973-1974. It constitutes a beautiful variation on the original proof of 
Rosenthal’s and an important variation because of its use of combinatorial 
ideas which have so recently pervaded many of the best results in Banach 
space theory. 

Suppose (x,,) is a bounded sequence in the Banach space X and suppose 
(x,) has no weakly Cauchy subsequence. Imbedding X into /,,(By«), (x,,) 
has no pointwise convergent subsequence. Using Propositions 3 and 4 as 
our guides, we will select a subsequence of (x,,) that is the unit vector basis 
of 1. 

Step 1. Let 2 be the (countable) collection of all pairs (D!, D*) of open 
disks in C each of whose centers has rational coordinates, each disk having 
a rational radius and satisfying: diam D! = diam D? < } distance (D', D’). 
List the members of 9 as ((D}, D?)). We make a claim: There is a K EN 
and an infinite subset P of the natural numbers such that for any infinite 
subset M of P there is an x¥, in By. for which (x,x},), <y has points Or 
accumulation in both D} and D3. 

Otherwise, for each k >1 and each infinite subset P of N there would be 
an infinite subset M of P such that for any x* in B,., the sequence 
(x,**), 4 would not have accumulation points in each of Dj and Dj. 

So there is an infinite set M, such that for each x* in B,., the sequence 
(XmX*)me m, does not have points of accumulation in Dj and D?. Again, 
there is an infinite subset M, of M, such that for each x* in By.s, the 
sequence (X,,X*) me, does not have points of accumulation in D} and Dj. 
Continuing in this fashion, we get a decreasing sequence (M,,) of infinite 
subsets of N for which given n if x* is in By,., then the sequence 
(x,,x*) mem, does not have points of accumulation in D} and D/. 

Let P be an infinite subset of N. whose nth member p, belongs to M,; 
clearly we may assume the p, form a strictly increasing sequence. Recall that 
no subsequence of (x,,) converges pointwise on B,.; consequently, there is 
an xf © By. for which (x, xf) is not convergent. However, (x, xg) is a 
bounded sequence, and so there must be (at least) two distinct numbers d' 
and d’ that are points of accumulation for (x, xf). Now d! and d? lie in 
some Dj}. and Dx, respectively, where (Di, D? 2y © 9. A moment’s reflection 
reveals the fix we’re in: for any j/ 21 the sequence (x, xf), > i has both d’ 
and d’ as points of accumulation yet is a subsequence of (x,,X* me m,> this 
forces the latter sequence to also have d! and d? as points of accumulation 
violating M,’s very definition. Claim established. 
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In the interests of “sanity in indexing” we may as well assume that 
(x,)nep is in fact (x,) and call Dy and Dg simply D, and D,. 

To recapitulate, (x,,) is a bounded sequence in X without a subsequence that 
is pointwise convergent on By., D, and D, are disjoint disks of the same 
diameter, D, and D, are separated by at least twice that diameter, and given 
any infinite subset M of N there is an X% in By» such that (X_Xk,)m ey Nas 
points of accumulation in both D, and D,. 

In preparation for our next step we let E,,O, be the sets defined by 


O, = {x* © Bys: x,x* © D,}, E, = {x* © Bys: x,x* © D,}. 


Key to our discussion is the following easily observed consequence of our 
earlier spade work: regardless of the subsequence (n,,) of positive integers one 
chooses, neither lim,c, (x*)= 0 nor lim,co. (x*)= 0 holds for each x* in 
Bye. 

For notational purposes we will denote by — E, the set O,. For each 
positive integer k let #, denote the collection of all infinite subsets {n,} of 
N for which 


A (-1)'E, #2. 


We identify each subset of N with a point in {0,1}™ and claim thatN,9F, is 
a closed subset of F,,(N), the collection of all infinite subsets of N, in the 
relative topology of {0,1}%. Indeed, if we fix k, then FY, = {(n,)© 
xP co (N): Ni-1(— DE, #2} is itself relatively closed in F_,(N). To see this, 
let (n?) be any member of #,,(N) in P,’s closure. Consider the basic 
neighborhood B of (m1) given by 


B= Mee (oy = C699, n9,..and) (J). 


jul 
B intersects P SO there i is a(n) i in FY, such that (n}) agrees with (n°) in its 
first k entries, ie., n? =ni,n§=n),,.. om = nij.. It follows that 
k 


A (-0'Ey= A (-1)'B, #0. 
[= [=1 
We now apply the following combinatorial result of C. St. J. A. Nash- 
Williams: If F is a relatively closed subset of P 20 (NW), then given an infinite 
subset K of © there is an infinite subset M of K such that either P (M)c For 
Pi(M)CF*. 
This applies in particular to F¥ = ,P,. . 
We get then the existence of an increasing sequence (m,) of positive 
integers such that either 7 ol{m, })ON, FA, or P ~o({m, VE Cc (n ,P,)°. But 
we Lave seen that given any such M=({m,} there i is an xf, in B,. such that 
(Xm*M)mem has points of accumulation in both D, and D,. It follows that 
there is an infinite subsequence (m, ) of (m,) such that if q is odd, x,, x*%, 
is in D,, whereas if g is even, then x, rtm i is in D,; alternatively, for q odd, 
xt is in O, itp? whereas for g even, ‘x* yy iS in En, : that is, for any gq, 
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xh =(—-1)7E,, . This gives (m, Je 1,P,, thereby ruling out the possibil- 
ity that FP ({ m;, }) is contained’ in (1 ,F,,)° —forcing A,({ m, }) to lie in 
OV, F,. 

We now have that (m,) is a strictly increasing sequence of positive 
integers such that given any subsequence (m,,) of (m,) 


k 
() (-1)°E,,, #2. 
p= 

for all k EN. Let’s look at this statement for a moment. By agreement — E,, 
and O, are the same sets; so the sequence (m,) has the somewhat agreeable 
property that if we look at any subsequence (m7) of (m,) and intersect O,,, 
with E,,, with O,,, with E,,, etc., finitely many times, then the resultant set is 
nonempty. Now this is almost the degree of independence for (O,, ty? , E,, 2 
that is required; if we could but eliminate the need to switch from O to E 
and back again, we would have an independent sequence of pairs of disjoint 
subsets of B,.» and a corresponding (bounded) subsequence of (x,,) such 
that the action of the x on the O and E fulfills the criteria set forth in 
Proposition 4. To achieve this added feature, we look at the subsequence 
(m,,). Given any subsequence (m3, ) of (m,,), if we look at the intersec- 
tion of finitely many E and O indexed by (m4, p)> Should successive terms 
both be E, say E,,, and E,,, spel , then their intersection contains E,,, M O,, 
OV Ens(p +) where k is any integer such that m3, <m, < My p+): Similarly, 
if two O,. occur back to back, we can always find inside their intersection 
an alternating intersection of the form O,,N E,,.90,,, where j<k <1. 
Now falling back on the basic distinguishing property of (m p)» we see that 
the sequence (En, On,,) is an independent sequence of disjoint pairs of 
subsets of B,y.. Furthermore, the sequent (Xm,,) in X is a bounded 
sequence such that for x* in O,, Xn, (x")€ D,, whereas for x* in 
E m,(X*) © D,. It follows that an y is a Rademacher-like system in 


m)>’ 


l “en ms) “hence equivalent to the unit vector basis of l. 


Exercises 


1. Cardinality consequences of |,’s presence. 
(i) /,, contains /,(2™) isometrically. 
(ii) If X contains an isomorphic copy of /,, then X* contains /, (2%). 


(iii) If X contains an isomorphic copy of /,, then X**’s cardinality exceeds that 
of the continuum. 


2. L,[0,1] in duals. 


(i) A Banach space X is isomorphic to L,[{0,1] if and only if X is the closed 


linear span of a system (h,, ,)n21 satisfying 
lsks 2” 
(1) (A, )n21 is a dyadic tree; that is, for each n and k 
lsks2" 


Ay = AR oni t Ana 2k: 
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(2) There is a p > O such that for each n and each 2”-tuple (a), ... ,a 3) of 
scalars we have 


2” 2" 2” 
pd laglsi} 0 anh, WS Dd layl- 
k=] k=] k=1 


(11) Suppose Y is a closed linear subspace of X and L,[0,1] is isomorphic to a 
subspace of Y*. Then L,[0,1] is isomorphic to a subspace of X*, too. 


(iii) /,, contains an isomorphic copy of L, [0,1]. 


(iv) If X contains an isomorphic copy of /,, then X* contains an isomorphic 
copy of L, [0,1]. 


3. The Schur property. A Banach space X has the Schur property if weakly conver- 
gent sequences in X are norm convergent. 
Any infinite dimensional Banach space with the Schur property contains an 
subspace isomorphic to /). 


4. The Schur property for dual spaces. 


(1) The dual X* of a Banach space X has the Schur property if and only if X has 
the Dunford-Pettis property and does not contain a copy of /,. 


(ii) If both X and X* have the Schur property, then X is finite dimensional. 
5. Lohman’s lifting of weakly Cauchy sequences. 


(i) Let Y be a closed linear subspace of the Banach space X and suppose that Y 
contains no isomorphic copy of /,;. Then each weakly Cauchy sequence in 
X/Y is the image under the natural quotient map of a sequence in X having a 
weakly Cauchy subsequence. 


(ii) If X has the Dunford-Pettis property and Y is a closed linear subspace of X 
such that X/Y fails the Dunford-Pettis property, then Y contains a copy of 
li. 


6. Spaces with the Banach-Saks property are reflexive. A Banach space X is said to 
have the Banach-Saks property if given a bounded sequence (x,,) in X there is a 
subsequence (y,) of (x,,) such that the sequence (0,)=(n~'I7_,x,) is norm 
convergent. 


(i) The Banach-Saks property is an isomorphic invariant. 


(i) If a Banach space X has the Banach-Saks property, then so do all of X’s 
closed linear subspaces. 


(tii) The Banach space /, fails to have the Banach-Saks property. 
(iv) A weak Cauchy sequence (x,,) for which 


n 
normlimn™! )° x, 
n k=l 


exists is weakly convergent (with an obvious weak limit). 


(v) Banach spaces with the Banach-Saks property are reflexive. 
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7. Dunford-Pettis subspaces of duals. 


(i) If Y is a space with the Dunford-Pettis property that does not have the 
Schur property and X* contains a copy of Y, then X contains a copy of /,. 


(ii) If X¥* contains an isomorphic copy of L,[0,1], then X contains a copy of /,. 


(iii) L,{0,1] and cy are not isomorphic to subspaces of any separable dual. 


Notes and Remarks 


_ Arising from the devastation caused by a spate of fundamental counterex- 
amples, Rosenthal’s /, theorem provided a rallying point for members of the 
Banach space faith. In its pristine form Rosenthal’s /, theorem is basic 
analysis; with hardly a pause for breath, the material of the second section, 
The Proof of the Rosenthal-Dor /, Theorem, proves the following variation. 


Rosenthal’s Dichotomy. Let {2 be a set and suppose (f,,) is a uniformly 
bounded sequence of scalar-valued functions defined on 9. Then precisely one 
of the following is the case. | 


1. Every subsequence of ( f,,) has in turn a pointwise convergent subsequence. 

2. There is a subsequence (g,,) of (f,,), a tree (Q,,) of subsets of Q, and disjoint 
disks D,, D, of scalars such that g,(w)€D, for wE,, j odd, and 
8,(w) € D, forw EQ, 7 even. 


Plainly, Rosenthal’s /, theorem gives the last word (in some regards) 
about /,’s presence in a Banach space. Others, however, have had something 
to say, too. Several beautiful contributions to the detection of copies of /, 
were made in the late sixties by A. Pelczynski; our treatment of the first 
section, How to Imbed /, in a Banach Space, owes an obvious debt to this 
work of Pelczynski (1968). We cite but one particularly noteworthy result of 
his. 


Theorem (Pelczynski). Let X be a separable Banach space. Then TFAE: 


. X contains a copy of 1,; 

. C[0,1] is a quotient of X; 

. X* contains a copy of 1ca( Bro 1); 
X * contains a copy of L,[0,1]. 
X™* contains a copy of 1,({0,1)). 


WR WN 


A very few words about the proof of Pelczynski’s theorem might be in 
order. Actually it is easier to work with the Cantor set A than with [C,1]; no 
matter, C(A) and C[0,1] are isomorphic, as are L,(A) and L,[0,1], where A 
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is viewed as the compact abelian group {—1,+1}" accompanied by its 
Haar measure. Pelczynski’s approach to the implication “1 implies 2” is just 
this: Like all separable Banach spaces, C(A) is a quotient of /, via some 
bounded linear operator q, say. Viewing C(A) as a subspace of /.. (A), we 
can extend the operator g to a bounded linear operator Q from X into 
1,,(A). Now, QX is separable and thus is isometric to a subspace of C(A); 
without losing any sleep we may as well view Q as an operator from X into 
this bigger copy of C(A), keeping in mind the fact that our original copy of 
C(A) is contained in the range of Q! Were the original copy of C(A) 
complemented in this late entry C(A), all would be well—we would merely 
follow Q by the bounded linear projection onto the original C(A) and be 
done with the implication. Though this need not be the case, Pelczynski 
would not be deterred. Rather, he found a way around the difficulty. His 
path was cleared by the following appealing, but hard-earned, shortcut. 


Theorem (Pelczynski). Let K be any compact metric space and suppose X is a 
closed linear subspace of C(.K ) which is isomorphic to C( K ). Then X contains 
a closed linear subspace Y isometric to C(K ) which is complemented in C(K ) 
by a norm-one projection. 


This in hand, one need only follow Q by some projection onto a more 
suitably located copy of C(A) inside the original copy of C(A) to obtain 
C(A) as a quotient of X. 

The trees of the first section were first planted by Pelczynski with the 
express purpose of finding a /, back in X from hypotheses similar to 
conditions 3, 4, and 5. 

J. Hagler (1973) was able to show that 1, 3, and 4 are equivalent without 
separability assumptions. Incidentally, the proof outlined in Exercise 2 that 
1 implies 4 was shown to us by J. Bourgain. 

Of course, the weight of Pelczynski’s results might move one to be 
suspicious of the possibility that the absence of a copy of /, in a separable 
Banach space ensures the separability of its dual; after all, /,’s presence 
makes the dual very nonseparable. What evidence there was to support this 
possibility was very special indeed. R. C. James has shown that if a Banach 
space has an unconditional basis with no copy of /, inside it, then its dual is 
separable. C. Bessaga and A. Pelczynski (1958) extended James’s result to 
subspaces of spaces with an unconditional basis. This was soon extended by 
H. Lotz to separable Banach lattices and H. P. Rosenthal showed that any 
quotient of C[0,1] with a nonseparable dual contains a copy of C[0,1]. A 
considerable body of information had accumulated that might be viewed as 
supportive of the possibility that a separable Banach space with no copy of 
/, has a separable dual. 

In 1973, R. C. James constructed a Banach space JT (called James tree 
space) that is separable, contains no /,—indeed is “/, rich” and has 
nonseparable dual. A complete examination of James’s construction was 
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performed by J. Lindenstrauss and C. Stegall (1975), who also analyzed 
several other counterexamples discovered by Lindenstrauss, independently 
of James. 

It is important to realize that the counterexamples discussed by James, 
Lindenstrauss, and Stegall seemed to be part of an emerging trend in 
Banach space theory. In the space of two years, P. Enflo found a separuble 
Banach space without the approximation property or a basis, B. S. Tsirelson 
gave a scheme for producing spaces without « copy of cg or any /,, new and 
Strange complemented copies of L,[0,1] were being discovered and R. C. 
James had built a uniformly nonoctahedral space that is not reflexive. 
Pathology seemed the order of the day. Actually, as any mature mathemati- 
cian realizes, pathology only highlights the natural limits of a strong and 
healthy subject. Nonetheless, the onslaught of counterexamples experienced 
in the early seventies seems to have left an impression that little could be 
salvaged in the general theory. 

Rosenthal’s /, theorem served notice to the doomsday soothsayers of the 
errors of their way. 

Soon after Rosenthal’s /, theorem hit the newstands, true understanding 
of 1,’s absence developed. Through the combined efforts of Rosenthal, E. 
Odell, and R. Haydon the following characterizations were formulated and 


established. 
Theorem. Let X be a separable Banach space. Then TFAE: 


1. X contains no copy of 1,. 

2. Each element of By«s« is the weak* limit of a sequence from By. 
3. X and X** have the same cardinality. 

4. Byus is weak™* sequentially compact. 


(Incidentally, we prove this theorem in our discussion of Banach spaces 
with weak* sequentially compact dual balls.) 


Theorem. Let X be any Banach space. Then TFAE: 


1. X contains no copy of l,. 

2. Each weak* compact convex subset of X* is the norm-closed convex hull of 
its extreme points. 

3. Each x** & X** is measurable with respect to each regular Borel probabil- 
ity measure on (By«, weak*). 


Each of these results at some stage calls on either Proposition 3 (due to 
H. P. Rosenthal) or Proposition 4 (due to L. Dor). By the way, our proof of 
Rosenthal’s /, theorem follows J. Farahat in his use of Ramsey theory. 
Rosenthal’s original proof did not rely explicitly on any Ramsey theorems; 
apparently Rosenthal rederived the infinite version of Ramsey’s theorem 
necessary in his “good-bad” description without recognizing that he had 

one so 
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As one might suspect, a theorem that packs the punch of Rosenthal’s L 
theorem segn leads somewhere. It was not long after Rosenthal and his 
followers stefted their fruitful search for variations on the I, theorem that 
the close conAections with pointwise compactness in the class of Baire-1 
functions were uncovered. 

Rosenthal himself initiated a penetrating investigation into pointwise 
compact subsets of Baire class 1. Though stymied by several problems, his 
work pointed the way for a real breakthrough by J. Bourgain, D. Fremlin, 
and M. Talagrand (1978). We quote several of their results and urge the 
student to carefully study their fundamental paper, which is just starting to 


find serious applications in integration theory and the study of operator 
ideals. 


Theorem. Let Q be a Polish space (i.e., homeomorphic to a complete separ- 
able metric space). Then the space B,(Q) of real functions of the first Baire 
class is angelic in the topology of pointwise convergence. 


Here we must recall that a topological space T is angelic if relatively 
countably compact subsets of T are relatively compact and the closure of a 
relatively compact set in T is precisely the set of limits of its sequences. 


Theorem. Let 92 be a Polish space and A a countable relatively countably 
compact subset of the space of real Borel functions defined on Q endowed with 


the topology of pointwise convergence. Then the closed convex hull of A is 
compact and angelic. 


Rosenthal’s /, theorem has had a synthesizing effect on a number of 
problems previously attacked by pretty much ad hoc techniques. 

For instance, our presentation of the Josefson-Nissenzweig theorem was 
made possible largely through the graces of Rosenthal’s /, theorem. It has 
allowed for considerable progress in the study of the Pettis integral, starting 
with the discovery by K. Musial and L. Janicka that duals of spaces not 
containing /, have a kind of weak Radon-Nikodym property and continuing 
on through the work of J. J. Uhi and his students. Applications to operator 
theory, always close to the representation theory by integrals, have been 
uncovered by H. Fakhoury and L. Weis; the fact that operators on a C(Q) 
space fixing a copy of /, must also fix a copy of C[0,1], due to H. P. 
Rosenthal, is key to J. Diestel and C. J. Seifert’s study of Banach-Saks 
phenomena for operators on C(Q) spaces (1979). Rosenthal’s /, theorem is 
an essential ingredient to B. Beauzamy’s elegant presentation of “snreading 
models” and their attendant applications (1979). No doubt it will continue 


to play a greater and greater role in the synthesis of modern Banach space 
developments. 
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Finally, we must mention a recent and penetrating advance of M. 
Talagrand (1984), who has proved a random version of Rosenthal’s /, 
theorem that incorporates the Kadec-Pelczynski theorem with Rademacher- 
like pathology for vector-valued functions. 
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CHAPTER XII 
The Josefson-Nissenzweig Theorem 


From Alaoglu’s theorem and the F. Riesz theorem, we can conclude that for 
infinite-dimensional Banach spaces X the weak* topology and the norm 
topology in X* differ. Can they have the same convergent sequences? The 
answer is a resounding “no!” and it is the object of the present discussion. 
More precisely we will prove the following theorem independently dis- 
covered by B. Josefson and A. Nissenzweig. 


Theorem. Jf X is an infinite-dimensional Banach space, then there exists a 
weak* null sequence of norm-one vectors in X*. 


The original proofs of both Josefson and Nissenzweig were rather un- 
wieldy; so we follow the spirit of another proof due to J. Hagler and W. B. 
Johnson. 

A key ingredient in our proof will be the following lemma concerned with 
real Banach spaces and /,’s appearance therein. 


Lemma. Suppose X* contains a copy of 1, but that no weak* null sequence in 
X * is equivalent to the unit vector basis of |, 
Then X contains a copy of 1,. 


PROOF. Suppose (y,*) 1s a sequence in B,. equivalent to the unit vector 
basis of /,. Define 
8(y*)= sup lim|)y,*x|; 
IIx][=1 on 

5( y,*) > a just means that for some x € Sy, | y,*x| exceeds a infinitely often. 
Since (y,*) is equivalent to the unit vector basis of /, our hypotheses ensure 
that (y,*) is not weak* null; therefore, 5( y*) > 0. 

Suppose (y,*) is a sequence in By. equivalent to the unit vector basis of 
/,, and suppose (z*) is built from y,* as follows: 

Zn = » aiyi*, 


i€A,. 
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ere (A,) is a sequence of pairwise disjoint finite subsets of N and 
Li e4,|4;|=1. Then we call (27) a normalized |,-block of (y,*). Notice that 
such a sequence (z*) is also equivalent to the unit vector basis of /, and 


satisfies 
8(z*) <8(y7). 


Finally, for a sequence (y,*) in B,. equivalent to the unit vector basis of 
l,, we define 


e(y*)= inf { 5(z*) :(z*) is a normalized /,-block of (y*)}. 
Plainly for any normalized /,-block (z*) of (y,*) we have 


e(y*) <e(z¥). 


Claim. If (v*) is a sequence in By. equivalent to the unit vector basis of /,, 
then we can find a normalized /,-block (y,*) of (v*) for which 


8( y*) = 8(z*) 
holds for all normalized /,-blocks (z*) of (y,*). 


In fact, let (y,*,) be a normalized /,-block of (vf) such that 


8( yi) s 3e( vs ). 


Let (y,*,) be a normalized /,-block of (),*,) such that 


8( #2) <de( y%1), 


et cetera. Let y,* = y*,. Then (y.") is a normalized /,-block of (uy) for 
which it is clear that 


8(y*)<8(y%,) and e( yx.) <e(y7) 
hold for every k. Our method of selecting dictates that 


5(y*) < lim8(y*,) < lime(y*,) <e(y*) <8( ye). 
k k . 


Claim established. 

All of our building will be atop the sequence ()y,*) resulting from our 
Claim. Set 6 = 6(y,*). 

Let «> 0 be given. 

There is an x, € S, and an infinite set N, in N such that for any n€ N, 


Yrx,<—-S+e. 


Suppose 0 < e’< € /3. Partition N, into two disjoint infinite subsets enu- 
merated by the increasing sequences (m,) and (7,) of positive integers. The 
sequence (}(y," — ym_)) is a normalized /,-block of (y,*); so there is an 
x, © S, and an infinite set of k for which 


4 (yt — ym )x.>6-e’. 


XII. The Josefson-Nissenzweig Theorem 221 


Of course, (y,*) and (y* ) are also normalized /,-blocks of (),*) which for 
all but finitely many k must satisfy 
Yn, Xals Lyx x2 | <O+€’. 

It follows that for those k commonly enjoying both the above estimates (and 
there are infinitely many of them) we have 

VarX. > 6 — 38’ 
and 

Ym X2 <8 +38’. 
We show the first of these; the second has a similar derivation. Suppose k 
Satisfies 
Myt— yt )x2>é-e, [yx <b+e, [yk <dte, 

but 

Var X_ <6 — 38’. 


Then we would have 


<$(8—3e’+ 6+ 8’) 


, 


= & — @’, 
a contradiction. 
Keeping in mind the <hoice of ¢’ < ¢/3, we see that the sets 


Ny = { ny: VEX, >d—e}, 
N, = {m,: yt <—St+e} 


are infinite disjoint subsets of N,. 

Let 0 <e’<e/7. 

We can decompose N, into two disjoint infinite subsets which we enu- 
merate as increasing sequences (7,(i)),(”,(2)) of positive integers and 
similarly decompose N, into sequences (m,(1)),(m,(2)). Then the sequence 
(4( Vand) ~ Yat) + YnyQ) 7 Ym) Ss a normalized /,-block of (y,*). So there 
is an x, © S, such that for infinitely many k 


1 
i( ya — Vn) + Deny) 7 YX a )(%3) > 5 —e’. 


Of course, each of the sequences ( y, 4), (Yi 2) (UE ay), and (y% «)) are 
normalized /,-blocks of ( y*), and so for all but a finite number of k we 
must have 


a * * mt fg’ 
Vn (2) %3 |. yaya], Ly cars| < Ott &’. 


Yn a) *3 , 
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It follows that for those k satisfying all the above relationships simulta- 
neously (and, again, there are infinitely many such k) we have 


Yar ay%3> Ym (1)*3 >6—-Te’, 
and 


As before, we establish the first of these relationships; the rest follow a 
similar path. Suppose k were such that 


1 , 
(ya — Yar 2) + Yn) _ Ya) *3 >5—e’, 


Ye ay%s|; Ye ay Xs], Lt asl: YE ay%s| <d +e’ 
yet 
Var ayX3 S 5 — Te’. 
Then 
b-e'< 4( yt ays — Yn, (2)%3 + Ym, (3 ~ yt ayXs) 

<4(6-—Te’ + b+e'+ 84+ 6’'+5+ €’) 

= §— e’.. 
a contradiction. 

Keeping in mind the choice of e’ < ¢/7, we have that the sets 


N, = {n,(1): Ya ayx3 > 6 — e', 

Ny = {ny (2): yet yrs < 78 +e) 
are disjoint infinite subsets of N, and the sets 

Ng = {m,(1) : Ym ayX3 > 5 — e}, 


N,= {m,(2): Yon (2)%3 < — 8+ e} 


are disjoint infinite subsets of N;. 

The continuing procedure is clear. Where does it lead us to? Well, letting 
Q,= {vi:k €N,}, we get a tree of subsets of By.. Furthermore, (x,,) has 
been so selected from S, that if 2"."'<k <2", then (—1)*x,(y*)26-—e 
for all y* © &2,. We have created a Rademacher-like sequence (x,,); in other 
words, we have a /, unit vector basis in X and X contains a copy of /,. D0 


Let’s prove the Josefson-Nissenzweig theorem. 
First we supposg X is a real Banach space. Suppose that in X*, weak* 
null sequences are norm null. Then either X* contains an isomorph of /, or 
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it does not. If not, then each bounded sequence in X* has a weakly Cauchy 
subsequence which, with our supposition in place, is a fortiori norm 
convergent; X* (and hence X) is finite dimensional. 

Okay, our result is so if X* does not contain /,; what if /, is isomorphic to 
a subspace of X*? Clearly in this case no weak* null sequence can be 
equivalent to the unit vector basis of /,, since weak* null sequences are 
norm null. Therefore, X contains an isomorphic copy of /, —thanks to our 
lemma. Let’s produce a weak* null sequence in X* that is not norm null! 

To produce such sequences we will use the following correspondence: 
weak* null sequences (y,*) on any Banach space Y are in one-to-one 
correspondence with the bounded linear operators from Y to cy; this is an 
easy exercise, and we omit the few details needed to prove it. We make the 
following claim: Regardless of where /, finds itself inside a Banach space X 
the natural inclusion map i of /, into cg extends in a bounded linear fashion 
to an operator T from X to cy. Of course, x*x = (Tx), defines the sequence 
(x*) sought after. 

Let’s see why i:/, cg, extends to any superspace. First, look at the 
operator R: /, > L,,[0,1] defined by Re, = r,, where e, is the mth unit vector 
and r, is the nth Rademacher function; R is an isomorphism of /, into 
L,,(0,1]. Notice that the operator L:L,[0,1]-c, defined by Lf= 
(fof(t)r,(t) dt) is a bounded linear operator, well-defined because of the 
orthonormality of (7,,). Moreover, 


i= LR. 


Recall now the standard proof of the Hahn-Banach theorem: to extend a 
linear continuous functional, you use the order completeness of the reals 
and the fact that the closed unit ball of the reals has a biggest element. 
These ingredients are also supplied by the lattice L,, [0,1]. The Hahn-Banach 
conclusion applies to L, [0, 1]-valued operators. In particular, R extends toa 
bounded operator N from X to L,,[0,1]. By construction LN = i], . 

For complex Banach spaces we proceed as follows: if X is a complex 
Banach space, then X is a real Banach space as well; let (x*) be a weak* 
null sequence of real linear functionals of norm 1 and define z* by 
ZR( xX) = X¥(x)— ix*(ix). (Z*) is weak* but not norm null. 


Exercises 
1. The existence of noncompact operators into cy. For any infinite-dimensional 


Banach space X there exists a noncompact bounded linear operator T: X > co. 


2. Weak sequential density of spheres. Let X be an infinite-dimensional Banach 
space. 


(i) Sys» 18 weak* sequentially dense in Byes. 


(ii) Sy is weakly sequentially dense in By if and only if X does not have the 
Schur property. 
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3. Fixing 1,. 


(i) Let T: X > Y be a bounded linear operator whose adjoint 7*: Y* — X* 
fixes a copy of /,. Suppose, however, that whenever (y,*) is the unit vector 
basis of a copy of /, in Y* that is fixed by 7* the sequence (7 *),™) is not 
weak* null. Then T fixes a copy of /,. (Hint: Look very carefully at the 
proof of the Josefson-Nissenzweig theorem.) : 


(ii) Suppose weak* null sequences in X* are weakly null. Show that any 
non-weakly compact operator T: X — Y fixes a copy of /,. 


(iii) A bounded linear operator 7: X — Y is called strictly cosingular if given any 
Banach space Z, if there are quotient operators p,: X > Z, py: Y—> Z for 
which 

Pyl =x; 
then dim Z < oo. If X is a Banach space with the Dunford-Pettis property in 


_ whose dual weak* null sequences are weakly null and if 7: X — Y fixes no 
copy of /,, then 7 is strictly cosingular. 


4. Relative weak compactness of limited sets. 


(i) If (x,,) is a sequence from the limited subset K of a Banach space X, then 
(x,,) has a weak Cauchy subsequence. 


(ii) Limited subsets of weakly sequentially complete spaces are relatively weakly 
compact. 


(iii} Limited subsets of spaces containing no copy of /, are relatively weakly 
compact. 


§. The Szlenk index. Let X be an infinite-dimensional Banach space. 


(i) If X* is separable, then there exist a weakly null sequence in X and a weak* 
null sequence (x*) in X* such that inf,,|x*x,,| > 0. 


(ii) Let K and K* be nonempty subsets of. X and X™*, respectively, with 
K bounded and K* weak* compact. For e> 0 define the set P(e, K; K*) 
to ve the totality of allx* in K * for which there are sequences (x,,) in K and 
(x*) in K* such that weaklim, x, =0, x* = weak* lim, x*, and |x*x,| > e 
for all n. 


P(e, K; K*) is a weak* closed, weak* nowhere dense subset of K *. 


(11) For each ordinal number a we define the sets S,(e€) as follows: 
(a) So(e) = P(e, By; Bye). 
(b) S.41(€) = P(e, By; S,(e)). 
(c) If w is a limit ordinal, then S,(e) =, .,S,(e).Let 
o(e)=sup{a: S,(e) #2 } 
and define the Szlenk index of X to be the ordinal o( X) given by 
o(X) = supa(e). 


e>0O 


If X* is separable, then o( X) < w,, the first uncountable ordinal. 


Bibliography 225 


Notes and Remarks 


The object of our attentions in this chapter was conquered independently by 
B. Josefson and A. Nissenzweig. Our proof follows the instructions set forth 
by J. Hagler and W. B. Johnson (1977) with a few. variations in execution 
aimed at lightening the necessary background. Incidentally, although we do 
not present them, the original solutions are all the more impressive because 
of their bare knuckles frontal attacks. 

Josefson’s interests were sparked by problems arising in infinite-dimen- 
sional holomorphy. An excellent description of those problems that aroused 
Josefson, as well as their present status, can be found in the monograph of 
S. Dineen (1981). It was Dineen who wanted to know if the closed unit ball 
of a Banach space 1s ever limited; the Josefson-Nissenzweig theorem pro- 
vides a negative answer. A related question of Dineen remains open: Jn 
which Banach spaces X are limited subsets relatively compact? 

The observation that limited sets are conditionally weakly compact is due 
to J. Bourgain and J. Diestel, who also noted that in spaces with no copy of 
/, limited sets are relatively weakly compact. 

The Szlenk index was invented by W. Szlenk (1968) in his solution of a 
problem from the Scottish book. We have taken our exercise from Szlenk’s 
paper and a related note of P. Wojtaszczyk (1970). The upshot of their 
efforts is the nonexistence of a universal object in the classes of separable 
reflexive Banach spaces (Szlenk) or separable dual spaces (Wojtaszczyk). 
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CHAPTER XIII 
Banach Spaces with Weak* Sequentially 


Compact Dual Balls 


Alaoglu’s theorem ensures that every bounded sequence (x*) in X* has a 
weak* convergent subnet. When can one actually extract a weak* conver- 
gent subsequence? As yet, no one knows. In this chapter a few of the most 
attractive conditions assuring the existence of such subsequences are dis- 
cussed. 

To be sure, it is not always possible. Consider X =/,(R). Bys is not 
weak* sequentially compact. To see this, let A, (NN) denote the collection of 
infinite subsets of the natural numbers; the cardinality of A,(N) is that of 
R. Let p:R — #,(N) be a one-to-one onto mapping. Consider the sequence 
(x*) in By (ry = Bicry* given by 


xt(1)= ( 


Evaluating a subsequence (x7) of (x) at the real number r whose image 
under 9 is {n,,}, we see that 


ifn Ee qy(t), 
ifné q(t). 


x*(r)= (4 if k is even, 
mk 0 if kis odd. 
Therefore, (xf ) is not pointwise convergent. Alternatively, (x*) admits of 
no subsequence that converges at each of the (continuum of) unit vectors in 
1 (R). 

It follows from this (and the stability results presented below) that any - 
space containing an isomorph of /,(R) cannot have a weak* sequentially 
compact dual ball. So, in particular, if X contains a copy of /,,, then By. is 
not weak* sequentially compact. What about some positive results? 

If X is a separable Banach space then By.« is weak* metrizable and so, 
being also weak* compact, is weak* sequentially compact. This sometimes 
happens even in nonseparable situations. For instance, if bounded se- 
quences in X* were assured of weakly Cauchy subsequences, the would be 
sure of weak* convergent subsequences as well; in other words, By. is 
weak* sequentially compact whenever X* does not contain a copy of 1,. In 
particular, B,. is weak* sequentially compact whenever X is reflexive. Of 
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course, this last fact can also be seen to follow (more easily, in fact) from 
Eberlein’s theorem. 

We begin our more serious discussion by noting a few of the basic 
stability properties enjoyed by the class under investigation. 


Lemma 1. The class of Banach spaces having weak* sequentially compact 
dual ball is closed under the following operations: 


1. Taking dense continuous linear images 
2. Quotients 
3. Subspaces 


Proor. If T: X > Y is a bounded linear operator with dense range, then 
T*:Y* —> X* is a bounded linear operator that’s one to one. It follows that 
T* is a weak* homeomorphism between B,. and T7*B,.. This proves 1 
from which 2 follows. Part 3 is a consequence of the Hahn-Banach theorem. 

O 


Lemma 2 (A. Grothendieck). Let K be a weakly closed subset of the Banach 
space X. Suppose that for each e>0 there is a weakly compact set K, in X 
such that 

KCK,+eBy. 


Then K is weakly compact. 


Proor. Let K ***** denote K ’s weak* closure up in X**. If K ****" should 
find itself back in X, then we are done. In fact, K, sitting as it does in 
K, +B, for some weakly compact set K, corresponding to e=1, must be 
bounded; so K “**«" is weak* compact. Consequently, if K ¥°**" lies in X it is 
weakly compact and is nothing but K ’s weak closure, i.e., K. 

Now each hypothesized K, is weakly compact and so for each e>0 
K»«k* = K_. This, plus the continuity of addition, gives 


Kwek" < weak* closure (K,-+ eBy) 


— = weak * 


c Kwek" + eBy 
CK, + eByss. 
Consequently, 
Kwek" Cn, (K, + eByss) 
CX. oO 


Lemma 3 (W. J. Davis, T. Figiel, W. B. Johnson, A. Pelczynski). Let K be a 
weakly compact absolutely convex subset of the Banach space X. Then there is 
a weakly compact absolutely convex set C © X that contains K such that X¢ is 
reflexive, where X- is the linear span of C with closed unit ball C. 
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Remark. It is well known and easily verified thet X. is in fact a Banach 
space. 


PROOF. For each n let B, = 2"K +2° "By. Since K is weakly compact and 
absolutely convex, B, is weakly closed and absolutely convex. Further, B, 
has a nonempty interior since it contains 2~”B,. In other words, renorming 
X to have B, as a closed unii ball leads to an equivalent norm || ||,, on X. 
Let C= {xeEX:Y,||x||2 <1}. Then C=0,{x © X:L7_|[xi[zZ <1}; so C 
is closed and absolutely convex, hence, weakly closed. Moreover, if we look 
in X,, then the Minkowski functional |] ||. of an x is given by ||x||~= 
(X,,||x||2)!/2. Some noteworthy points to be made in favor of C: 


1. K CC. Indeed, if xe@ K, then 2”"x © 2”"K which is contained in B.,. 
Therefore, ||2”x||,, <1 or ||x||,, < 27”. It follows that ||x||-< (2,27 7")'” 
<1. : 

2. C is weakly compact in X; this follows from Grothendieck’s Lemma if 
you just notice that C is weakly closed and C C 2"K +2° "By, for each n. 

3. On C the weak topology of X and that of X. agree. Here we observe that 
the map from X_ to (2,,X,),, that takes x © X¢ to (x,x,...,x,...) m 
(X,,X,,);, 18 an isometric imbedding. It is easy to believe (and not much 
harder to prove) that (X,,X,,)7, is just (X,,X,"),, and that in (2, X,"),, the 
subspace (L,,X,"), of finitely nonzero sequences is dense. Therefore, on 
the bounded set C in (X,,X,,),,, the weak topology generated by (L,, X," ),, 
and the topology of pointwise convergence on members of (2, X,"), are 
the same. But on C the topology of pointwise convergence on members of 
(L,,X," }» is just the weak topology of X! This follows from the fact that 
x €C corresponds to an (x, x,...,x,..-) in (2,,X,),, so the action of 
(x*,...,x*,0,0,...)—typical member of (2, X,"),—on x is given by 
(D7 xf M(x). - 


In all, 1 through 3 add up to a proof of Lemma 3. 0 


A Banach space X is said to be weakly compactly generated if X contains a 
weakly compact absolutely convex set whose linear span is dense in_X. 


Theorem 4 (D. Amir, J. Lindenstrauss). Any subspace of a weakly compactly 
generated Banach space has a weak* sequentially compact dual ball. 


PROOF. Suppose first that X is a weakly compactly generated Banach space 
and assume that K is a weakly compact absolutely convex set in X, whose 
linear span is dense in X. Let C be the weakly compact absolutely convex 
set produced in Lemma 3. The linear operator S$: X. — X defined by Sx = x 
is easily seen to be bounded, with dense range. Since reflexive spaces have 
weak* sequentially compact dual balls, this shows that weakly compactly 
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generated spaces do too by using Lemma 1 (part 1). To finish fully the proof 
of the whole assertion in the theorem, apply Lemma 1 (part 3). 0 


Before presenting our next result, we establish some notation. If A Cc X*, 
then the weak* closed convex hull of A will be denoted by co*A and the set 
of weak* points of accumulation of A will be denoted by A~. One further 
notational device will allow us to dispense with a great deal of sub- and 
superscripting. This device was used already in proving Rosenthal’s /, 
theorem. Instead of denoting a subsequence of a sequence (x*) by directly 
indexing the x* belonging to the subsequence, we restrict the subscripts to 
infinite subsets of N keeping in mind that such subsets always carry with 
them a natural ordering between their elements. For instance, if (k,) is a 
subsequence of the natural numbers, then instead of listing the correspond- 
ing subsequence of (x*) by (xf ), we list it as (x?),¢4, where M = {k,}, 
or simply as (x*) y- 

Okay, the notation has been cared for, let’s see how a given bounded 
sequence in X* can fail to have a weak* convergent subsequence. Suppose 
(.c*) is such a poor specimen. Then it must be that given any subsequence 
(x*), em Of (x*), there are at least two distinct weak* points of accumula- 
tion—say, y* and z*. Let W(y*) and W(z*) be disjoint weak* closed 
convex neighborhoods of y* and z*, respectively. For infinitely many n in 
M we have x* in W(y*), and for infinitely many n in M we have x* in 
W(z*). List the n of the first case as M, and the n of the second case as M,. 
Then co*{ x*} mM, and co*{x*} m, are disjoint weak* compact convex 
sets, the first being contained in W(y*), the second in W(z*). Conse- 
quentiy, co*{ x*},,, and co*{ x*} m, can be separated by at least e by some 
weak* continuous norm-one functional and some e> 0. We have proved the 
following lemma. 


Lemma 5. Let (x*) be a sequence in By. with no weak* convergent subse- 
quence. Then for any subsequence M of N 


0 <6(M) = supinf|y*(x)—z*(x)|, 


y*,z* 


where the supremum is taken over all the subsequences M, and M, of M and 
all y* ©co*[(x*) qj] and z* €co*[(x*) 4], and all x € By. 


The modulus 6(-) gives an estimate as to just how weak* divergent a 
given subsequence of (x7*) is. 

Lemma 5 will be our key “splitting” tool. What we do is start with a 
bounded sequence (x*) admitting no weak*-convergent subsequence. We 
split (x#) by extracting two subsequences according to the dictates of 
Lemma 5. Neither of these subsequences are weak* convergent, nor do they 
admit of any weak* convergent subsequence. So we can split them as well. 
We continue this process. Keep in mind that at each stage we get pairs of 
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subsequences and an element of B, on which the value of the differences of 
the pairs of subsequences stay far away from zero. The hope is that with a 
bit of judicious pruning we can find a branch of the splitting along which 
the different pairs act on the corresponding members of By, to have 
differences that stay uniformly away from zero. The attentive reader will 
observe that the diagonalization procedure employed here is the same in 
spirit as that used in proving the Josefson-Nissenzweig theorem. A derived 
benefit will be the following theorem. 


Theorem 6 (J. Hagler, W. B. Johnson). Jf X* contains a bounded sequence 
without a weak* convergent subsequence, then X contains a separable subspace 
with nonseparable dual. 


PROOF. We start with more notation! Before entering the notation be 
assured that the notation already introduced and ‘that about to be intro- 
duced will indeed soften the proof considerably. In fact, a worthwhile lesson 
in the value of clever notation may be gained if the reader will attempt to 
redo this proof using the standard subscripting and superscripting associ- 
ated with multiple passage to subsequences. 

Suppose F denotes the set of finite sequences of 0’s and 1’s. If gp, xE F, 
we say @ = x if is as long or longer than x and the first |x| ( = number of 
entries in x) members of p are x. Given gm € Athe member of A whose first 
|| terms are just g and whose next term is i (= 0 or 1) is denoted by q, i. 
@& ¥ denotes the empty sequence. We denote by A the set of all infinite 
sequences of 0’s and 1’s. If € € A, then we can associate with € the sequence 
(g,,) from ¥ where g,, is formed by taking the first n terms of &. 

Let (x*), be a sequence from B,.« without a weak* convergent subse- 
quence. By Lemma 5 there are subsequences N, and N, of N and an element 
Xz in By, such that 

(y*— 2*)(xg) 2 7 
for any y* €co*[(x*)x,] and z* €co*[(x*),, ]. 

Again by Lemma 5 there are subsequences Ny, and Ny), of No and 
subsequences N, 9 and N, , of N, as well as elements xg and x, in By such 
that : | 


5(N,; 
(y* — 2*)(x,) 2 22 
for any y* €co*[(x*)x,,] and z* Eco*[(x*)y, ]. 
Continuing in this fashion, we see that given any o& F we get a 
subsequence N,, of N from which we can extract subsequences N, , and N, , 
for which there is an x, © By such that 


) 
(yt 24)(x,) 2 


for any y* Eco*[(x*) x, 6] and z* Eco*[(xF)y, ,} 
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Claim. There is a gy, © ¥ and a &6>0 so that for all xy >q@y we have 
b(N,) 2 4. 


Once this claim is established the proof of Theorem 6 follows easily. 
Indeed, the claim in hand, by reindexing, we can assume 9, = so that for 
all mp € Fif y* Eco*[(x7) yn, ,] and z* Eco*[(x* )n,,) then 


(y* —z*)(x,)26 


for some x, © By. Since Fis countable, the closed linear span Xy of the x, 
(gy running through F ) is separable. On the other hand, if we take aged 
and let (q,,) be the corresponding sequence of members of *, then we can 
find an x EN fLo(%7) Ne, this follows from the fact that the sequence 
((xF yy Ne ») is a decreasing sequence of nonempty weak* compact sets. Now if 
¢ and 7 are distinct members of A with corresponding sequences (g,,) and 
(x,,) of members A, then eventually , # Xj let jo = max{ J: 9, = X,} 
and let p=, =x,,. then xf € (xT) nN, ° and xt E (xF Nn, , (or vice versa). 
Thus, 


ef — FIL x2 (28 — x7) (xy) 2, 


and X,* is nonseparable since A is uncountable. 

So we are left with establishing our claim. Were the claim groundless, 
there’d be a sequence (q,) of members of ¥, 9, <q, <--- such that for 
each k 


1 
5(N,,) < ke 


If we now choose M so that its nth term is the nth term of N, , then the nth 
tail end of M would be a subsequence of N, from which it follows that 
5(M) < 6(N, )<1/n for all n. But this says. that 6(M)=0 contradicting 
Lemma 5 and establishing our claim. O 


A number of other conditions related to those presented in Theorem 4 
and Theorem 6 are discussed in the Notes and Remarks section at the end 
of the chapter. All these are primarily concerned with B,.’s weak* sequen- 
tial compactness. What of B,..? Of course, it is too much to expect much in 
such a case, but surprisingly there is a very sharp result even here. 

We saw in Goldstine’s theorem that every Banach space is weak* dense in 
its bidual; in fact, for each X, B, is weak* dense in By... Of course, this 
says that given x** © B,.. there is a net (x,) in By converging to x** in the 
weak* topology. When can one find a sequence (x,,) in B, that converges to 
x** in the weak* topology? The rest of this chapter is devoted to char- 
acterizin* those separable Banach spaces X in which By, is weak* sequen- 
tially dense in B,..». We see that the absence of a copy of /, is precisely the 
catalyst for approximating members of By». by sequences in B,. Along the 
way we also characterize those separable X having weak* sequentially 
compact second dual balls. 
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A key role in our presentation is played by Baire’s characterization of 
functions of the so-called first Baire class, presented in the first section of 
Chapter VII. Let us recall that theorem in the form we find useful for the 
present setup. 


Baire’s Characterization Theorem. Suppose Q is a compact Hausdorff space. 
I. If (f,) is a sequence in C(&Y for which 


f(w) = tim ,(w) 


exists for each w & Q, then for every nonempty closed subset F of Q, f | ;- has 
a point of continuity relative to F. 

II. Supposing Q to be metrizable, any scalar-valued function f on Q having the 
property that f |, has a point of continuity relative to F for each nonempty 
closed subset F of Q is the pointwise limit of a sequence (f,) of functions in 
C(2). 


Let’s get some terminology straight. An element of X** is called a 
Baire-1 functional provided it is the weak* limit of a sequence of elements of 
X. Denote by #,( X) the set of all Baire-1 functionals in X**. 

To get some idea of what #,(X) entails, suppose X is the space C() of 
continuous real-valued functions on the compact Hausdorff space 2. We 
can imbed Q into By,g)« in its weak* topology by the map 6: w > 6,,. Here 
5.(/) =f(w), for f € C(Q) and w € Q. Notice that the map 6°: C(Q)** > 
1,,(Q) defined by (5°x**)(w) = x**(5,,) assigns to each x** € B,(C(Q)) a 
bounded function on Q that belongs to the first Baire class. Conversely, if g 
is a bounded function on & belonging to the first Baire class, then there is a 
sequence (:g,,) of members of C({2) such that g,(w) — g(w) for each w € Q. 
Without any loss of generality we may assume that ||g,,||,, < sup{|g(w)|: 
© {2} for all n; a suitable truncation may be necessary here, but it won’t 
seriously injure anything. Now the bounded convergence theorem steps 
forward to say “for each w © M(Q) we have fg,dy— fgdp.” In other 
words, g is the weak* limit of a sequence of members of C({2), where g is 
viewed herein as a continuous linear functional on M(Q) = C(Q)*. 

In this way we see that #,(C(&)) and the class of bounded functions of the 
first Baire class on Q are identifiable. 

For our purposes we need more. Another natural compact Hausdorff 
space is on the horizon, namely, B-,g)+ in the weak* topology, and it is the 
one that allows a general argument to be brought to bear on the question at 
hand. For the rest of this section we refer to Bc,g)» in the weak* topology as 
BIG Q. 

{2 is of course imbedded into BIG Q by the map 6: Q —> BIG Q that takes 
w EQ to 6,. It is a special feature of this imbedding that an element 
x** © C(Q1)** belongs to B,(C(&)) if and only if x**\giGg is a bounded 
function of the first Baire class on BIG Q. 
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Let’s see why this is so. 

Let p © M(Q). Denote by supp p the set of all w © Q for which |uK(U) > 0 
for any open set U containing w; suppp is a closed subset of Q. If S is a 
closed subset of 2 we let ACS) denote the set of all probability measures 
p» € M(Q) whose support, supp p, is contained in S: P(S) is a closed subset 
of BIG Q. 

We're going to show that if x**’s restriction to BIG Q is a bounded 
function of first Baire class on BIG Q, then x** is a member of #,(C(Q)); 
since the converse is so, we have accomplished what we set forth to do. 

Our setup: We have an x** in X** that is not in #,(C(&)), and we want 
to show that x**’s restriction to BIG 2 must fail to be in the first Baire 
class over BIG &. Try the contrary. Then x** € #,(C(Q)), yet x**laicgo 
belongs to the first Baire class of functions defined on BIG Q; of course, this 
gives us the immediate consequence that x** 6 is in the first Baire class of 
functions defined on Q. From this it is easy to see that the functional 
y** &€ M(Q2)* defined by 


yt*(m) = fx**3, du(o) 


belongs to #,(C(&)). Look at z** = x** — y**, z** is a function of the 
first Baire class on BIG Q. 

Some noteworthy observations about z**: 

First, for any point wy €&, z**(6,,)=0; indeed y**5, = 
Jax**(6,) d6,, (w) = x**6, . Since every purely atomic member of M(&) iS 
in the norm-closed linear span of the point charges, it follows that z** 
vanishes on the subspace of purely atomic members of M(Q). 

Next, z** #0; otherwise, x** = y** € @,(C(Q)). Therefore, z**(v) #0 
for some vy © M(Q). We can assume v>O0 since if z** vanishes on all 
nonnegative measures, it will vanish on all differences of such; as is well 
known, this takes into account all measures. By normalization and possibly 
by multiplying z** by —1, we may as well assume z**(v)>0 for some 
ype AQ). 

Let Z= {A € M(Q): A < v}. By the Radon-Nikodym theorem Z may be 
identified with L,(v). Therefore, if we restrict z** to Z, we get a member of 
Z* = L,,(v). Consequently, there is a bounded Borel-measurable function » 
for which 


z**(r) = [oar 


for each A < ». In particular, 


z**(v) = [pdr >. 


This gives us that 


[or dv>0, 
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where mp” = max{ 9,0}. Let c > 0 be such that 
vy[p(w) zc] >0. 
Notice that if A € A(Q) vanishes on [p(w) < c], then 
fe arf pdr zc. 
[p(w) 2c] 

Therefore, letting » € A(L2) be defined by 

vlw © Band p(w) >c] 
v[ p(w) >c] 

we know that if AX € A(suppp) and A « p, then 


u(B) = 


z**(A)= f pdA>c>O0. 
[e(w) ec] 
The result: z**(A) >c> 0 for each X € A (suppp) such thatrX\ K p. 

z** is a most interesting character. [t vanishes on the purely atomic 
members of M(Q) and is bigger than c on those probability measures on the 
support of p that are u-continuous. Can z** have any points of continuity in 
the set P(suppp)? No, it cannot. In fact, both {A © A(suppy): A is purely 
atomic} and {A & A(suppp.):A <p} are weak* dense in A(suppp), and 
z** behaves much too loosely on these sets to have any points of continuity 
on A(suppp). Since A(suppp) is a closed subset of BIG Q, we see that z** 
could not have been of the first Baire class on BIG {2-—we have done what 
we said we could. 

To push this a bit further we need the next lemma. 


Lemma 7. Suppose X is a subspace of the Banach space Y. Identify X** with 
the subspace X*+ in Y**, Let GE X** be a Baire-1 member of Y**. Then 
G is a Baire-1 member of X**; in fact, if \\G\|=1, there is a sequence of 
norm <1 members of X converging weak* to G. 


Proor. Let y,€ Y be chosen so that G = weak* lim, y,. We claim that 
distance (By,co{ y,, ¥,41,---}) = 0 for all n. In fact, were this not so then 
there would be an n so that distance (By,,co{ y,, ¥,41,---})>0. By the 
Hahn-Banach theorem this would imply the existence of a y* © Y* such 
that 


O<supy*By, < inf y*y,. 
n<k 
But Goldstine’s theorem applies to give 
|G(y*)| < sup|y*By! 
< inf |y*y,| 
n<k 


< liimy*y, = Gy*. 
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The obvious contradiction proves that the distance from By to 
CO{ Yas Yaa.» +++} iS zero for each n. 

Therefore, for each n we can find x, € B, and aa, in the convex hull of 
{ ¥n> Yn+ > +++} SO that ||x, — a,|| tends to 0 as n — oo. Since y, — G weak* in 
Y**, o, > G weak* in Y**. But this implies that x, ~ G weak* in Y** and 
of course by the Hahn-Banach Theorem this implies that x, - G weak* in 
X**, O 


One now need only imbed a Banach space X into C(B,+,weak*) and 
apply the results above to deduce the next lemma. 


Basic Lemma. /[f X is any Banach space and x** © X**, then x** © B,(X) 
if and only if x**’s restriction to By.» (in its weak* topology) is a function of 
the first Baire class on this compact space. 


Our strategy now will be to show that if X is separable and there is an 
x** © X** that is not a @,( X) functional, then X contains a copy of /,;. We 
know, of course, from the “if” part of the Baire characterization theorem 
and the Basic Lemma above that a non-#,( X) functional x** gives rise to a 
weak*-closed subset K of By,» such that x** is everywhere weak* discon- 
tinuous on K. That x** is actually quite radical follows from the next 
lemma. 


Lemma 8. If K is a compact Hausdorff space and f: K > R is a bounded 
function with no points of continuity, then there exist a nonempty closed subset 
L of K and real numbers r, 5 with 6 > 0 so that 


(*) For every nonempty relatively open subset U of L there are y,zEU 
such that f(y) >r+6 and f(z) <r. 


holds. 


PROOF. For each n let 


C= {x © K:if Uis open and contains x, there are y, z € U with 
1 
f(»)-f(2)> 5}. 


Since f is nowhere continuous, K = U,C,. It is easy to see (using nets for 
instance) that each C, is closed. By the Baire category theorem, one of the 
C,, say Cy, has nonvoid interior Uy. Let Ky = Uy and let 6 =1/N. We now 
have that if V is a nonempty relatively open subset of Ky, then Uy OV is a 
nonempty open subset of Ky, and so there are y,z€U, QV for which 


I(y)— f(z) > 6. 
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Let (7,) be an enumeration of all the rational numbers. For each n let F, 
be the set 


{x € K,,: if Uis open and contains x there are y, zin UN Ky with 


f(z) <1, <1, +8<f(y)}. 
Again it is easy to see that each F, is closed and by the first paragraph 
K, =U,F,. Applying the Baire category theorem once more, we derive the 
existence of an F,, with a nonempty interior V,,. Letting L =V,, and r=Tuy 
we get (*). D0 


This lemma in hand, we know that if x** © X** is not a Baire-1 
functional, then there is a weak*-closed subset of By. on which not only is 
x** totally discontinuous but somewhere x** is oscillating very rapidly. In 
tandem with Goldstine’s theorem this will allow us to build a Rademacher- 
like system back in X and so conclude that X contains /,. The technical 
vehicle for such a construction is the next lemma. 


Lemma 9. Let L be a compact Hausdorff space and f: L — R be a bounded 
function. Suppose r,6 are real numbers with 6 > 0 and assume that 


(*) For each nonempty relatively open subset U of L there are y, z = U with 
f(z) <rand f(y)>r+6 


holds. Assume further that f is in the pointwise closure of some bounded family 
G of C(L). Then there exists a sequence (g,)CQG such that the sequence of 
pairs of sets ([g,(x) <7r],[g,(x) > 7+ 4)) is an independent sequence. 


PROOF. By (*) there are y,, y, © L with f(y,) >7 + and f(y.) <r. 

Choose g, € 8 so that g,(y,)>7r+6 and g,(),) <7. Consider the non- 
empty open subsets A, = [3,(~) >r+6] and B, =[g,(x)<r] of L. There 
are points y,, y2 in Ay and y,, y, in B, for which f()y,), fQ,)>r+6 and 
f (2), fH) <r. 

Choose g, € ¥so that g,(¥,), 2.(9;) >r +6 and g,(J,), 8.(9) <r. Con- 
sider the disjoint nonempty open sets A, =[g,(x)>r+ 6] and B, =[g,(x) 
<r.) Notice that A, A,, A,N B,, B,N A,, B,OB, are all nonempty 
containing ¥,, ¥,, },,..and j,, respectively. Now there are points 
Yi yr, 3's ye in A,, where f is bigger than r+, and points 


yr, y*, yt*, yi* in B,, where f is less than r. The procedure is clear 
from here or should be. O 


We are now ready to prove the following. 


Theorem 10 (Odell-Rosenthal). Let X be a separable Banach space. Then the 
following are equivalent: 


1. X contains no isomorph of 1,. 
2. By, is weak* sequentially dense in Byas. 
3. Bysws is weak* sequentially compact. 
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PROOF. Suppose x** € By«s is not the weak* limit of any sequence of 
terms from X. Since X is separable, B,.» 1s weak* compact, weak* metriz- 
able; therefore, our Basic Lemma tells us that x**|( 5,4, weak*) 1S not of the 
first Baire class. Baire’s characterization theorem implies that there is a 
nonvoid weak* compact subset M of B,. such that x**|,, has no points of 
(weak*) continuity. Lemmas 8 and 9 in tandem with Proposition 3 of 
Chapter XI allow us to conclude that X contains a copy of /,; after all x** 
is in the pointwise closure of By. Taken in toto the above argues that “1 
implies 2.” 

It is plain from Rosenthal’s /, theorem that “3 implies 1,” and “2 implies 
3” is an easy diagonal argument, whose details we leave to the imagination 
of the student. Oo 


Exercises 


1. Factoring weakly compact operators. Every weakly compact linear operator fac- 
tors through a reflexive Banach space; i.e., if T: X — Y is a weakly compact linear 
operator, then there is a reflexive Banach space Z and bounded linear operators 
S:X—22Z,R:Z-—Y such that RS = T. 


2. Conditionally weakly compact sets. A subset K of a Banach space is conditionally 
weakly compact if each sequence in K has a weakly Cauchy subsequence. 


(i) A closed bounded set is conditionally weakly compact if and only if. it 
contains no basic sequence equivalent to the unit vector basis of /,. 


(11) Let K be a closed bounded subset of the Banach space X. Suppose that for 
each e > 0 there is a conditionally weakly compact set K, such that 


KCK,+ eBy,. 


Then K is conditionally weakly compact. 


(iii) A bounded linear operator R: X — Y fixes no copy of /, if and only if there 
is a Banach space Z containing no copy of /, and bounded linear operators 
P:X—2Z,H:2Z-Y such that 


HP=R. 


3. Having weak* sequentially compact dual ball is not a three-space property. 


(i) There is a well-ordered set (J, <) and a collection (M,),-, Of infinite 
subsets of the set N of natural numbers such that (1) for a<£ either 
M,,. Mg have only finitely many members in common or all but finitely 
many members of M, belong to Mg, and (2) if Me ,,(N), then there is 
a é J such that both MN M, and M\M, are infinite. 


(ii) Let X be the closed linear subspace of /,, spanned by the set 
{Xm,: a€I\Ucp. 


Then (6,) is a sequence in By. without a weak* convergent subsequence. 
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(ili) Bey/.,ys is weak* sequentially compact. (Hint: Any norm-one sequence in 
Bix/c,)* Without a weak* convergent subsequence would have to have a 
subsequence that acts in a Rademacher-like fashion on the set {x 4,: «© I}.) 


4. Limited sets and sequential compactness. 


(i) If By,» is weak* sequentially compact, then limited subsets of X are relatively 
compact. 


(ii) If Q is a compact, sequentially compact Hausdorff space, then limited subsets 
of C(Q) are relatively compact. 


5. @,(X). Let X be any Banach space. then #,(X) is a norm-closed linear subspace 
of x**. 


6. Pettis integrability in dual spaces. Let (82, 2, 4) be a probability measure space, X 
be a separable Banach space, and F: & —> X* be a countably additive measure for 
which || F(E)|| < »(£) for each E € &. 


(i) There exists an f: 2 — X* such that f(-)(x) © L,,() for each x © X and 


P(E)(x) = f f(w)(x) du(x) 
for each x © X and each E € &. 
(ii) If X contains no copy of /,, then / in (i) is Pettis integrable. 
(iui) If X* is separable, then f is Bochner integrable. 


7. Weak* continuity on B,. If F €1,,.\co, then any point of B, = B.s at which F is 
weak* continuous (relative to B, ) lies in S,. 


Notes and Remarks 


Our presentation of Lemma 3 resulted from a conversation with Walter 
Schachermayer, in which he made the point of noting just how overlooked 
Grothendieck’s observation (Lemma 2) really is. Anyone who has read the 
Davis-Figiel-Johnson-Pelczynski factorization paper (1974) will recognize 
the purely cosmetic changes made in the original proof. There are a number 
of consequences of Lemma 3, including Exercise 1, to be found in Davis 
et al. (1974); the paper is so elegantly conceived and executed that it would 
be a shame if the earnest student did not spend a reasonable amount of time 
in its mastery. Exercise 2 is essentially due to Davis, Figiel, Johnson, and 
Pelczynski, too. 

Theorem 4, due to D. Amir and J. Lindenstrauss (1968), is but a simple 
example of the good life enjoyed by the weakly compact subsets of a Banach 
space and subspaces of the spaces weakly compact sets generate. 
Lindenstrauss’s survey paper (1972) on weakly compact sets presents a 
plethora of fascinating faces of weak compactness and the review of 
Lindenstrauss’s survey gives a lead to many of the later works on the 
subject. 
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Theorem 6 is in the same paper of J. Hagler and W. B. Johnson (1977) 
that formed the basis of our presentation of the Josefson-Nissenzweig 
theorem. | 

There are two other particularly noteworthy conditions in which the dual 
ball is weak* sequentially compact: if a Banach space X has an equivalent 
smooth norm or if a Banach space X is a weak Asplund space, then By. is 
weak* sequentially compact. Recall that a norm is smooth if each element 
of the unit sphere has a unique support functional; J. Hagler and F. Sullivan 
(1980) gave an elegant argument that the dual ball of a smoothly normed 
Banach space is weak* sequentially compact based, ultimately, on some 
rough ideas of E. Leach and J. H. M. Whitfield (1972). Following I.- 
Namioka and R. R. Phelps (1975), we say a Banach space X is a weak 
Asplund space if every convex extended real-valued function defined on_X is 
Gateaux differentiable on a dense G; subset of its domain of finiteness; C. 
Stegall (1971) showed that if X is a weak Asplund space, then there exists a 
Banach space Y, each separable subspace of which has a separable dual, and 
a bounded linear operator T: Y > X with the dense range—an appeal to 
Theorem 6 and part 1 of Lemma 1—consequently, weak Asplund spaces 
have weak* sequentially compact dual balls. D. Larman and R. R. Phelps 
(1979) have given an intriguing view of Stegall’s theorem. 

To date, there is no characterization of those Banach spaces X having 
weak * sequentially compact dual balls. Furthermore, it appears that none of 
the classes of Banach spaces presently under study offers any hope of a 
viable candidate for the characterization of spaces with sequentially com- 
pact dual balls. : 

One class of spaces that ought to have weak* sequentially compact dual 
balls consists of spaces without a copy of /,. However, J. Hagler and E. 
Odell (1978) have provided an example of a space without a copy of /, 
- whose dual ball is not weak* sequentially compact. Their construction is not 
unlike that of the example of Exercise 3, which is due, incidentally, to J. 
Bourgain. 

A problem related to the characterization of spaces with weak* sequen- 
tially compact dual balls but conceivably more tractable is to determine 
which Banach spaces X have weak* angelic dual balls. This too remains open 
and surprisingly untested. 

The characterization of which separable Banach spaces have weak* 
sequentially compact dual balls is due to E. Odell and H. P. Rosenthal. 
Actually, it is the equivalence of the noncontainment of /, with the weak* 
sequential density of X in X** that elicits the greatest interest in the 
Odell-Rosenthal theorem; the fact that the second dual ball’s weak* sequen- 
tial compactness fits so nicely into the scheme of things just provides us with 
a ready-made excuse to include a discussion of this theorem in the text. The 
application of the Odell-Rosenthal theorem to the Pettis integral cited in 
Exercise 6(ii) is due to K. Musial; parts (i) and (iii) were known to N. 
Dunford, B. J. Pettis, and I. M. Gelfand. 
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The results of Exercies 4 are due to I. M. Gelfand (1938). The fact that 
B,(X) is always a Banach space (Exercise 5) is due to R. D. McWilliams 
(1968). 
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CHAPTER XIV 
The Elton-Odell (1+ «)-Separation 


Theorem 


In this concluding chapter we prove the following separation theorem, due 
to J. Elton and E. Odell. 


Theorem. If X is an infinite-dimensional normed linear space, then there is an 
e>0 and a sequence (x,) of members of Sy such that ||x,,—x,|| 21+ 
whenever m # n. 


Once again, Ramsey set theatrics dominate a good part of the action. 

To get us on our way notice that in cy the sequence (x,,) given by 
X, = re, — €n+1 iS ideal for the role described in the theorem with e=1. 
Of course, this says that whenever a Banach space contains “very good” 
copies of c,, then a substitute sequence may be constructed that will still do 
the trick. Actually whenever c, is isomorphic to a subspace of X, X contains 
very good copies of cp. 


Theorem 1 (R. C. James). If a Banach space X contains a subspace isomor- 
phic to cy, then for any 5 > 0 there is a sequence (u,,) © By such that 


(1 — 6)supja,| < ||2a,u,;|| < sup|a;| 
holds for any (a;) © Co. 


PROOF. Let (x,) be the preordained unit vector basis of cg in X; that is, 
suppose m, M > 0 exist for which 


msup|a;| < |La,;x;|< Msup|a,| 


holds for any (a;) © Co. 
For each n € N, let’s define 


K,-w9 [Dac 


: (@;)lleg =1, (4;) finitely nonzero, 


Xa,=a,=°°° =a, ,=0}. 
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Observe that (K,,) is a monotone sequence of reals all values of which lie 
between m and M; it follows that m < K =lim,K, < M. Lett0<@<1<0@’ 
and suppose we pick p, so that K, < 0’K. Take advantage of the definition 
of the K, to select p, < p;<--- <p, <--- (all greater than p,, of course) 
and , A as | scalars such that ||(0, ... ,0, a a5. -19, -- Dlg =1 
as well as 


n 
Pn+i 
Pn+i 7 1 


ee n 
yn = » a,x; 
1= Dy, 


> OK. 


Once this is done notice that for any sequence (a,) © co 
Za; y,|| < K,, sup|a,| < @’Ksupja,|. 
If we now let 
Ji 
0’K’ 


i 


the result will be that . 
\|2a,u,|| < sup|a,| 


holds for any (a;) © cy. Let’s check to see what else comes from one choice 
of u,. Let a,,...,a, be scalars with sup, . ,;.,,|a;| =1. Pick a, so that |a,|=1. 
Write 


W= AY, + Lai, 
i 


where a; = a, for i#k and a; =0. Then 
20K < 2|| yz ll = [l24, Yl 


= |» + Ay Vy ay; 
i 


S ||wi|+ 


AVE ayy, | 
i 


< ||w||+ O’Ksup{|a,|, ... .|@,]} 
< ||w||+ 0’K. 
Therefore, 
Iwl| > (20 — 0’) K. 
A look at the scaling that changes y, to u, tells us that 


, 


0 
sup|q,|; 


\Sa,u,]| > 2 


, 


it remains only to choose 6, 8’ so that (26 — 6’)/@’ >1— 8. O 


The upshot of Theorem 1 is that the Elton-Odell theorem holds for 
Banach spaces containing isomorphic copies of cp. 
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Our next four lemmas provide the backdrop for the combinatorial softshoe 
needed to set up the proof of the Elton-Odell theorem. These lemmas aim at 
providing a sufficiently sharp criterion for determining cy’s presence in a 
Banach space that any alternative to the Elton-Odell theorem’s verity will 
prove untenable. 


Lemma 2. Let (x,,) be a sequence in the Banach space X. For any K > 0, the 


set 
sk} 


PRoor. We show that A, (N)\&,x is relatively open. Take an M=(m,)€ 
P_(N)\\#,. There must be some n such that 


n 
L Xm, 


i=l 


a, = {= (m,) € 8,(N): sup 


n 


is relatively closed in P,,(N). 


> x, > K. 
i-1 
If L=(1,)€ A,(N) and L satisfies 
lL=m,, l=m ..., L=m,, 
1 1 42 29 


then 


= > K, 


n 
DL Xm, 


i=] 


n 
» xX), 
i=1 | 
and so L too belongs to 7, (N)\ 4x. The set of L of the above prescribed 
form constitute a relatively open neighborhood of M in #,(N). Enough 
said. 

A technical tool is needed before we proceed much further: bimonotone 
basic sequences. A basic sequence (x,,) is called bimonotone if for each n, 


k oe) 00 
ax { > aX; y aX; s » a ;X; 
n 


i=l jek+l i=l 
holds for any sequence (a,,) of scalars that let L,a,x, converge. It is not 
difficult to see that if (x,,) is a basic sequence with closed linear span [x,], 
then [x,] can be equivalently renormed so as to make (x,) bimonotone; 
indeed, if (a,,) is a sequence of scalars for which L,a,x, converges, define 
We, X alll = sup, >1{ [L7~14;X; ll |) aaa 14;X;|l}. You will notice that if each 
x, Started with |jx,||=1, the renorming still leaves |||x,|||=1; in fact, 
Ix, lll = |lx,[] regardless. o 


> 


The bimonotonicity of a basic sequence has combinatorial consequences 
as we see in the next lemma. 
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Lemma 3. Suppose (x,,) is a bimonotone basic sequence in the Banach space 
X and for each K > 0 let 
<x}. 


Y X_ 


i=] 


Br - {m= (m,) € F,(N): sup 


Suppose M & #,,(N) satisfies 


P.(M)c U Bx. 
K>0O 


Then there is an M’€ #,,(M) anda Ky, >0 such that 
F,,(M’) c Bx, 


PROOF. By Lemma 2, the set @, is relatively closed in 7,,(N); therefore, #, 
is completely Ramsey. It follows that there is an M, € #,,(M) for which 


B.(M,) CG B, or F,,(M,) © By. 


In case F,,(M,) C &,, we are done; if, on the other hand, 7,,(M,) and 2, 
are disjoint, then we look to #,. By Lemma 2 we know that &, is relatively 
closed in #,,(N) and so #, is completely Ramsey. It follows that there is an 
M, €© #,,(M,) for which 

P.(M,)cB, or P,(M,)cC BE. 
In case P,,(M,) C B, we are done; if, on the other hand, A,(M,) and #, 
are disjoint then we look to B;. 


The way seems clear. Unless we come to a sudden stop, we produce a 
sequence (M,) of infinite subsets of N satisfying 


M,.1€2,(M,) and %,(M,) cB 


n 


for all n EN. Now we can pick a pathological subsequence of (x,,). Indeed 
let (k,,) € ,(N) be selected so as to satisfy (k,, \nzj € #,,(M,) for each j. 
Then for each j we have [on applying our construction to the bimonotone 
basic sequence (x, , Xe oXe dl 


x Xk, 


ij 


n 
» Xk, 


i=l 


j < sup 
n 


< sup (by bimonotonicity). 


n 


It follows that 


» XK, |= 
im 
even though (k,)€Aj(M)CU,. Bx. This is a contradiction, which 
completes the proof. oO 


sup 
Rn 
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Though we are not quite through with our combinatorial trials, it is worth 
observing here that Lemmas 2 and 3 are almost pure combinatorics. The 
easy method used in their proof ought to be closely studied. We’ve seen it 
before. It made its first appearance in these discussions in the proof of 
Rosenthal’s dichotomy. As in that appearance, here too combinatorics are 
not the whole show, but they are a featured part of the program. To prepare 
us for the finale, we need to start mixing combinatorics with things having a 
real Banach space flavor. This we start doing shortly. 

The next lemma is key to the success of our program. 


Lemma 4 (W. B. Johnson). Let (x,) be a seminormalized sequence in the 
Banach space X each subsequence of whi-h admits of a subsequence (y,,) for 
which sup, ||L7_1y,|| < 00. Then (x,,) has a subsequence equivalent to the unit 


vector basis of Co. 


PROOF. First, we set the stage for the Bessaga-Pelczynski selection principle 
by showing that a sequence (x,,) satisfying the hypotheses of this lemma is 
necessarily weakly null. If not, there would be an x* © S,. and an e>0 
such that 


lx*x,|>€ 


for infinitely many n. In case X 1s a real Banach space this means that (on 
maybe doctoring x* by a sign) we can assume that 


x*x,, >€ 


for each i, where (m,)= M € #,,(N); this in turn gives the contradictory 
conclusion that for some (k,)&=€§ A,(M) 


7% 
» Xk, 


i=] 


% 
* 
NnEsSxX y xX, Ss 
i=l 


vi 
» Xk, 


i=] 


<0, 


< sup 
n 


for all n. In case X is a complex Banach space we can conclude that there is 
an (m,;)= M € #,,(N) such that either [Re x*x,, | or [Im x*x,, | exceed &/2 
for all i; whichever the case might be, similar reasoning to that of the real 
case leads to a contradiction of similar proportions. 

Okay, we can apply the Bessaga-Pelczynski selection principle. On doing 
so, we can assume that (x,,) is a seminormalized weakly nul! basic sequence. 
More can be assumed: since the hypotheses pertaining to (x,,)’s subsequen- 
tial behavior and the existence of a subsequence of (x,,) equivalent to c,’s 
unit vector basis are plainly invariant under (equivalent) changes of norm in 
the closed linear span of the x,, we can assume that (x,) is also a 
bimonotone, seminormalized weakly null basic sequence! Now Lemmas 2 and 
3 are standing by ready to get in on the action. We use the notation of these 
lemmas. By Lemma 2, U 2_,@x is an F,-subset of A, (N); hence U%_, Br 
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is completely Ramsey. There is an M € #,,(N) for which 
le) foe) c 
P.(M)¢ U #, or 2,(M)< | U 4 ° 
K=1 | K=1 


Our hypotheses preclude the latter possibility, and so we can find Me 
#,,(N) such that 


K=1 


Lemma 3 now alerts us to the fact that there’s an M’= (m‘) © #,,(M) and 
a K’>0 such that 


P(M’') Cc By:. 


What does this mean? Well, it means that if (y, ) is the subsequence of (x,,) 
indexed by the members of M’, then given any subsequence (z,,) of (),,), 


n 
Y 2% 


k=1 


sup <K’. 


ni 


It is easy to see from this that for any finite set A in N and any signs +, 


Dy ty 


neadA 


<2K’. 


Of course, this just says that (y,) satisfies the Bessaga-Pelczynski criterion 
for equivalence to cy’s unit vector basis. Oo 


Much in the same spirit as Lemma 4 and dependent on it is the next 
lemma, also due to Bill Johnson. It is precisely the criterion we are seeking. 


Lemma 5. Let (x,,) be a normalized basic sequence in X. Suppose that each 
subsequence of (x,,) has a subsequence (y,,) such that 


> (-1)'y, 


i=] 


<oC. 


sup 
Then the closed linear span [x,,| of (x,,) contains a copy of Co. 

ProoF. Plainly the statement of the lemma allows us to equivalently renorm 
[x,,] to achieve our goal: locate a copy of cy, inside [x,,]. We do so to make 


(x,,) a bimonotone normalized basic sequence. O 


Now looking at the proofs of Lemmas 2 and 3, we see quite easily that the 
following can be proved 
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“| 


Lemma 3’. ./, as in Lemma 2’, if M € #,,(N) and 9,,(M)C U%_,.#,, then 
there is an M’& ,(M) andaky =1 So that 


P,,(M’) c x 


Lemma 2’. For any k EN, the set 


n 


D (-1)'Xm, 


i=l 


A, = { m- (m,) € Z,(N): sup 


is closed in P,,(N). 


Armed with these and proceeding similarly to the way we did in the proof 
of Lemma 4, we can find an M € #,,(N) for which given L = (/,)€ A,(M), 
then 


¥ (-1)'x, 


i=l 


<0. 


sup 
If we now let y, = Xm,,— Xm,,,,° then for any L = (/,) © F,,(M) we have 


» JI, 


i=] 


sup 
n 


<0O, 


and so (y,) satisfies the hypotheses of Lemma 4 (with subsequences to 
spare). Thus, (y,,) has a subsequence equivalent to cys unit vector basis and 
[x,] contains a copy of co. 

Now we are ready for the main act: the Elton-Odell theorem itself. 

Let (x,,) be a normalized basic sequence in X satisfying the condition 


n io @) 

L a;X; » a;X; 
i=] i=l 
for all m and all sequences (a,) of scalars for which 72 a,x; © X. A look at 
Mazur’s method for constructing basic sequences will reassure you of the 
existence of such; also we might as well suppose (x,) spans X. 

If X contains an isomorphic copy of co, then we are done. So we assume 
X does not contain any copy of cy. The Johnson criteria show us that (by 
passing to a subsequence, if necessary) we may assume that for each 
increasing sequence (m,,) of positive integers, 


< (1+20-") 


Suppose a 1s any limit point of the real sequence (||x, — X,41 + Xn42|D,e13 
plainly, 1 < 3a <3. 

Let’s establish a bit of notation especially useful for the present proof. 
Suppose 5 > 0. Call the vector b in X a 5-block of (x,,) (or simply a 5-block) 
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if ||5|| =1 and b is of the form 


/ 
b=BY (1) Xm, = B( Xm, — Xmzt 0 + Xm,): 


i=] 


where m, < m,<-:-: <m,, |a/B —1| <5, and / is an odd number 2 3. Let’s 
agree to writen < b, < b, <--- <b, (where b,, 53, ...,b, are 6-blocks) if the 
b, admit a representation 
Pi+k 
b= by a,X;, 
j=p,+1 


where n < py < Py <"-? < Pyay- 

Notice that our choice of a ensures that given a 6 > 0 and n>1 we can 
always find a 6-block 5 with n < b. 

Our proof will focus attention on the following technical condition: 


(*) For each 6>0 and each nEW, there are 6-blocks 5,,...,5, with 
n<b,<--- <b, so that if b is a 6-block with b, < b, then one of the 5, lies 
within 1+ 6 of b. | 


Our interest in (*) derives from the following: 


(not *) There exists a 6>0 and an n€&WN so that for all d-blocks 
b,,...,5, with n <b, <--- <b, there is a 6-block 6b with b, < 5 such that 6 
is at least 1+ 6 from each of b,,...,5,. 


It is a short step from (not *) to the Elton-Odeil theorem; we plan to 
show, on the other hand, that assuming (*) leads to nothing but mathemati- 
cal trouble (i.e., a contradiction). 

We assume that (*) holds. Letting 6; = 20 ~J(59 =1), choose 6,-blocks as 
follows 


bi <b, <--- <b, < bf < by <--- <bi,<-°: 
6,-blocks 5,-blocks 


in such a way that if b is a 6-block with bj <b, then |b? — bl <1+ 6, for 
some 1 <i <k,. We make the following claim. 


Claim. We can select from each pack {bj <--- < bj } of 6-blocks a term 
by, 


b) = BL (-1)"*'x,,, 
k 


so cleverly that if 
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then 


X (-1)’dj, |< 


j=l 


sup 
k 


Since X’s containment of c, has already been ruled out, a look at Lemma 5 
will hint at the trouble caused by the assumption of (*). 
The search for the appropriate dj, will proceed in two Stages. 


First, we show how, given n, you can find d} das wee dn, in such a way 
that 
Our choice here of the n-tuple (d},,...,d” _) will depend on n; it is possible 
that on passing from n ton +1, the ( n +1)-tuple (dj,>---.d,,")) has little 


or nothing to do with the previous selection. A bit of patience on the part of 
the reader might be needed here—the fact that our notation hints that 
perhaps we are extending n-tuples to (7 + 1)-tuples is unfortunate, but if the 
notation is a bit troublesome, as it is, at least it is not sadistically cumber- 
some! Actually, in this first stage, we will choose 2n-tuples of d/ , the idea 
being that each d/, involves an odd number of x, of which we can ‘clip off a 
goodly number (say n—1) without seriously affecting the norms of inter- 
esting sums while achieving other goals. Starting with 2nd}, we are able to 
eliminate a few at the upper end and achieve the finitary condition 


The second stage involves a diagonalization procedure the purpose of 
which is to show that under the assumption of (*), we can select in one fell 
swoop a sequence (d;, ) so that 


k 
sup || ), (-1)’d/, <6. 
k j#l1 ? 


Because X conxains no copy of cy, this consequence of (*) plainly leads to a 
contradiction. 

Start by looking at the 6,-blocks: bt < bj <--+ <bj,. Take any one of 
these, say b?., where 1 <i, < ky. 6, blocks are 5,-blocks; so there must be an 
i,l<iis k., such that 


|b} — 62] <1+ 8,. 
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Correspondingly, 
Ia, -— 42) - (8-82) I[slai— bil] + lee — 2a 


a 
—-\+l-5 


< ~-1] <8, + 6, < 26, 
B;, 


i 
and 


(43 - ~ qd? 


2 Diess its last nonzero x, term 


|< (1+207!)||d} — a?| 
< (1+207')(1+386,). 


Next, let’s look at the 6,-blocks: bj < bj <--- <b. Pick any one of 
these vectors, say b;, where 1<i,<k,. We know that there is an i;, 
1 <i; <k,, such that 


Jot 
after all, 5,-blocks and 6,-blocks. Of course, 
(43 - 44 )- (b3 — b4)|| < 


3 — b3||+|ld# — bf 


s 


<-1|+ ra 


13 


< 6, + 6, < 26,, 


forcing ||d;, — d;|| <1+36,, and 
\(a2— at) 


ba hess its last nonzero x, term 


|< (1+203)|}d? - a4 


< (1+2073)(1+38,) 
<1+6,. 
Further, 


Ale 
(a2 7 a Vea it last nonzero x, term IE 1 1420-3 
1-6 
= 7330-3 >1-6,. 


Notice that if we let 
1=(d3~aé 


4 Dress its last nonzero x, term’ 
then z, /||2,|| 1s a 6,-block having all its support to the right of b,.’s support. 
As before, there is an i,, 1<i, < “ such that 


2 


br — <1+6,. 
? ini r 
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Further, 
4 Z, 
—1)\/d/ —| pe —-—L 
| 2CV ‘ Gary 
j=u2 less its last nonzero x, term 
_ 2 3_ 44 _ 71 
~ Gs 7 bj, ) _ (a3 di, Diese its last nonzero x, term IIz,| 
a z, | 
<|— —1}+]]z, -— ——]] < 26,. 
B? : ‘lull ; 
Therefore, 
4 . 
| 5 (1/4 
ju2 less its last two nonzero x, terms 
4 _ 
< (1+20~7) [s (-1y4i] 
j=u2 less its last nonzero x, term 


< (1+2077)(1+38,) <1+ 6). 
As before, if z, is given by 


=  (-1)'4/ 


>] 
ju2 |. its last two nonzero x, terms 


then ||z,|| lies between 1 — 5, and 1+ 4,. (Notice how few of the x, terms we 
have clipped off the odd-lengthed d/; at present we have wiped out only the 
last two nonzero x, terms from d;'. There are lots of nonzero x, terms left). 
In light of z,’s length we know that z, /||z,|| is a 5, block whose support lies 
to the right of b;,’s support. Consequently, there is an i,, 1<i,<k,, for 
which 

22 


bi — — | <1+6,. 
| 1 [[2all : 
It follows that 
4 Zz 
¥ (-1)/*ta - (84,- 72) 
j=l 7 less its last two nonzero x, terms llZ | 
1 X* 
1 1 Le jaj 22 
= (di — 5} )- » (-1)"4/ | ~ Tot 
j=2 ’ less its last two nonzero x, t Il22ll 
i wo nonzero x, terms 
a Z5 
<|— —1{[+]z, ——— || < 26,. 
B} | 2 zai |? 
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Therefore, 


| X (-1)'""d/ 


j=l |. its last three nonzero x, terms 


< (1+207') 


| d (-1)’*'a/ 


j=l |. its last two nonzero x, terms | 
< (1+207!)(1+38,) <1+ 45. 
Since each d / has odd support size at least 3, we get 


2 . 
X (-1)"""d/ 


j=l 


< 2(1+2077) <3. 


It should be clear that repeating the same kind of argument (starting with 
5, ,-blocks, clipping away (n —1)x, terms, looking at ©"_,(—1)/ *"d! ), we 
can obtain, for any 7, an n-tuple (d!, i» ++ »4;.) Such that 


j=l 


dX (-1)/*"d/ 
jel , 


Now to diagonalize, each step of our procedure produced an n-tuple 
(d;., -.- dj") corresponding to and depending on that step. Let’s commem- 
orate the fact that (dj., ...,dj') was selected as part of the nth step by 
tagging the indices i), ... i, with an extra name tag i,(n),...,i,(n). We 
have then that for each n we’ve chosen i,(n),i,(”),...,i,(”) so that 
1<i,(n) <k,,1si,(n) sk,,...,1si,(n) sk,, and 


< 6. 


n 

S41 ap 
» (-1)’* din) 
j=l 


im 


There are lots of n but only so many choices of i, (k, choices, in fact). It 
follows that there is some i,, 1 <i, < k, and an infinite set N, of n such that 
for each nEN,, i,(n)=i,. There are lots of n in N, but only so many 
choices of i, (kK, of them). It follows that there is some i,, I< i, <k,, and 
an infinite subset N, of N, such that for each n € N,, i,(n) = i,. Continuing 
in this fashion, we get a sequence (i, ,) of indices 1 <i, <k, and a sequence 
(N;) of infinite sets of positive integers satisfying N, 4 N, 5 N,>2-:-, such 
that if kEN andj <k, then i, jn) = 1, for all nE N,. Let n, be the kth 
element of N,. Then the sequence (di (n,)) has the property that 


sup <6<0o. 


k 


k | 
» (- 1) di (ny 


j=l 
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Exercises 


1. Distorting |,. If X contains a subspace isomorphic to /,, then for any 6 > 0 there 
is a sequence (u,,) C By such that 


(1-8) Dial s|Da 


holds for any (a,) € 4). 


< Va, 


i 


2. The Banach-Saks property. 


(i) Let (x,,) be a bounded sequence in the Banach space X. The set A = {(m;) = 
M & #,,(N):normlim, k~'Lf_x,,, exists} is a Borel subset of ,,(N). 


(ii) If X has the Banach-Saks property, then each bounded sequence in X has a 
subsequence each of whose subsequences have norm-convergent arithmetic 
means with a common limit. 


Notes and Remarks 


Though we’ve belabored some details of the original, it is the proof of J. 
Elton and E. Odell that we follow religiously in the text. Quite frankly, 
we've gained some sense of satisfaction from finishing up with such a 
natural improvement of the principal result of our first chapter, Riesz’s 
lemma. 

Plainly our analysis revolves about recognizing a copy of cp. The char- 
acterizations of cy’s unit vector basis due to W. B. Johnson and found in 
Lemmas 4 and 5 have been sharpened considerably. E. Odell and M. Wage, 
pursuing ideas quite similar to those in the text, have shown that if (x,,) isa 
normalized weakly null sequence without any subsequence equivalent to the unit 
vector basis of Cy, then there is a basic subsequence (y,,) of (x,,) for which given 
any subsequence (z,,) of (y,) and any sequence (e,,) of 0’s and 1’s for which 
(e€,,) € Co, then 
| n 

Le en zy 
k=1 
In a devious departure from the usual combinatorial maneuvers but still 
calling on Ramsey’s theorem at a crucial juncture, J. Elton has improved the 
Odell-Wage characterization to establish the following. 


lim = 00. 


Theorem (Elton). Let (x,,) be a normalized weakly null sequence having no 
subsequence equivalent to the unit vector basis of co. Then (x,,) has a basic 
subsequence (y,) for which given any subsequence (z,) of (y,) and any 
(4,) € Co 


k 
» a;2; 


i=] 


lim 
k 


= 0. 
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An interesting corollary of this was noted by E. Odell in his fast-paced 
survey of applications of Ramsey theorems to Banach space theory. 


Theorem. An infinite-dimensional Banach space without a copy of either c,, or 
I, contains a subspace without the Dunford-Pettis property. 


The distortion theorem of R. C. James presented in the text as well as his 
companion theorem for /, (Exercise 1) are natural allies of anyone working 
on the detection of c, and /,. It is an open question whether the correspond- 
ing theorem holds for /, when 1 < p < oo. Here we might mention, too, the 
absence of any useful criterion for a Banach space to contain an isomorph 
of a fixed /, 1 < p <0 even in case p = 2. It is natural to suspect that any 
erstwhile answer will involve operator theoretic notions and so may, because 
of its intricacy, lose some of the elegance of statement enjoyed by Rosenthal’s 
1, theorem or Elton’s cy, dilemma. 

Returning momentarily to the Odell-Wage characterization of cy, we 
would be remiss in our duties if we did not mention the crisp theorem of S. 
Kwapien bringing randomness to task in the affairs of co. 


Theorem (S. Kwapien). A Banach space X fails to contain a copy of cy if and 
only if given a series 1x, in X for which ,o0,x, has bounded partial sums for 
almost all choices (0,,) of signs +1, then Xo,x,, is norm convergent in X for 
almost all choices (6,,) of signs. 


We take special pleasure in once again acknowledging that Kwapien’s 
proof was the inspiration behind the first of our demonstrations of the 
Orlicz-Pettis theorem. 

Ramsey theorems have played an important part in the Banach space 
theory of the past decade. Exercise 2, due to P. Erdés and M. Magidor 
(1976), gives but an inkling of the surprises that lay in store for the student 
when dealing with infinite-dimensional phenomena while in possession of a 
tool as powerful as Ramsey’s theorem. The relevance of Ramsey theorems 
to this sort of averaging in Banach spaces is further borne out in the work of 
B. Beauzamy (1979, 1980), A. Brunel and L. Sucheston (1974), T. Figiel and 
L. Sucheston (1976), and J. R. Partington (1982) cited in the bibliography. 

Other opportunities for the case of Ramsey theorems in Banach space 
theory are discussed by E. Odell in his aforementioned survey and it 1s to 
that survey that we direct the student. 

Finally, we close with open problems. 


Problem. For which infinite-dimensional Banach spaces X is there an e>0 
such that given any infinite-dimensional closed linear subspace Y of X, then one 
can find a (1+ £)-separated sequence in By? 


Problem. Which infinite-dimensional Banach spaces X have an equivalent 
norm |\(\|-||| for which there is an e>0 such that if Y is an infinite-dimensional 
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closed linear subspace of X, then Biyy. yp Contains a (1+ €)-|||-|||-separated 
sequence? 
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